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Formative Time Lags of Uniform Field Breakdown in Argon* 
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The nature of the uniform field breakdown in argon has been investigated by measuring the formative 
time lags of breakdown as a function of overvoltage (from about 5 to 100 percent), pressure (150- to 700-mm 
Hg) and electrode separation (0.3 to 3.0 cm). Formative time lags in argon at a given percent overvoltage 
are very long compared to the values previously obtained in air and nitrogen. For most values of pressure 
and electrode separation studied in argon, an overvoltage of 100 percent must be applied before the time 
lags decrease to the order of lusec. The results in argon (like those in air and nitrogen) indicate a Townsend 
buildup before breakdown. For the range of variables studied in argon, the data cannot be accounted for 
satisfactorily by buildup as a result of metastable action at the cathode, positive ion bombardment of the 
cathode, or photoelectric emission from the cathode by photons crossing the gap with a velocity close to ¢ 
There is a possibility that the results may be explained by a photoelectric effect at the cathode if delays are 
introduced due to the diffusion of resonance radiation; this conjecture remains to be verified. At this time 
the positive identification of the effective secondary mechanism in the breakdown of argon cannot be made 
The present results indicate the universality of the Townsend buildup before breakdown, but the buildup 
may proceed by different mechanisms in different gases 


KF. Values of the first Townsend coefficient @ as 
determined by Kruithof and Penning? were used to 
estimate the initial photoelectric current 7%. Although 
(for reasons to be discussed later) it is difficult to deter- 
mine the actual value of ip accurately, the value of 
iy was always large enough to prevent statistical lags. 


I. INTRODUCTION 


HE present experiments are an extension of earlier 
work in air and nitrogen.! KF concluded that the 
secondary mechanism active in the spark breakdown 
of nitrogen in air is photoemission at the cathode, the 


electromagnetic radiation being transported from the 
anode to the cathode with essentially the velocity c. 
The present work represents a further step in a 
program to ascertain the experimental facts on which 
a general theory of breakdown may be based. It seemed 
desirable to compare the breakdown mechanism of a 
noble gas with that of nitrogen and air, and argon was 
chosen for this purpose. These are the first formative 
time lag studies in argon for relatively high pressures. 


II. APPARATUS AND EXPERIMENTAL PROCEDURE 


Unless otherwise noted the apparatus and experi- 
mental procedure were exactly as described by FB and 


* Supported by the U. S. Office of Naval Research and the 
Research Corporation. For a preliminary report of this work see 
G. A. Kachickas and L. H. Fisher, Phys. Rev. 82, 569 (1951). 
Also see L. B. Loeb, Phys. Rev. 81, 287 (1951). 

+t Now at North American Aviation, Downey, California. 

'L. H. Fisher and B. Bederson, Phys. Rev. 81, 109 (1951); G. A. 
Kachickas and L. H. Fisher, Phys. Rev. 88, 878 (1952). These 


papers will be referred to as FB and KF, respectively 


About three observations of the time lags were made at 
each overvoltage studied. This small number of 
measurements were all that were necessary because of 
the remarkable reproducibility of the results. About 
ten different overvoltages were studied for a given 
pressure (p) and electrode separation (6) ; such measure- 
ments were taken at various values of p and 6. The 
dependence of the time lags on i) was studied. An 
extensive statistical study of the time lags was carried 
out for one particular overvoltage (with 6=1 cm and 
a pressure near atmospheric). 
All pressures have been corrected to 22°C. 


III]. EXPERIMENTAL RESULTS 


In order to calculate the percent overvoltage at which 
a time lag is being measured it is necessary to know the 
sparking potential V,. Measurements of V, for argon 


24. A. Kruithof and F. M. Penning, Physica 3, 515 (1936) 





KACHICKAS 


Sparking potential vs pé for argon 


were made and are given in Fig. 1. V, could be measured 
at any given time to within a few volts. The values of 
V’, are not affected by the value of 19 between 0 and 
approximately (primary currents 
greater than this were not used). This independence of 
V’, on ty is in strong contrast to the results in pure 
nitrogen (KF). Figure 1 also includes the sparking 
potentials obtained by Ehrenkranz* using platinum 
electrodes in argon. Ehrenkranz’s values, which are in 
good agreement with those of Penning and Addink‘ 
using iron electrodes, are approximately 40 percent 
higher than the values obtained in the present work 
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55, 219 (1939). 
Addink, Physica I, 1007 (1934) 


kF. Ehrenkranz, Phys. Rev 
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using brass electrodes. The measurements of Ehren- 
kranz and Penning and Addink go up only to values of 
pé of about 300 mmXcm, while the present measure- 
ments go up to pé= 2000 mmXcm. Ehrenkranz and 
Penning and Addink used a calcium arc to purify their 
gas. Ehrenkranz observed the spectrum of the gas and 
reported sparking potential measurements for samples 
which showed no mercury and no bands. Penning and 
Addink state that the calcium removes all gases except 
the noble ones to less than 10™* percent although they 
do not give any purity data on their gas. In the present 
experiment tank argon the Linde 
Company to be. at least 99.8 percent pure was used; 


guaranteed by 


a mass-spectrographic analysis of a sample of the gas 
in contact with the chamber showed the purity of the 
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Fic. 3. Formative time lag vs percent overvoltage for argon at 
6=1.0 cm at various pressures (also for air and nitrogen at 
atmospheric pressure 


gas to be 100 percent argon, this result being accurate 
to 1 part in 10.5 When the argon was contaminated by 
impurities left by not outgassing the chamber as 
described by KF, the sparking potential and the time 
lags changed radically. For example, in one typical 
case without outgassing, V, increased by about 50 
percent and the formative time lags at 10 percent 
overvoltage decreased by about 90 percent. These 
changes are to be compared with the very consistent 
sparking potentials and formative time lags observed 
when the chamber was outgassed properly. It is not 


the primary purpose of this paper to evaluate the rela- 


tive merits of these various measurements. However, 


® We are indebted to Dr. J. A. Hornbeck of the Bell Telephone 
Laboratories for this analysis 
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in view of the established purity of the gas used in the ae UN Meece — 
present experiments, it seems reasonable to conclude 8+ 3.0cm 
that the new measurements of sparking potentials in 90 | t + Bis, 
argon are more accurate than the earlier ones of & p+462mm 
Fhrenkranz and Penning and Addink. Above pé= 300 | | Ee pace 
mmXcm, there are no sparking potential data with i sales 
which to compare our measurements. The only difh- 
culty to which the difference in sparking potentials 
gives rise is to introduce some question as to what 
values of a should be used in interpreting the time-lag 
data. 

The time-lag measurements are shown in Figs. 2 
through 5. These are the average values of the observed 
time lags with an illumination corresponding approxi- 
mately to 50 electrons/usec. For reasons to be given, 
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no effect on the time lags was observed when the 
approach voltage was varied from 4000 to 10. volts 
below V 

The distribution of the time lags in argon obtained by 
taking 50 measurements at 50 percent overvoltage for 
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Fic. 4. Formative time lag vs percent overvoltage for 
argon at 6=2.0 cm at various pressures 


these average values are interpreted as the formative 
time lags. Figure 3 contains for comparison the time-lag 
data for air and nitrogen at 6=1 cm at atmospheri 
pressure. The formative time lags in argon are long 
(10-° sec) even for overvoltages above 50 percent. 
Unlike the results for air and nitrogen there is a decided 
dependence on pressure, the time lags decreasing with 
decreasing pressure. The effect of electrode separation 
on the time-lag vs percent-overvoltage curves is shown 
in Fig. 6 for a pressure of 723 mm of Hg. 

There is no detectable change produced in the time | 
lags by changing i) from approximately 5 to 100 - - ~ - os 
electrons usec or by using different approach voltages PERCENT OVERVOLTAGE 
These results are similar to those found in air and Fro. 6 Rermative tine lag 1s pessent evenvelies in annie i 
nitrogen. In fact, at 6=1 cm and p=723 mm of Hg, 723 mm of Hg at various electrode separation 
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p=735 mm of Hg and 6=1 cm is given in Fig. 7. 
Also plotted in Fig. 7 are the distribution of 50 time lags 
in nitrogen at a comparable formative time lag as 
given by KF. There is no point in displaying a Laue 
plot of the time-lag distribution in argon as it is evident 
that the sharp distribution of the observed time lags 
is not statistical. The very small spread which is ob- 
served in the time lags is attributed to instrumental 
fluctuations of the voltage supplies. Moreover, since 
the slope of the time-lag vs percent-overvoltage curves 
of argon change very slowly at all overvoltages studied, 
one would expect the spread of the time lags at different 
overvoltages if due to such instrumental fluctuations 
to be about constant at various overvoltages. This is 
exactly what is found experimentally. 


IV. DISCUSSION OF EXPERIMENTAL RESULTS 


The fundamental result displayed by the present 
work as well as by the earlier studies of FB and KF is 
that a Townsend buildup of some kind precedes the 
breakdown.*”? As already mentioned, KF gave argu- 
ments showing that the secondary process in air and 
nitrogen is a photoelectric action at or near the cathode, 
the photons traveling across the gap with essentially 
the velocity c. In the case of argon the question of what 
constitutes this buildup cannot be answered at present. 
Certainly, the action of metastable atoms at the cathode 
can be ruled out for the overvoltage region studied. 
Diffusion of metastables from the anode to the cathode 
requires much longer times than were measured in this 
experiment. The instruments used in the present study 
could only measure times between 0.1 and 100 usec. 
Whether metastables are unimportant in the as yet 
experimentally uncharted region of overvoltage from 
zero to five percent cannot be determined without 
further experimental work. 

The remaining sources of the buildup of the break- 
downs observed in this study are (1) liberation of 

6 Long formative time lags in air at low overvoltages have been 
confirmed by H. Bandel (private communication from L. B. 


Loeb). 

7 See also F. Llewellyn Jones and A. B. Parker, Proc. Roy. Sox 
(London) 213, 185 (1952); Dutton, Haydon, and Jones, Proc 
Roy. Soc. (London) 213, 203 (1952). 
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electrons by positive ion bombardment of the cathode 
and (2) photoelectric action at the cathode (a) by 
radiation traveling through the gas with essentially 
the velocity ¢ or (b) by radiation traveling through the 
gas at a very much lower velocity c by the process 
of diffusion of resonance radiation. Assuming either 
mechanism (1) or /2a) operating, KF have shown that 
(under certain simplifying assumptions) the formative 
time lag r may be written 

t=In.V/{v(a—a,)}. (1) 
Here a and a, are the values of the first Townsend 
coefficient at the voltage studied and at the threshold 
voltage, respectively, .V is the number of electrons 
(crudely assumed to be a constant independent of p 
and 6) resulting from a single primary initiating 
electron which must be liberated in the last avalanche 
to form a spark, v is the velocity (v,) of the positive 
ions for mechanism (1) and the velocity (v_) of electrons 
for mechanism (2a). Equation (1) assumes that 
e*>>1, that the second Towsend coefficient y is 
independent of overvoltage, and that the formative 
time lag is much greater than (6/7,) for mechanism (1) 
or much greater than (6/v7_) for mechanism (2a). Under 
these assumptions, according to Eq. (1), mechanisms 
(1) and (2a) give formative time-lag vs percent-over- 
voltage curves differing by a factor v_/v, if one assumes 
the same value of .V for the two processes. 

Since at high enough overvoltages the observed 
formative time lag is always shorter than (6/7,) and 
in view of the conclusions drawn in air and nitrogen, 
the argon data were first analyzed in terms of mecha- 
nism (2a). Equation (1) was used in conjunction with 
values of was given by Kruithof and Penning and values 
of v_ extrapolated with considerable uncertainty from 
the measurements of Nielsen.* The data at each 
overvoltage, pressure, and electrode separation were 
used to calculate a value of InV and 80 values of 
In.V gave a mean value (In.V), of 117 and a mean 
deviation of 84. For the case of nitrogen for which 
mechanism (2a) was used (and for which KF claim an 
excellent fit) (InN), =22.6 with a mean deviation of 
11.1. Although for argon the mean deviation of In .V is 
percentagewise larger than that for nitrogen, and this 
indicates that Eq. (1) does not represent the argon data 
as satisfactorily as the nitrogen data, the fit is not too 
bad. It seems reasonable to assume that these calcuia- 
tions verify the 1/(a—a,) dependence of the time lags 
in argon. The serious objection to these calculations 


is the preposterously large value of .V implied (10%). 
It is not likely that the extrapolation of the values of 
v_ leads to errors of more than several tenths so that the 


high value of .V obtained cannot be explained on this 
basis. If one derives the expression analogous to Eq. (1) 


where unity is not neglected compared to e*, one 


*R. A. Nielsen, Phys. Rev. 50, 950 (1936). 





UNIFORM FIELD 


obtains an even more unreasonable value of (In.V)y.° 
It was then thought that perhaps the discrepancy in 
sparking potentials might account for the difficulty. 
Therefore, for purposes of calculation, the voltage meas- 
urements at the observed time lags were raised arbitrar- 
ily by 40 percent, and the data were analyzed on this 
basis. The results were even more unsatisfactory., We 
conclude therefore that, for the range of pressure, elec- 
trode separation, and overvoltage studied, mechanism 
(2a) does not satisfactorily represent the data in argon. 

Entirely analogous calculations were made for the 
positive ion bombardment of the cathode mechanism." 
These calculations yielded values of (In.V)4 much too 
small to be satisfactory. We therefore also exclude 
mechanism (1) as an explanation for any of the ob- 
served data. 

Lauer,'' in studying transient pulses in the positive 
corona in argon with cylindrical geometry over a range 
of pressure from 25 to 400 mm, found a very small 
value of y(~10~) which he attributes to positive ion 
action at the cathode. Lauer found no y(y,) attribu- 
table to photoelectric action at his nickel cathode. On 
the other hand, Colli, Facchini, and Gatti,” in studying 


* The above calculations do not include 19 points for which 
Kruithof and Penning do not give values of a,. It is interesting to 
note that for those thresholds for which Kruithof and Penning 
give values of «, our V, values give an average primary multipli 
cation at threshold of two implying a y of 0.5. Using the tabulated 
\’, values given by Penning and Addink‘ and the a values given 
by Kruithof and Penning, the mean value of e%® at threshold is 
106 if one includes all the Penning and Addink sparking data 
from p6=250 to 2 mm Xcm; if the Penning-Addink sparking data 
are taken for p6=250 to 25 mmXcm, e*” is only 44. Thus on 
this basis, y is of the order of a few hundredths. These considera 
tions show that while our result of two for amplification per 
avalanche at threshold is very small, the result of Penning and 
Addink for this multiplication is only an order of magnitude 
greater. These calculations give striking confirmation to the 
conclusion that a low-order Townsend discharge precedes break 
down near the threshold voltage. 

These calculations were made only for those cases for which 
the measured formative time lags exceed the calculated positive ion 
transit time. Actually for every time-lag vs percentage-overvoltage 
curve, about half of the observed time lags are shorter than the 
transit time of the positive ion. For several curves, all of the ob 
served time lags are shorter than the transit time of the positive 
ions. 

"NE. J. Lauer, J. Appl. Phys. 23, 300 (1952) 

2 Colli, Facchini, and Gatti, Phys. Rev. 80, 92 (1950). 
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pulses in argon counters with pressures of 15 to 100 cm 
with wire and cylinder sizes much larger than those of 
Lauer, did find a y, for brass. Further work of this 
kind involving control and variation of electrode 
material and dimensions over a wide range of pressures 
in gas of known purity may bring these results into closer 
harmony with themselves and with our conclusion that 
mechanisms (1) and (2a) must be ruled out for our 
experiments in argon. 

We now consider the possibility that the present 
results in argon can be explained by a buildup resulting 
from photoelectric action at the cathode by radiation 
produced in the gas reaching the cathode by a diffusion 
process (mechanism 2b). Such a mechanism introduces 
delays in addition to electron transit times and would 
be effective in giving lower values of In.V than were 
necessary in considering mechanism (2a). The mecha- 
nism of the diffusion of resonance radiation has recently 
been re-examined theoretically by Holstein” and experi- 
mentally in mercury by Alpert, McCoubrey, and 
Holstein.’ Holstein discusses the emergence of reson- 
ance radiation from an infinite slab. These workers have 
shown that resonance radiation in a gas may be im- 
prisoned for times of the order of tens of microseconds. 
Our problem is essentially much more complicated than 
the one treated by Holstein, and in view of the fact 
that there is no experimental information on the 
diffusion of resonance radiation in argon and that the 
role of the diffusion of resonance radiation in gas 
breakdown has never been established, it does not seem 
warranted to make elaborate calculations on this 
mechanism. One may notice, however, that Eq. (1) 
gives a reasonable fit and a sensible value of (In.V)« if 
one assumes that the average transit time of resonance 
radiation is about ten times that of the electron. A 
direct experimental test of the importance of resonance 
radiation on the breakdown would be most valuable. 

We are indebted to Dr. M. Menes, now of the 
Westinghouse Research Laboratories, for a number of 
stimulating discussions. 


2 T. Holstein, Phys. Rev. 72, 1212 (1947). 
'8§ Alpert, McCoubrey, and Holstein, Phys. Rev. 76, 1257 (1949). 
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The problem of the tabuilit ol plane Poiseuille flow to small 


disturbances leads to a characteristic value problem for the Ort 


Sommerfeld equation with given boundary conditions. [t happens 


that negative values of the imaginary parts of the characteristic 


numbers, which indicate instability, are small, at any rate over 


the region here investigated, and considerable accuracy is required 


to establish them, while the Reynolds numbers for which they 


occur are large 
In this paper the fourth-order differential equation is replaced 


by a difference system of the same order with a truncation error 


the error is sufficiently 


The resulting system of 


involving the eighth derivative, so that 


small with a reasonably large interval 


I. PLANE DISTURBANCE OF PLANE 
POISEUILLE FLOW 

Hk equations of motion of a homogeneous in- 

compressible viscous fluid in two dimensions 
under hydrostatic pressure between two planes at 
y=-tbare satisfied, to the first order in € by the stream 
function 
-cl) le(y) 


Uo - P+ eflexp| —ia(x 


3b? 
texplia(«—?t) ]e(y)}, 
where ¢ and g are complex and é and ¢ their complex 
conjugates, provided that the profile of the disturbance 
y(v) satisfies the Orr-Sommerfeld equation, 


ial 0 
d'¢ dy' Ja’¢ ta'y 


| ! am 
a’ yg) + a Q), 


| ? 


x 


and the boundary conditions g=0, ¢=0, at y= +. 

ly is the speed of the undisturbed flow in the a 
direction at the center of the stream; 27/a is the wave 
length of the disturbance in the x direction, and ¢ is 
the complex velocity of the disturbance, which is 
damped so long as the imaginary part of ¢ is positive. 
v is the kinematic viscosity of the fluid. Dots signify 
differentiation with respect to y. 

Writing R= b/v, the Reynolds’ number, and _re- 
placing v by by, x by bx, a@ by a/b, t by bt/U 9, ¢ by 
clo, pW by bU ww, and ¢ by blog, we have the reduced 
form 
dg /dy' da’ gta'ty 


t 1aR{ (1 


2¢}=0 


+1, and 


yr) g—a’y)+ 


With boundary conditions g=0, ¢=0 at y 


corresponding stream function,' 


1S. Goldstein, Wodern Developments in Fluid Dynamics (Claren 


Oxford, 1938), p. 197 


don Press 


linear algebraic equations is solved by direct Gaussian elimina 
tion, which avoids the difficulties due to rapid exponential growth 
of error for high Keynolds number which beset the standard in 
tegration proc edure 

The characteristic value is obtained for a range of Reynolds 
wavelengths of the disturbance, and the critical 
ver found to be 5780 for wavelength 3.062 times the 
\ detailed discussion of the accuracy of the 


numbers and 
Reynolds num 
width of the channel 
work is given for the (unstable) case of wavelength # and Reynolds 
number 10000, and a table of the profile of the disturbance is 


given for this case. 


(4y'— v)+ e{exp[ —ia(a—ct) ]e(y) 


texp[ia(x— él) |e(y)}. 


Solutions of the differential equation for ¢, for given 
a and R, can be made to satisfy the boundary condi- 
tions only for characteristic values of c. We are inter- 
ested in determining whether there are real values of 
R and @ for which c has a negative imaginary part. 
The corresponding disturbance then grows in amplitude 
exponentially with the time. We also wish to determine 
the critical Reynolds’ number, the lowest value of R 
for which instability of steady motion exists. 

Work on this problem by many authors using asymp- 
totic series, culminating in that of Heisenberg and Lin,’ 
indicates that the flow becomes unstable for a=1 at 
about R= 5300, but this value is such that the asymp- 
totic series are not really accurate, and the negative 
values reached by the imaginary part of ¢ are small. 
It has, therefore, seemed desirable to attack the prob- 
lem by direct numerical solution of the equation for 
assigned real values of a and R and complex values of 
c, to vary ¢ till the boundary conditions can be satisfied, 
and then, varying a and R, to determine the minimum 
value of R for which the characteristic value c has 
negative imaginary part. The difficulty of this direct 
solution lies in the large values, for the values of R 
required, of the coefficients of terms other than that 
containing the highest-differential coefficient, in the 


differential equation. 


II. REPLACING THE DIFFERENTIAL EQUATION 
BY A DIFFERENCE EQUATION 


In the differential equation, 
dig dy'+ Pd'¢ dy’ T Og (), 


we may replace the differential coeflicients by their 
expressions in terms of central differences at interval w, 


2See C. C. Lin, Quart. Appl. Math. 3, 287 (1946), where a long 


list of references to earlier work is given 
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5 etOe=0. 


90 560 


In this equation we should normally take terms up io 
a definite order in w’, counting 6 of order w*: the first 
terms neglected then estimate the truncation error. We 
may, however, without extra difficulty, take terms of 
one higher order in w*® in Pd’g/dy’, since this gives 
terms of the same order in 6°. This offsets a large co- 
efficient in P, so far as the truncation error is concerned, 
when w is small enough. 

The truncation error may be made of higher order 


by substituting 
g= (1+ k,6?+ kd! . alle Ig 


in the difference equation, and choosing ky, kz, ++ to 
make the coefficients of the first terms previously 
neglected vanish.* We may also allow ;, ko: ++ to con- 
tain P and Q and may operate on the equation with 
1+/,6+/.6'+---, introducing also differences of P 
and Q, obtaining still greater accuracy with a difference 
equation of given order at the expense of more compli- 
cated coefficients. A still more accurate difference equa- 
tion may be built up from approximate local solutions 
of the differential equation. 

If, in particular, we take 


£= o— bw St (wt/ W)d'g/dy', 


we obtain 
67% 


¢g 
907 200 


96 


5 


¢ 
6048 


A 


dig/dy' 54g — 


¢ 
w! 240 


Pas.e I. Values of Cy’ for various values of ¢, 
in case a=1, R=10 000, w=0.02." 


ond divided 
lifference 


First divided Sec 
10'C 9 difference 


243208021 
1232678 
237044631 
1159013 
225454501 
1146092 
18209165: 
1345224 +8798509; 
6121471 
1489720 +89309801 
162591 . 
1459580 + 9014344801 
1736261 +27560S71 


O.005St 13174731 
+845844601 
0.005: 8945463 74469 +491101 


+S85701401 
0.0041 375323 
+86725701 
0.004: 948369 


O.0047 SO38KR18 


0.00361 66426 416 450234: 


2375 


0.00341 


0.237500592853 —0.0035925094001) gave 
0.2375006 —0.00359251 was adopted 


“The interpolated value 


10K 66 — 1961, and the value 

’ This is the Gauss-Jackson-Noumerov method. B. V. Noumerovy, 
Monthly Notices Roy. Astron. Soc. 84, 592 (1924); J. Jackson, 
Monthly Notices Roy. Astron. Soc. $4, 602 (1924 
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Paste IL. Values of ¢ for various numbers of steps, 
, R= 10 000. 


in case a= 


Number otf s 


0.001698 1: 
0.0035925i 
0.0037 115% 
0.00373127 
0.0037404: 


0.2376559 
0).2375006 
0.2375196 
0.2375243 


extrapolated to 0.2375259 


The terms in brackets, taken at some point in 
relevant interval, give the truncation error. 
Further we find 
1 


woe ¢ 
u 120 


the term in ywé* having zero coefficient. 
The Orr-Sommerfeld equation for the Poiseuille flow 
then becomes, retaining only the largest error terms, 
‘ 


1 2a’ a | 
( )+iak (i—c—¥) 
w 12%? 360 | 


a 2 | j 2a’ 
) + +6*¢ + ) 
12w? 360 300 | 2 


1 a 
+ aR! (1 ( ( 


| 6 


+ g| ai+ iaR{ (1 v7) ( 
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with the following boundary conditions : 
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at y=-+1. We shall deal only with even solutions over 
range OC y<1, which must satisfy pég=0, pé'g=O0 at 
v= (). 

We see that for w=0.01, the second term in the error 
of the differential equation does not exceed the first till 
aR(1—c— y*)= 250 000, but that for w=0.04, it will 
exceed it when aR(1—c— v’) = 16 000. 

We expect a proportional error per step behaving like 
0.01, we might ordinarily 
1 but if there are 


(w'/100)(¢/¢)', so for w 
expect a truncation error of order 10 
regions where ¢/¢ is large, for example, near y=1, 
where we expect ¢/ g~(taRc)', we have proportional 
error a R?c’w'/ 200, and for R= 10 000, c=0.25, a=1, 
this gives 0.0003. However, this will give a total error 
multiplied by the effective amplitude ¢ in this neigh 
borhood, and the final accuracy can only be deter 


mined a posteriori. 
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ras.e Ill 
in case a= 1, 


Values of Co’ for various values of c, 
R= 10000, w=0.005 


1080 9’ 


38 0.0401 

376 —0.0401 

375 —0.0361 

2.375259 —0.037404i 
37524808332 —0.03731799983i 
375249947 56 — 0.03732369406i 
37524303556 —0.03731157406i 


44760+ 628161 
37228+ 51381 
19357+ 1340: 
1555— 1063: 
2077— 828% 
1027— 18297 
2170+ 18647 


Note that for a difference equation as above of the 
same order as the differential equation it approximates, 
we may expect the same number of linearly independent 
solutions with the same kind of behavior as for the 
differential equation 


III. SOLUTION OF THE DIFFERENCE SYSTEM 


The resulting system of difference equations has the 
form, for 100 steps, 


Co go + Do £1 +o £2 =(), 


By gotCr gi +Di ge +k gs =9, 


I» Lo + By Pi t+. ge +D, £3 


1 ys £96 + Bys £97 +Cys Ros + Dosgos + Koa 100= (), 


1 yy £97 + Bgy £98 + Cog £o9 + Dyog 100 
A 100898 + Byoogss +¢ ‘Loo 100 


where all the coefficients are linear in the complex 
characteristic number c. 

If we try to solve these by assuming the ratio of g; 
to go and finding in succession gs, gs, °**, we fail for 
any large Reynolds number unless a very large number 
of digits is carried, because one solution of the differen- 
tial equation has a logarithmic rate of increase like 
fiaR(1—c—y"*) }!, so that for R=10000, about 50 
decimal digits would be needed to obtain a 5- or 6- 
digit accuracy in the linearly independent solution 
which does increase rapidly. 

If, however, we solve by direct Gaussian elimination, 
or any equivalent method, obtaining in succession 


? Loy’ gor+ Bos’ gos+€ 'y9 £99 = 0, 
, lus’ Loe t Bos’ g97+ ( ‘98 Bon =(), 


By’ £0 +C i 
Ce £0 =() 


’ 


and if c has been chosen so that Co’ =0, a solution exists, 
and we can find in succession the ratios of gi, g2, °° + £100 
to go. 

This method would give the solution of inhomogene- 
ous equations as if the Green’s function of the differen- 
tial system were used, and we shall run into no difficulty 
unless one or more of the numbers Cyy’, Cogs’, «°° Cy’, 
used as divisors, is small. 

The first attempt at solution by this method, made 
in the opposite direction, led to almost random varia- 
tion of Cjoo’ as c was altered near the characteristic 
value. This is explained by the boundary condition 
¢=0, g=0, at y=1, requiring gyy and gio to be small, 
and so Cys’, in this solution, to be small. A small change 
of ¢ would then make C47’ small, and Cio’ would be very 
sensitive to changes in c. Eliminating towards go, how- 
ever, leads to no difficulty, only the final Co’ being small. 

The value c=0.3231+0.02627 for a=1.0, R= 1600, 
which had been established by previous numerical work 
under the direction of Von Neumann, Pekeris, and Lin, 
using a method devised by Von Neumann, was used as 
a starting point and test of the setup.‘ An extrapolated 
value of c was assumed for neighboring values of a and 
R, and Cy’ computed. Values of Cy’ were also obtained 
for neighboring values of c, and inverse interpolation 
was used to get a value of ¢ giving Cy’ ~0. 

IV. THE RESULTS OF THE COMPUTATION 
AND THEIR ACCURACY 


The computing was done on the International Busi- 
ness Machine Corporation’s Selective Sequence Elec- 
Computer by Donald A. Quarles, Jr., and 
Phyllis K. Brown. The single accuracy multiplication 
on this machine is 14X14 decimal digits. The coefti- 
cients of the difference equation were scaled to be less 
than unity and carried to 11 decimals, allowing 2 digits 
to the left of the decimal point for overflow and one 
further place for checking by using two different posi- 


tronk 


TABLE IV. Characteristic values of « 


a/R 
0.9 
1.0 
1.1 


1.2 


1000 


0.3231 4-0.0262i 
0.3384 +-0.0206i 


2500 


0.2857 +0.0212i 
0.3011 +0.01427 
0.3148 +0.01087 
0.3267 +-0.01707 


For a=1.05, R= 8000, ¢c=0.2524—0.0017%. 
For a=1.026, R=5780, a 50-step solution gave aRcl0-= 1.56886522464 +-0.000435405447; a 100-step solution gave akcl0% 


= 1.56899069990 


0.0000034 15197 


6400 


0.2444 +0.00127 
0.2569 — 0.00097 
0.2677 +-0.00077 
0.2763 4+-0.00567 


Solutions were also found for a= 1.025 and a=1.027 for R= 5780 


10 000 


0.2261 —0.0040i 
0.2375 —0.00377 
0.2470+0,0003i 
0.2535+-0.0075i 


35 000 


0.1886+0.00097 
0.1911+0.0116% 


‘This work, also done on International Business Machines Corporation’s Selective Sequence Electronic Computer in 1950, 
was not published as it did not settle the question at issue 





0.00 
0.01 
0.62 
0.03 
0.04 
0.05 
0.06 
0.07 
0.08 
0.09 
0.10 
0.11 
0.12 
0.13 
0.14 
0.15 
0.16 
0.17 
0.18 
0.19 
0.20 
0.21 
().22 
0.23 
0.24 
0.25 
0.26 
0.27 
0.28 
0.29 
0.30 
0.31 
0.32 
0.33 


tions in the multiplier. The successive coefficients re- 


STABILITY 


¢(y) 


1.000000 + 0.000000 
0.999919 +-0.0000014 
0.999675 +-0.0000032 
0.999270+0.0000067 
0.998701 +0.0000102 
0.997970+-0.0000 167 
0.997076+4-0.0000232 
0.996020 +-0.00003 27 
0.994799 +-0.00004 12 
0.993416+0.00005 22 
0.991868 +0.0000644 
0.990155 +-0.0000782 
0.988278 +0.0000927 
0.986235 +.0.0001097 
0.984027 +.0.0001 26% 
0.981652+0.0001457 
0.979109 +.0.000165z 
0.976399 +-0.0001 867 
0.973521 +0.0002082 
0.970473 +-0.0002327 
0.967255 +-0.0002587 
0.963866 +0.0002842 
0.960304 +0.0003 127 
0.956570+0.0003417 
0.952662 +0.00037 22 
0.948579 +0.0004047 
0.944320+0.000437i 
0.939884 +0.00047 27 
0.935268 +-0.0005087 
0.930473 +0.0005457 
0.925497 +-0.000584: 
0.920338 +0.0006247 
0.914995 +-0.0006667 
0.909466 +-0.0007097 


OF 


MUN aAan 


a 


4 


PLANE 


TABLE V. 


for a=1, R=10 000 

0.903749 +-0.0007 532 
0.897844 +-0.0007997 
0.891748 +0.0008461 
0.885459 +-0.000895i 
0.878976 +0.000945: 
0.872296 +-0.900997 i 
0.865417 +0.0010502 
0.858338 +0.001 1042 
0.851056+0.001 160% 
0.843569+-0.0012187 
0.835873 +0.001276i 
0.827968 +-0.001337i 
0.819849 +-0.001399% 
0.811515 +4-0.0014627 
0.802963 +0.001527% 
().794188 +0.0015947 
0.785190 +0.0016627 
0.775963 +-0.0017322 
0.766505 +0.001 8037 
0.756812 4+-0.0018762 
0.746880+-0.00195 17 
0.736706 +0.0020277 
0.726285 +-0.002 1042 
0.715614 +-0.0021831 
0.704686 +-0.0022647 
0.693499 +.0.002346i 
0.682046 +0.0024307 
0.670322 +0.0025 16% 
0.658322 +0.002603% 
0.646039 +-0.002692: 
0.633467 +0.0027827 
0.620600+-0.00287 42 
0.607431 +-0.0029697 
0.593953 +-0.0030647 


POISEUILLE 


Results for various values 


FLOW 


¢\) 


0.580157 +-0.003 160% 
0.566035 +-0.003255% 
0.551578 +-0.003346i 
0.536773 +4-0.003430% 
0.521606+ 0.003504 
0.506058 +-0.003563% 
0.490106 +0.003605% 
0.473721 +-0.003630% 
0.45687 1 +-0.0036452 
0.439520 +-0.003663i 
0.421630+-0.003706i 
0.403168 +0.0038 102 
0.384105 +-0.00401 77 
0.364427 +-0.00438 17 
0.344137 +.0.004958: 
0.323259+0.005800i 
0.301837 +0.006949% 
0.279937 +-0.008425: 
0.257644 +0.0102 182 
0.235055 +0.012282: 
0.212274 +-0.014527i 
0.189408 +.0.0168 197 
0.166567 +0.0189827 
0.143870+-0.020800i 
0.121459+0.022032% 
0.099519 +-0.022424i 
0.078317 +-0.0217344 
0.058235 +-0.0197444 
0.039820+-0.0164752 
0.023815 +0.011990 
0.011157 +0.006851i 
0.002900 + 0.002 186i 
0.000000 + 0.000000 


of a and R are given in 


mained between unity and one-tenth in most of the 
integrations. 

The values of Co’ for various values of c, in the case 
a=1, R=10 000, for a 50-step solution, as well as first 
divided differences and some second divided differences 
are given in Table I. We see that the values vary regu- 
larly except for the right-hand three digits, and, in 
fact, interpolation led to the last value of ¢ given for 
which Co’ has only the right-hand three digits. We 
would perhaps not expect to lose as much accuracy in 
50 steps, but no particular care was taken to maintain 
maximum accuracy per step. We thus obtain 


¢=0.2375006—0.00359257 


with an error of about } in the last place retained. 


The values of ¢ for 25-step, 50-step, 75-step, and 
100-step solutions for this case are given in Table II. 
The last three of these show differences consistent with 
a truncation error of order w*, and extrapolation leads 
to a value 


c= 0.2375259—0.00374041, 


of which the right-hand two digits may be uncertain. 

Some 200-step solutions were done for values of « 
near the above, Table III, but Co’ could be reduced 
only to four digits, and c was not determined more 
accurately. 


Table IV. Only four decimals have been retained be- 
cause in many cases only 50-step solutions were made. 
The values are believed accurate to 0.5 in the last place. 

Interpolation gives a critical Reynolds number 
R= 5780 for a= 1.026, and integration leads to a value 
of ¢ with imaginary part close to zero for this value of 
R and a, but while R is well determined, @ is hardly 
determined better than within the interval 1.02 to 1.03. 

These numbers confirm Lin’s results closely, and it 
may now be regarded as proved that plane Poiseuille 
flow becomes unstable at about R= 5800. It may be 
noted that for a given value of a, the flow is unstable 
only for a finite range range of Reynold’s numbers as 
was also found by Lin and Heisenberg.? 

Assuming go= 1, we find g,, g2, «~~, gio0 in Succession. 
$0, $1, °° *, ¥99 are then found from g+ 36°¢+ (1/360)é*g, 
noting that g-1:=g1, g-2=2, gin=£99, While gin=0. 
The results for a=1, R= 10000 are given in Table V. 
They were computed to nine decimals and rounded to 
six decimals after adjusting go to unity. The values are 
very smooth and the truncation error estimated from 
the differences is at most 1 in the last place retained 
and approaches this value only near y= 1. 

The variation of ¢ for other values of a and R for 
which solutions were obtained is equally smooth and 
shows no signs of oscillation or other peculiarity than 
a more rapid change of phase near the boundary. 
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rhe method of correlations, which has been widely used in the theory of turbulence, is applied to the case 


of a field that satisfies linear equations. It is found that most of the difficulties encountered in the theory of 
turbulence disappear when the equations are linear and that a number of general results can be obtained 


In particular, 


ensemble average 


it is possible to use an analog of Gibbs’ procedure of replacing a time average by an 
The mathematical foundations of this procedure are discussed and shown to be con 


siderably different than for dynamical systems with a finite number of degrees of freedom, to which the 
method is usually applied. In particular, it is shown that it can be applied to dissipative fields excited by a 


randomly varying force 


rhree examples are treated in some detail: statistically uniform but nonisotropic fields; statistically non 
uniform, dissipative fields excited by a random force; and the scattering of monochromatic radiation by 


inhomogeneities of the refractive index 


The method of ensembles, as applied to these problems, appears to have a mathematical foundation that 


is 
problems are mentioned 


I. INTRODUCTION 


HE methods of classical statistical mechanics were 

developed primarily to deal with the thermo 
dynamic equilibrium of systems with a finite number 
of degrees of freedom. They have been extended to the 
case of continuous media, but only by the device of 
supposing a portion of the medium to be enclosed by 
ideal, perfectly reflecting boundaries. They have also 
been extended to include small departures from thermo- 
dynamic equilibrium, but in the case of continua, no 
methods similar to those of kinetic theory or general 
statistics have been developed. The existing methods 
are better adapted to calculating the constant proper- 
ties of the medium than the statistical determination of 
its more complicated modes of motion. 

Other methods have been introduced into the theory 
of turbulence, which do not require that the system be 
in thermodynamic equilibrium. These methods consist 
largely in the study of the correlation of two quantities 
when measured at different points in space and time.’ 
Since the interest has centered on hydrodynami 
problems, governed by nonlinear equations, progress 
has been difficult, and hampered by the fact that the 
equations for the double correlation (uv) also contain 
the triple correlation (uw), etc.’ Attention has been 
centered on this difficultyt and the search for valid 
hypotheses to enable it to be circumvented. As a result, 


only more or less conventional solutions have been 
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¢ This difficulty is more obvious than serious, as will be shown 
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Roy. Soc. (London) 


Roy. Soc 
London Math. Soc 
Howarth, Proc 


ina subsequent paper 


rather simpler than in other cases that have been considered in the past, but several basic and unsolved 


obtained, and problems involving boundary conditions 
or driving forces have been ignored. 

When the same methods are applied to electrody- 
namic® or acoustic’ problems, the difficulty vanishes, 
and other problems claim the attention. These are of 
two kinds: the one has already been indicated, and 
involves boundary conditions and driving forces. In 
principle, these present no difficulty and it is merely a 
matter of arranging the calculations systematically. 
This is the primary topic of the following paper. 

The second kind of problem is more fundamental. It 
has been customary in the theory of turbulence, to 
consider the temporal, rather than 
ensemble averages (see reference 1). This is an attrac- 
tive approach, but can be expected to encounter all of 
the difficulties inherent in the ergodic theorem. How- 
ever, these expected difficulties do not obtrude them- 
selves at once, and the ensemble average appears in the 
calculation merely as a convenient device for the solu- 
tion of the differential equations obeyed by the temporal 
averages (see Sec. III, below). It is only when one 
endeavors to generalize this method of solution that 
the expected difficulties arise (Sec. TX, below). 

Let p(x/) be any field that obeys the equation 


averages to be 


Lp=dp/ dt, (1) 


L, being a linear operator that commutes with ¢ and 
0/dl, and such that the eigenvalue problem 


Lf= —iwf (2) 


has no discrete eigenvalues. This implies that any 
boundary conditions are included in the operator L, 
but that they are not stringent, as are for example, 
those of a cavity with perfectly reflecting walls. If L 
contains no frictional terms, the boundary conditions 
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must be such that energy can be dissipated by radiation 
to infinity, and may include the condition for ‘‘out- 
going waves” (see Sec. VIII). In dealing with problems 
such as this, it has been customary to introduce addi- 
tional, artificial boundary conditions, until the spectrum 
of Eq. (2) becomes a line spectrum and the system can 
be considered closed. At the end of all other calculations, 
these artificial boundary conditions are removed, which 
is a difficult limiting process. 

There are also reasons for doubting the validity of 
these procedures. The statistical mechanics of closed 
systems has been developed with special reference to 
thermodynamic equilibrium, and its postulates are not 
certain to be applicable under other conditions. To 
emphasize the lack of equilibrium, a ‘driving force” 
will be added to Eq. (1), so that it becomes 


Lp=dp dt+a(xi), (1.1) 


the function a being given as part of the data of the 
problem. 

The usual method of solving such problems is to 
expand both p and a as Fourier integrals. This implies 
that the time averages of p* and a’ are zero. This is not 
permissible if one wishes to deal with statistically steady 
states, for which these and other time averages are 
finite. The objective of the following paper will be ‘to 
develop methods for calculating such averages without 
solving the more difficult problem of finding an analytic 


expression for the solution that is being averaged. This 
is essentially the basic idea of the Reynolds? and v. 
Karman! approach to problems of turbulence. 


II. CONVOLUTION AND CORRELATION 


In the following, much use will be made of the two 
limiting processes,’ 


7 
{ /(x, )}= im f f(x, idl 
Ts r 
1 7 
= lim f f(x, t)dt. 
T-+« IT 7 


With their aid, one may detine the convolution of two 
fields f(x, ‘) and g(x, /) as 


(Fts. f) (4) 


{ fe’ r}= (f(x, Dg(x’, (—7)}, 
and the correlation as 


(fg' | r)= (f(x, Dg(x’, (—7) (6) 


It is important to note that both the convolution and 
the correlation depend on the two points x and x’ in 
space, as well as on the delay time r. If the fields f and 
g each have x components, the symbols here defined 
have n*? components; they are fields in the seven-dimen- 
sional space x, x’, r. 


7 In symbols such as {f(x,/)}, ¢ is a bound variable, while x 
is free; { } is a definite integral over ¢, and is very similar 
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If p is a solution of Eq. (1.1) for a given a, and if 
both can be expressed as ordinary Fourier integrals in 
the time, then the convolutions {aa’ r}, {pa’ r}, 
{ pp’ r} will be finite and the corresponding correlations 
will be zero. Such solutions will be called Class 7 (/ for 
integrable). If both p and a can be expressed as a 
Fourier (or similar but more general trigonmetric) 
series, the correlations will be simuar series in the 
delay time 7, while the integrals defining the convolu- 
tions will diverge. Such solutions will be called Class AL 
(averageable, line spectrum). There will certainly be 
other solutions for which the correlations are finite, 
but which do not have pure line spectra; these will be 
called Class AC. 

It is this Class AC that contains the solutions that 
are of interest in statistical mechanics. There are no 
simple general methods for representing them ana- 
lytically, nor is it necessary to find such methods. 
It is typical of statistical mechanics that its objective 
is the calculation of averages (including correlations) 
rather than the determination of detailed dependence 
on time and space. 

In the present case, this is relatively simple, for the 
correlations satisfy a set of linear equations that are 
readily deriveable from Eq. (1.1). It is also important 
to note that the convolutions satisfy exactly the same 


set of equations. Let 
P= pp'|r} 
Q={ap''r} 
'={pa’|r} or 


I {aa’ tT} or 


, 


(PP 7), 
(ap’ v2. 
(pa’ >}, 


/ 
(aa | T). 


0 


Then, ignoring any difficulties that may arise in con- 
nection with such equations as 


Lipp’ + ((Lp)p’ |r), 
it is found that these fields are governed by the equa- 
tions 
LP 
L’P 
LL’? 
Ly’ 


+OP, dr+YQ, 

OP) ar , 

ao Or 1, 
+ 00, dr 4. 
the operator / acting on x, L’ on x’. Because the oper- 
ator / includes boundary conditions, these equations 
are more elaborate than this formal notation indicates, 


and moreover they are not the only conditions to be 


satisfied. From Eqs. (5) and (6) it follows that 


{fer} 


so that the following symmetry conditions are required: 


{o' f Th, Oe ln='/ (9) 


P(x, x’, r)= P(x’, x, —7), 


O(x, x’, r) =O" (x, x’, (8.1) 


{(x,x, 7) tS ee F 
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It is both natural and convenient to suppose that all 
these functions are real. Then it follows from Eqs. (3) 
and (4) that 


{[ f+0g' PF} >0, (Lf+6g’ PF) 20, (10) 


for all real values of 6. From this, it is seen that the 
Schwarzian inequalities 


P(x, x, 0)+20P(x, x’, r) +0P(x’, x’, 0) 20, 
’ ’ a 


P(x, x, 0)+ 200’ (x, x’, r)+@A(x’, x’,0) 20, (8.2) 


A(x, x, 0)+20A (x, x’, r) +@A (x’, x’, 0) 20, 


are also required of the P, VY, and A fields. If (a) 40, 
(p)#0, there are additional inequalities to be con- 
sidered ; however, it is no loss of generality to suppose 
that (a)=(p)=0, because the Eq. (1.1) is linear, and 
this can always be brought about by subtracting a 
constant from the quantities concerned. This is a fun- 
damental point in the following calculations, for the 
inequalities that involve (p) are not satisfied by {/p}, in 
general. Thus the formal identity of the equations for 
convolutions and correlations depends on the elimina- 
tion of the linear averages in this way. 

While these many equations and inequalities are 
complicated, it will be seen that their solution is quite 
simple. Moreover, it will be possible to obtain solutions 
that cannot be either the convolution of a Class / 
solution of Eq. (1.1), nor yet the correlation of a Class 
AL solution. It does not follow that they are the corre- 
lation of a Class AC solution, but there is a strong 
presumption to this effect. 


III. SOLUTION OF THE STATISTICAL EQUATIONS 


Since the Eqs. (8) to (8.2) are all linear, their solutions 
will conform to a limited principle of superposition, the 
limitation arising from the fact that the Schwarzian 
inequalities are present. Let P:, Qi, Qi’, Ai, and Pa», 
Qo, V2’, Av, be two solutions; then P=c)Pi+¢2P2° ++ A 

=¢,A,+c¢2A» will again be a solution if c; and cy are 
both real positive numbers. If both c; and cz are nega- 
tive, P---A will certainly not be a solution; if one is 
positive, the other negative, P---A may or may not be 
a solution. 

This may be generalized: if P,---A, is a family of 
solutions of Eqs. (8) to (8.2), g being a parameter or 
parameters, and w(qg) is any non-negative function of q, 
such that the integrals 


p= f whey A= f waa, 


converge well, these integrals will again be a solution. 
Now, let p,, a, be a family of Class / solutions of Eq. 
(1.1); their convolutions may then be substituted for 
P,-++Aq in Eq. (11), leading to 


p= f watan’ tr}dg, A= fe@taa’ t}dg. (12) 


(11) 
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Since the techniques for constructing Class / solutions 
are well-known, the Eq. (12) provides a relatively 
simple and systematic method of solving the Eqs. (8) 
to (8.2). 

In the next section, it will be shown that the functions 
defined by Eq. (12) cannot always be the convolution 
of any Class / solution, etc.; this is not, as has been 
remarked, proof that they are then the correlation of a 
Class AC solution p, but if this is the case (as one may 
be inclined to believe) then 


(pp'|r)= fe@tom r}dg, etc. (12.1) 


The operation of forming the time average is thus 
replaced by the integration over g and /; this is analo- 
gous to Gibbs’ ensemble average, and for that reason, 
a family of Class / solutions with an associated weight 
function will briefly be called an ensemble. 

The weight function here appears as an arbitrary 
function introduced in solving the statistical equations. 
In general, it will be uniquely determined in specifying 
the function A = (aa’| r). This function is appropriately 
considered as part of the data of the statistical problem. 
In the case of homogeneous problems, A =0 and other 
data must be included in the formulation of the problem 
in order that it have a unique solution: i.e., in order 
that w(q) be determinate. 


IV. MATHEMATICAL PROPERTIES OF 
CORRELATIONS AND CONVOLUTIONS 


If a(x, /) is a real function such that {aa’! 7} exists, 
it can be shown that a has a Fourier transform a, 


a(x,1)= f a(x, «) exp(—iat)de (13) 


and that 
(13.1) 


a(x, w)=a*(x, =), 


while (by the Parseval theorem) 
{aa’|r} = 2r fai x, w)a*(x’,w) exp(—iwr)dw. (14) 


The converse of this proposition is not as simple: let 
A(x, x’, 7) be a real function of the seven variables 
indicated, having the symmetry 

A(x, x’, r)= A(x’, x, —7) (15) 
and satisfying the Schwarzian inequality 


A(x, x, 0)+ 260A (x, x’, r)+@A(x’,x’,0) 20; (16) 


moreover, let 


AG, 2’; = fro. x’,w) exp(—twr)dw. (17) 


Then, because of the reality and symmetry of A, 


B(x, x’, w) = B*(x, x’, —w) = B*(x’,x,w); (18) 
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because of the second of these equations, the integral 
equation, 


Ble) f(x, 0)= f BO. x’,w) f(x’, w)dx’, (19) 


will have only real eigenvalues, B(w). 
If A={aa’|r}, it will satisfy Eqs. (15) to (18) in- 
clusive, and Eq. (19) will have exactly one eigenvalue 


B(w)=2" f a(x, w) | dx, 


which is positive, and has the single eigenfunction 
a(x, w) associated to it. Conversely, if Eq. (19) has just 
one, positive and nondegenerate, eigenvalue, and if 
f(x,w) is the normalized eigenfunction, then 


B(x, x’, w) = B(w) f(x, w) {*(x’, w) (20) 


and the function 


a(x, w)=[ B(w)/2m }§ f(x, w) (20.1) 


will have the symmetry of Eq. (13.1). If, when this 
function is substituted into Eq. (13) the integral con- 
verges, the function A will be the convolution of the 
resulting function a. 

Next, let the function A be defined in terms of an 
ensemble, 


A= f w(g)ayay | a; (21) 


it will then satisfy Eqs. (15) to (18) inclusive, with 
B(x, x’, w)= 21 f wigs! x, w)a,(x’,w)dg, (22) 


provided the integrals of Eqs. (21) and (22) converge 
well enough. A necessary condition that A be the 
convolution of a real function a can now be formulated: 
when the function B defined by Eq. (22) is substituted 
into Eq. (19), the latter must have exactly one, non- 
degenerate and positive, eigenvalue. This will certainly 
not always be the case. 

Thus, it has been shown that those solutions of Eqs. 
(8) that are obtained by the method of ensembles are 
not always convolutions. That they are not always cor- 
relations of Class AL functions follows, because if they 
were, the function A of Eq. (21) could not be expanded 
as a Fourier integral, and this is usually the case. 

V. MODIFIED FORMS OF THE STATISTICAL SOLUTION 

The restriction to real ensembles is often inconvenient. 
It can be removed in various ways, one of which is the 
following. Let p(x, 1), a(x, !) be a complex solution of 


Eq. (1.1) and construct the ensemble 


ae“+a*e~ 4, 
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with w= 1/49. Then Eq. (12) yields 
P=R{p*p' |r}, «++, A= R{a*a’ |r}. 

This can be used to generalize Eq. (12) into 


p= a f waters t}dq, etc. (23) 


and thus enables one to make use of complex ensembles. 

Another modification of Eq. (12) is obtained as 
follows: with the ensemble p(qg), a(g), construct an 
ensemble p(qi)+)(q2), a(q:)+a(g2) with double the 
number of parameters, and the symmetric weight 
function we(qi, gz) =we(qe, gi). Using the abbreviation, 


wi(g)= frst q2)dq2, 


P=2P\4+2P., etc., 


Eq. (12) yields 


where 


P= ft oa@r'@ r}dq, 


Pom ff wlan at olane's t}dqidqp. 


One can also construct the ensemble p(qi)+-::- 
+p(qn), a(gi)+---+a(gn), with NV times the number 
of parameters, and a symmetric weight function 
w(qi::-qw). Then, if w; and wy are appropriately 
defined, Eq. (12) yields 


P=NP,\+N(N-1)P2. 


(24.2) 


Thus it follows that P» is itself a solution of the Eqs. 
(8), (8.1), (8.2), even though superposition with nega- 
tive coefficients is not generally permissible. While 
solutions of the form of Eq. (24.2) are useful, the 
method of derivation shows that they need not be given 
a special place in the general theory. 


VI. STATISTICALLY UNIFORM FREE FIELDS 


As a first example of these methods, the homogeneous 
Eq. (1) will be considered, under the assumption that 
Eq. (2) has solutions of the form 


f=explik(w)q-x ], (25) 


as is frequently the case, w taking on all real values, and 
k being a function of w, while q is a unit vector that 
can be varied independently of w. If the function 
g(q,w) is appropriately chosen, 


pla)= f eva w) expli(kq-x—wt) dw (25.1) 


will be an ensemble of Class / solutions. The element of 
solid angle dq associated with the unit vector q can be 
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used as wdqg. Then Eq. (23) yields 


(pp’ T nf f £(q, @ 


where 


cos| kq-&—wr ldwdq, (26) 


&=x-—x’ (26.1) 

Since this correlation depends only on the difference 
x—x’, it a solution that is statistically 
uniform throughout space. The mean-square value of p 


represents 


at any point in space is 


p*)= (pp) 0 anf fis “dud q 


and is also independent of position. In most cases the 
correlation of 0p/ dt with the gradient is associated with 
the flux of by differentiating Eq. (26) one 


obtains 


((Vp)(dp'/dt) |r nf f oka g|*cos[ kq-&—wr |dwdq, 


whence 
((Vp)(dp/dat) df fora g|"dwdq. 


Although uniform, the field is thus not statistically 
isotropic unless |g) is independent of q. More detailed 
examples of such calculations are to be found in 


energy 


reference 6 

The function |g!* may be called the spatio-temporal 
spectrum of p; in Planck’s terminology, it is the 
spec tral component of the spe ific energy density.* In 
the above discussion, it appears as an arbitrary func- 
tion, and would be rendered unique only by a more 
complete formulation of the problem. 


VII. DISSIPATIVE SYSTEMS 


As an example of the treatment of the inhomogeneous 
Eq. (1.1), it is simplest to take the case of a frictionally 
dissipative system, for which the Eq. (2) has no real 
eigenvalues. Then, to the function 


a=exp[i(k-x—w/) |, 
the Eq. (1.1) associates 
p Z (kw) exp[i(k-x—w/) | 


(27.2) 


the function Z having no poles or other infinities for 
real values of k and w. The ensemble 


a(k) ff s(o) ex i(k-x—ot) |dw, 


p(k) x ic exp| i(k-x -wl) ldw, 


Planck, Vorlesungven tuber die Theorte der Wiarmestrahlung 
Barth, Leipzig, 1912), Chap. 1 


*M 
(J. A 
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is constructed, k now taking the place of gq. Statis- 
tically uniform solutions can be constructed as before, 
(24.2) with w(k,, k.) 


but it is instructive to use Kq. 
replacing we(q1, gz). Then 


(aa’\r 2rinf f ftak) g(w) 


ko: x’ WT) ldk dkodw, (28.1) 


‘exp! i(k,- x 


(pp’ T mn f ff idok )i £lw 7. (ky, w)Z* (ko, w@) 


wT) \dk dkodw, etc. 


(28.2) 


-exp[ 7(K,-x— ky: x’ 


Since these solutions depend on both x and x’, and 
not merely on x—x’, they represent «‘»tistically non- 
uniform solutions. Thus the mean square of p is 


(pp’|0) 


2m | f feck. P 


-expl i(k, 


(p*)= 
°Z (ky, w)Z* (ke, w 


k»)-x \dk dk dw, (28.3) 
and varies from point to point. Again, more detailed 
examples of such fields have been given in reference 6, 
though without using the systematic methods here 


developed. 


VIII. THE SCATTERING OF RADIATION BY 
FLUCTUATIONS OF THE INDEX OF 
REFRACTION 


If a plane monochromatic wave passes through a 
region in which the index of refraction varies irregularly 
with space and time, the radiation will be scattered and 
converted into radiation. This 
process will be treated in detail as a last example of the 
above methods. If the scattered radiation is p, and the 
index of refraction is 1+-a, while the incident wave is 
the Eq. (1.1) takes the 


nonmonochromatie 


po=cos(x:x— vt), with v=xc, 
form® 


C70" p/ 0 — V* p= "a cos(K-x— vt). (29) 
It will be supposed that the inhomogeneity a can be 


represented by an ensemble of functions 


dq = 4o(X—Qq, ¢), (30) 


ao(x, 4) having its maximum or center at the origin, and 
q therefore being the point in space at which ag is 
centered. The vector q will be taken as the ensemble 
variable; the significance of the weight function w(q) 


will appear below 


If 
f fame exp i(k xXx—al) ldkdw, (31) 


a have been neglected 


ao(X, t) 


’ Squares ol 
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(12) yields 


(aa'| r =n) f ff 1k, 04*e, 0 (k—k’) 


-expL i(k: x—k’-x’—wr) ldkdk'dw, (32) 


where 


W (a) fe@ exe ta: q)dq/ (2n)’. (33) 


If, moreover, HW(a@) has a narrow peak at e=0, it will 
be justifiable to replace k and k’, in the .1 factors, both 
by 


m= }(k+k’). 
Using the notation, 
e=k—k’, 


Eq. (32) then becomes 


(aa’| r)= onywin ff 1 (m, w) 


xexp[i(m-é 


, 


&=x--x, 


wr) |dmdw, (34) 


-w(r)p(é, 7). (34.1) 


If the function a» is normalized so that (0, 0) =1, 
then w(r) represents the mean-square fluctuation of the 
refractive index at the point r. If the distance in which 
this changes appreciably is much greater than the 
dimensions of the region in which do varies, the above 
approximation is justified. The function 


P(m, w) = (27)*) A(m, w) (35) 


in the spatio-temporal spectrum of the fluctuation, and 
is independent of position." 

To proceed further, it is necessary to determine Pg, 
the outgoing-wave solution of Eq. (29) when a is 
replaced by a,. The right side of that equation may be 


written 


2K"aq cos(K: X— vt) nf fo k, w) 


Xexp[i(k-x—wt) |dkdw/e’, (36) 


where the integration over w (here and hereafter) is 
from 0-+ only, and 


Bie kw) Wtth—«e 
+ 1 (k+%, w+) exp| 


v) exp| %)°q | 


i(k 
i(k+%)-q |}. 


The required solution is then 


r= nf f fia B(q, k, w)/(ke+w) | 


w) |{dkdwdu, (38) 


‘exp |iL K+ x—wt— u(ke 
This results from the assumption that the members of the 
ensemble differ only as to their center. The introduction of addi 


tional ensemble variables would generalize the Eq. (35) 
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the integration over the auxiliary variable « also being 
always from 0%. That this is a solution of Eq. (29) 
is most readily seen by direct substitution on the left 
side; the integration with respect to wu can then be 
performed, and the result is seen to be the right side of 
Eq. (36). That this is the outgoing solution becomes 
obvious en making the change oLvariable s=/— u, since, 
then, the integration over s is from — « 
to vanish identically for / 2, but not so for /= +. 


The convolution of pq is then given by the ninefold 


»/, and Is seen 


integral 


mi {ISS STB(q, k, w) B*(q, k’, w) 
(ke-+w) (k’c+w) Je"dkdk dwdudu’ /c', 


{ Pa, pa’ r} 


where 


=k-x—k’-x ulke+w)+u'(k’c+w). 


WT 


This must be multiplied by w(q) and integrated over 
the variables q in order to obtain the correlation. Since 
only the factors B depend on q, one may tirst evaluate 


( 2 f Ba, k, w) B(q, k’, w)w(q)dq. 


Using Eq 3), this is 


K,W K,W 


by'(2r)'} Ak vp) A*(k’ vy) Wik—k’) 
+ A(k+x., wtv)A*(k’+K., w+v)W (k—k’) 
t+ A(k—x, w—v)A*(k’ +x, wt+v)W (k—k’ 


+ A(k+%, wt v)A *(k’ vy) Wik—k’ 


2n) 


K, w 2n)}. 


Because W (a) has a sharp maximum at @=0, this is, to 


a sufficient approximation, 
$y" (2a)' 
{| A(m 


+ 1(m,w 


%,w—v))*+/)/A(m+x, w+ rv) |? |W (a) 


v)A*(m, w+ v)W (a— 2x) 


+ A(m,w+v)A*(m, w— v)W (at 2x) j. 


The integration over w will be only from w=0-—>~ ; if 
1(k,w) has a maximum at w=0 of width less than », 
only the first term of this expression will contribute 
appreciably to the integral, so that the approximation : 

C=4y'd(m— x, w—v)W (a) 
may be used. Then one obtains 


WHS SSL fle(m— x, w—v) 
(mc+w)* |W (aje'dkdk'dwdudu’. 


(pp 
(39) 
Making the change of variables 
7 a F 
G aC\UTU ) 
and, in ©, the approximations 
la-m,, mi, m mm 


k=m+}a-m,, k’=m 
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Kq (39) becomes 


(WW /)RS SIL S 
[>(m v)/(mce+w)? |W (@) 
-exp{iLe-r+m-&—wr+o0(mc—w) 
toa-m, |}dmdaduwdida, 


(pp'|r)> 


K, Ww 


(40) 


the integration over v being from —2a/c—>+20/c and 
that over o from 0-+~. The integrations over @ and v 
can then be performed at once, leading to 


(pp’ |r) = (8v*/¢ ff fem ~k, w—v)/ 


(mc+w)* kw(r—om,) 


- }sin[ 20(m—w/c) |/(me—w) | 


cos{_m- E—wr |dmdwds. (41) 


If the point r is well outside the scattering region, the 
factor w(r—om)) will be different from zero only when 
o is very large; this entails that the factor immediately 
following w will have a sharp maximum at m=w/c. The 
integration over m can therefore be performed with a 
high degree of precision by replacing m by w/c every- 


where except in this factor; then 


(pp'|r)= (ome) f fa (w/c)m,—%, o—v }S(r, m,) 


-cos| (w c)(m,-& -cr) Jdmidw, (42) 
where dm, is the element of solid angle associated to 
m,, and the “optical depth” is 


x 


S(r, m;) f w(r—om,)do. 


ol 


(43) 


The scattered radiation therefore consists (to this 
approximation, at least) entirely of free waves traveling 
with the velocity c—in marked contrast to the fluctua- 
ations of the index of refraction, that involve waves 
of all velocities. The intensity of the scattered radiation 
is obtained by setting £=0, r=0 in Eq. (42) and is a 
function of r; the radiation field is therefore not homo- 
geneous. The spatio-temporal spectrum also depends 
on r, in contrast to that of the fluctuations causing the 
scattering. The scattered radiation is not monochro- 
matic, even when the direction of propagation is dis- 
regarded, but does have a peak at w=v. Apart from 
these generalities, the Eq. (42) contains information 
concerning the line shape and other coherence proper- 
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ties of the scattered radiation, which it would not be 
be profitable to discuss here. 


IX. SOME UNSOLVED PROBLEMS 


It appears that the ensemble method, as described 
above, is capable of yielding useful results in many 
problems. However, a3 has been noted, it evades the 
analytic representation of the solution being averaged. 
There are many reasons why it would be desirable to 
have such representations. Without them, it is difficult 
to understand the precise relation between the ensemble 
and the physical reality whose average is being cal- 
culated. It is almost certain that there will be many 
Class AC solutions that yield the same correlations: 
do these differ only in the arrangement of one and the 
same set of events, or, are there more fundamental dif- 
ferences? Is it justified to consider the ensemble as an 
artificially ordered set of Class / solutions, whose 
random superposition in space-time constitutes the 
Class AC solution? How does the weight function enter 
into the analytic representation of the Class AC solu- 
tions? One may attempt to answer these questions on 
the basis of common sense, but reflection always raises 
doubt. 

Another set of problems arises when one considers 
higher-order correlations, such as (f(x, ()g(x’,/—r) 
h(x’, t—o)). Such correlations occur in the formula- 
tion of many physical problems.‘ and the complete set 
of all orders presumably determines the Class AC 
solution uniquely, in some sense of the word. If one 
attempts to generalize the method of ensembles so that 
these higher correlations may be calculated, many dif- 
ficulties arise. These are connected with the generaliza- 
tion of the Schwarzian inequalities. There are not only 
a great number of such inequalities, but there are some 
that are satisfied only by correlations, and not by con- 
volutions. For this reason, it has not been possible to 
extend the method of ensembles in this direction. 

The reason for these difficulties is not too clear. In 
one sense, they exist in even the simplest case, for 
(1)=1 while {1}=, and this prevents one from cal- 
culating (p) by the method of ensembles. Yet, as has 
been shown, this does not prevent the calculation of 
(pp’|r) by that method, providing that (p)=0. There- 
fore, it is possible that some, at least, of the higher- 
order correlations can be calculated by this same 
method, providing sufficient ingenuity is exercised. It 
is also possible that the difficulty is more fundamental, 
and that the higher correlations can be calculated only 
after an analytic representation of the field has been 
found. 
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The equipartition of energy of a canonical ensemble has in the past proved fruitful in deriving averages 


of interesting parameters. It can be shown that an analogous principle holds for a generalized canonical 


ensemble, i.e., 


one whose distribution depends on a set of ‘‘additive” parameters ¢ 


With the help of this 


generalized equipartition principle one can calculate averages of certain functions of the coordinates that 
may be of interest. At equilibrium the equipartition principle reduces to the classical result provided that 


one of the a,’s (or a sum of them) is the Hamiltonian of the system 


rhe principle is applied to two weakly 


interacting gases and a gas described by two integrals of the motion 


I. THE GENERAL EQUIPARTITION PRINCIPLE 


ECENTLY several formulations of 
mechanics have appeared, generalized so as to 
include some or all of the time-dependent’ and time- 
independent® integrals of classical mechanics. In par- 
ticular a generalized canonical distribution can be 
exhibited for ensembles of isolated systems adequately 
described by a set of “additive” parameters, a,, 1=1, 
-, 4, not necessarily integrals of the motion. The 
ensemble density uw in 2r dimensional phase space is 


statistical 


given by 
u=(1/Z)e*, (1) 


K=)) : Biai, z= fi fe Kdg,-+-dpr, 


and the conjugate parameters §;, 1=1, ---, 4, 
proportional to the reciprocal generalized temperatures. ' 

This distribution plays an analogous role in the 
theory of generalized statistical mechanics to that of 
the ordinary canonical distribution in equilibrium 
statistical mechanics. Hence, it is of interest to consider 
generalizations of properties of the equilibrium distri- 
bution to the nonequilibrium distribution. Among the 
useful properties of canonical ensembles is the equi- 
partition of energy in the sense that? 


are 


(x,0H/OXn)w=kRT for suitable x,e(qi, +++, pr) (2) 
is satisfied. Here H is the Hamiltonian, 7 the absolute 
temperature, and k Boltzmann’s constant. This equi- 
partition principle often facilitates the calculation of 
averages of certain interesting parameters of the system. 
An analogous principle holds for a generalized canonical 
ensemble. Integrating by parts the density u [of Eq. 
(1) | over the 2r dimensional phase space with respect 


, Pr, we 


* This research was supported by the United States Air Force 
monitored by the Office of Scientific Research, Headquarters Air 
Research and Development Command, Baltimore, Maryland 
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to x,, one of the set of 2r coordinates qu, 


obtain 


1 ' _ f 
_ f ° se K dq: ’ “dp, 
(2r—1 
1 OK 
+ f ° fe. e Kdqy: : ‘dp, 
Zz OX, 


where the prime denotes the omission of an integratio 
with respect to x,. Here x,(#) and x,(/) are the upper 
and lower bounds of x, for which 


rn(u) 


1 , rn 
f. . foe K dq: . “dp, 
Z ra=an(l) 
(2r—-1 


vanishes. Then the generalized equipartition principle 
follows, 


v,OK /OXn) a >. BiX,00;/OXn) w= 1. (3) 


rhe name is justified since at equilibrium the principle 
reduces to the classical result, Eq. (2), provided that 
the choice of variables a, is one of the following. Either 
one of the a,’s is the Hamiltonian, i.e., a;= 7, in which 
case, B,=6,,(kRT)~'; or the Hamiltonian is a sum of, 
say, the first m of the a,’s, Le., 


=H, 


B;= (kT) for 7=1, -- 0 for j>m. 
In particular, Eq. (3) shows that in general forsome 


a, (e.g., d,= H) an equipartition principle of the form 


- m, and B; 


1/p; 


(x¥,00;/ OXn) > 


exists, if and only if a,, j/Ai, are not functions of x,, 
since the 8,’s are linearly independent. We will show 
by means of two simple examples how the generalized 
equipartition principle allows us to calculate averages 
of interesting functions of the a,’s 
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Ii. TWO INTERACTING GASES 
Consider an isolated system composed of a mixture 
to be designated by primed and un- 
at two temperatures. The masses, 


of two species 
primed variables 
number of molecules, and momenta are, respectively, 
‘; the Hamiltonians are 


' n | 
H= > p? and H’=> pi”. 


12m i=l 2m’ 


m,m', n,n’, pi, p 


We choose as the parameters to describe the system, 
a,=H1+H', i.e., the total Hamiltonian, and a.= H— IH’. 
The interaction is sufficiently weak so that no variables 
are used to describe it directly. The generalized canon- 


ical ensemble density wu is given by Eq. (1) with 
K = B)a;+ Boas. 


with », equal to the components of 


Applying Iq. (3 
p, and p,’, we find 


Piz’ /M)n 


181+ f» 
il 
2 Bit 3» 3, By» 


one easily finds the covariances of a¢ 
2). Since (1) 


From kq. (4 


with respect to a,, (1, /=1, 


Od xy OD da OD (0 |) py (| yh jv, 


one can find the variance of, say, a, and this in turn 
gives the fluctuation of a, at constant 8,, in the general 


ized canonical ensemble. It follows from Eq. (5) that 


the generalized specific heats are 
kB *Aa;)4/ OB 
In this example, the c,,; are 
sk3, nN 


(3:+B2)- 








(81+ 02)" (8;— By»)? 


0, these relationships reduce to 
3k(n+n’')/2, ete. 


At equilibrium, when p» 
the conventional formulas, 1.e., ¢11 


III. GAS IN A CONTAINER 
As another example? for the applicability of Eq. (3), 


consider n—1 molecules, of an ideal gas kept in a rigid 


FRISCH 


“container molecule” of mass m, equal to the mass of 
any of the other gas molecules, but containing the 
others in its volume V. If we include the container 
molecule in our system, then we can conserve the total 
linear momentum 2 of the n-particle system. We choose 
as the interesting parameters the Hamiltonian and the 


total linear momentum 


H= > —p? 
12m 


z= 2 Pi. 


The generalized canonical density mw is again given by 
Kq. (1) with 


K =BH+y-2=BH+y, 


er VeS yt V8 25 


where m,, m,, and w. are the three components of the 
total linear momentum vector x, and y,, y,, y- are the 
corresponding components of y and are proportional 
to the reciprocal (generalized) momentum tempera- 
tures. Let x; be one of the components of the linear 
momentum of the jth particle. Applying the equi- 
partition principle Eq. (3) first to a single particle, say 
the ith, and then to all ” particles, one obtains, respec- 
tively, 

3/28 1 (Dia 2p, 


30/2B— +(x) w/ 28. 


(p*)ay/ 2m 


(i Ay 


(0) 


(IH), is still given as a sum of contributions from all x 
particles, but equipartition of energy no longer holds. 
The value of (x), is most easily found by direct calcu- 
lation to be? 

Cay ymn (3. (7) 


We see on substituting Eq. (7) in Eq. (6) that 


H) y= n(3/28+ my*/ 26"), (8) 


i.e., the system as a whole is being translated with a 
-7/8. Identifying 8 with 1/k7, T the absolute 
(corre- 


speed 
temperature, one finds the heat capacity c¢, 
sponding to the internal energy) at constant volume 
and ¥ to be 

Cyp=n(3k/24+mekRT). (9) 


Thus c, varies linearly with the temperature. For the 
root-mean-square fluctuation in the energy we obtain, 


from Eq. (5), 


(UIP Ay (H py)? ( OH Ay ap)? 
{0 (3R°T? 24+ my? kT?) $2? =O(n?). (10) 


IV. CONCLUSION 


Phe (a,4 can be shown to be the / components of the 
gradient with respect to the 8; of a potential, —InZ, a 
function of the 8,’s and the time only.' This is not true 
for the quantities (x7,da,/0x,)4. Let us consider the 
(x,0a;/OX,)x and the 8; to be components of vectors 
(x,0a/AX,)» and §, respectively, in a /¢ dimensional 


space. If we form the curl of (x,da/0x,)4 with respect 
to 3, we find that in general this quantity is different 
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lo conclude, we have derived an equipartition 
principle of generalized canonical ensembles and shown 
it to be useful in the calculation of certain interesting 
averages of functions of the parameters of a system. 
Needless to say, the averages thus found often can be 
obtained by other methods perhaps more directly 
This is, of course, true also of the equipartition of 


energy in equilibrium statistical mechanics 
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Measurements have been made of the electrical resistivity and 
Hall coetticient of rutile both in the form of 
ceramics and single crystals from 190°C +500°C. The 


samples were reduced in pure hydrogen for various times and 


semiconducting 


temperatures to provide a range of resistivities, all corresponding 
to rather large numbers of charge carriers. The single crystal 
samples were measured in different orientations to study the direc 

tional dependence of resistivity and mobility. From these measure 
ments the variations of mobility and charge carrier concentration 
with temperature have been determined. The mobility data can 
be satisfactorily described in terms of an electron scattering by 


the optical modes of lattice vibration predominant at high tem 


I. INTRODUCTION 


T has been known for some time that titanium dioxide 

of nonstoichiometric composition containing an 
excess of titanium is an m type semiconductor with 
properties showing promise of practical utility.’ ® These 
previous studies on titania semiconductors, however, 
had not obtained information about the electron mo- 
bility and the number of charge carriers in this material 
although this information is needed for a detailed 
analysis of the conduction process. Recently synthetic 
single crystals of titanium dioxide in the form of rutile 
have become available,’ and it seemed desirable to 
investigate the electrical properties of semiconducting 
crystals and compare them with the properties of highly 
purified titanium dioxide ceramic semiconductors. Simi- 
larly, since rutile is tetragonal, an investigation of the 
electron mobilities in the two crystal directions would 
be expected to be instructive. 

For such a study of the electron mobility and number 

'W. Meyer, Physik. Z. 36, 749 (1935 

2W. Meyer and H. Neldel, Physik. Z. 38, 1014 

‘1M. Earle, Phys. Rev. 61, 56 (1942) 

‘Von Hippel, Breckenridge, de Bretteville, 
Massachusetts Institute of Technology Laboratory for Insulation 
Research Report N.D.R.C. 540, October, 1945 (unpublished 

> H. K. Henisch, Elec. Commun. 25, 163 (1948) 

®R. G. Breckenridge and W. R. Hosler, J. Research Natl 
Standards 49, 65 (1952) 

7 National Lead Company, South Amboy, New Jersey 
\ir Products Company, North Tonowanda, New York 


1937) 


and Brownlow, 


Bur 


Linde 


24, 1953 
peratures combined with a scattering by ionized impurities pre 


dominant at low temperatures. The low values of the mobility in 


all samples indicate an anomalously large effective electron mass 
In the crystalline samples the mobility in the ¢ direction is approxi 
mately he data on the 


temperature dependence of the electron concentration may be 


twice as greal as in the a direction 
represented by a sum of two Boltzmann terms, indicating two 
types of donor centers. It is suggested that these centers may be 
oxygen ion vacancies at which one or two electrons are trapped 
as Tit? 
many of the electrical and optical observations on rutile semi 


ions. An energy level diagram is proposed which explains 


conductors 


of charge carriers in a semiconductor, two measure 
ments are needed. The measurements chosen here are 
the electrical resistivity and Hall coefficient over a wide 
temperature range. Such measurements have been made 
on both ceramic and single crystal samples. Both for 
convenience in making the Hall effect measurements 
and because of the practical interest in the properties 
of relatively good conducting titania semiconductors, 
our measurements have been concerned with samples 
that have been reduced in hydrogen at elevated tem- 
peratures so that their resistivities are in the range 0.1 
to 1002 cm. The study of these reduced materials is also 
useful in that it is possible to observe the variation of 
the properties with temperature independent of changes 
in the oxide composition which is the predominant 
factor in studies on the pure oxide. As a result of this 
simplification it is possible to observe a number of 
details in properties that are normally masked by larger 
effects or unmeasurably small. It will be shown that 
the observations on these highly conducting materials 
can tentatively be correlated with other studies on 
rutile to produce a reasonably consistent picture of the 


energy levels in rutile 


II. PROPERTIES OF TITANIUM DIOXIDE 


litanium dioxide crystallizes in three modifications: 


rutile, anatase, and brookite. Of these, rutile is the form 





CKE 


Crystal structure of rutile (TiO.) 


lic. 1 


stable at temperatures greater than 820°C and is the 
one obtained on firing ceramic samples of TiQ».. The 
crystal structure of rutile is tetragonal with a=4.4923A 
and c= 2.8930A,* as shown in Fig. 1. The structure may 
be considered as built up from somewhat distorted TiO, 
octahedra, the octahedra forming chains in the c direc- 
tion, each octahedron sharing an edge with the adjacent 
members of the The crystal density is 4.26 
g/cm*® from x-ray measurements. 

The dielectric properties of rutile are rather unusual 
and been studied on both single crystals and 
ceramics. It was found by Schmidt® that in single 
crystals of rutile the dielectric constant in the ¢ direction 
An average value of 


chains. 


have 


was 173 and in the a direction 89. 
114 for a randomly oriented ceramic is computed from 
these results in rough agreement with the value ca 100 
found experimentally for densely fired ceramic samples. 
When care is taken to prevent the loss of oxygen during 
firing of the ceramics, the dielectric loss of rutile is very 
low, values of tand=0.0003 at 10° cps" being typical. 
This corresponds to a room temperature resistivity 
ca 108Q cm 

The optical properties of rutile are also of interest, 


10 


particularly as they shed some light on the electrical 
properties to be considered later. The refractive index 
at 5896A of rutile is 2.903 in the ¢ direction and 2.616 
in the a direction."' The optical transmission in rutile 
has been measured for single crystals by the Radi- 
the National Bureau of Standards 


» described 1 


ometry Section of 
(Fig. 2) and will | 1 detail elsewhere. It 
was found that hia is a strong piper band at 
about 4100A at with 


marked absorption in the visible region of the spectrum. 


room temperature no other 


Measurements at infrared wavelengths show a strong 


absorption at about 7 microns. This is in agreement 
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with the observations of Cronemeyer and Gilleo”:” and 
also agrees with observations of the reflection from 
natural rutile single crystals made by Liebisch and 
Rubens'* who extended their measurements to 300u. 
It has been shown" that the measurements of Liebisch 
and Rubens c4n be satisfactorily explained by assuming 
two fundamental vibrations at 180 cm~ and 500 cm“, 
the one at 180 cm”! corresponding to a deformation of 
the TiO, groupings, and that at 500 cm™! to a valence 
vibration of the titanium relative to the oxygen. 


III. TITANIUM DIOXIDE SEMICONDUCTORS 


When the titanium dioxide is treated so as to cause 
a loss of oxygen in the lattice either by heating in a low 
oxygen pressure or in hydrogen, the material becomes 
an m type semiconductor whose properties depend on 
the extent of oxygen loss.'~® Several previous observa- 
tions on the conductivity of unreduced rutile show a 
dependence on the equilibrium conditions of tempera- 
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2. Optical density of clear rutile 


ture and oxygen pressure. Earle® has found that 


. (1) 


ao~ Po» 


with a=4.3 for oxygen pressures greater than 30 mm 
Hg. At lower pressures the a was variable ranging from 
2 at low temperatures to 3 at higher temperatures. 


Earle’s measurements of conductivity as a function of 
temperature showed an exponential relation 


o=age SET, 


with AE= 1.7 ev for fired ceramics. A similar tempera- 
ture dependence with values of AE=1.834 ev for 
T>900°C and AE=1.526 ev for T<900°C has been 
reported by Cronemeyer™ for single crystals of unre- 
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ELECTRICAL PROPERTIES 
duced rutile, the same values of AE being found for both 
crystal directions. 

When the material is reduced an increased optical 
absorption at longer wavelengths is noted, the crystals 
become blue in color and on continued reduction opaque. 
This is shown in Fig. 3 for a slightly reduced crystal 
(2.5 min in Hy. at 600°C) measured at the National 
Bureau of Standards. It will be noted that the absorp- 
tion of 0.414 and 7y are apparently unchanged by the 
treatment, but a broad absorption band centered at 
about 1.2u is introduced. Prior to the present work no 
detailed studies have been reported on the conductivity 
and Hall coefficient of such reduced materials. However, 
the measurements available have indicated a typical 
exponential variation of the conductivity with tem- 
perature [ Eq. (2) ] with an activation energy AEX0.2 
—0.3 ev! ®'3 between room temperature and about 
200°C. A similar activation energy was found from 
studies of the thermoelectric power. These preliminary 
studies have now been extended sufficiently to allow a 
rather detailed picture to be drawn of the electrical 
properties of titania semiconductors. 


IV. EXPERIMENTAL PROCEDURE 


The ceramic samples studied in this investigation 
were fired from very high purity rutile by the Porcelain 
and Pottery Section of the National Bureau of 
Standards. A spectroscopic analysis of the samples 
showed that the chief impurity was aluminum present 
in amounts <0.001 percent, all others being < 0.0005 
percent. The firing temperature was 1450°C, and the 
samples were held at this temperature two hours. The 
density was measured" to be 4.10 g/cm’. The color of 
the fired ceramic was rather gray, indicating some loss 
of oxygen in the firing. Using a small diamond saw, the 
fired ceramics were cut into rectangular parallelepipeds 
ca 1 mmX3 mmX10 mm. After cutting, they were 
lightly ground with No. 600 Alundum and washed. 

The rutile crystals studied included a crystal ob- 
tained from the National Lead Company and one from 
the Linde Air Products Company. Spectroscopic anal- 
yses of the crystal showed the presence of Ba as a chief 
impurity ca 0.01 percent, minor impurities of Al and 
Mg present in amounts of 0.001 to 0.01 percent, with 
traces of Ag, Cu, Ca, and Fe in both cases. The Linde 
crystal also contained a minor amount of Pb. The 
alkalies, if present, are in amounts less than 0.05 percent. 

The crystallographic axes of these boules were deter- 
mined by an x-ray study in the Mineral Products 
Section of the Bureau, and samples of approximately 
the same size as the ceramics were cut from the boule 
using the diamond saw. Cuts were made with the ¢ axis 
in the thickness direction and with the ¢ axis parallel 
with the length of the sample. These crystals were also 
lightly ground with Alundum and washed. 

'6 Determined by the Capacity, Density and Fluid Meters 


Section of the Mechanics Division of the National Bureau of 
Standards 
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Although no detailed investigation of the reduction 
process was attempted, an effort was made to treat the 
samples under controlled conditions. For reduction, the 
samples of both ceramic and single crystal were placed 
on a small platinum cradle in a combustion boat to 
allow free access of the hydrogen to the entire sample 
and placed in a 1-inch diameter quartz tube, heated by 
a tube furnace, the temperature of which was controlled 
to +5°C. A preliminary calibration showed that the 
indicated and actual temperature agreed within +5°C 
at the center of the furnace. In order to control the time 
of reduction the furnace was heated to the desired tem- 
perature with purified helium gas flowing slowly 
through the tube, then pure hydrogen obtained by 
passing tank hydrogen through a dry-ice trap and a 
charcoal trap at liquid nitrogen temperature was 
admitted to the system. After the desired reduction, the 
hydrogen was again swept out with helium, and after 
a further heating at the peak temperature for about 
twenty minutes to insure sample homogeneity, they 
were cooled to room temperature under helium. The 
ceramic samples were reduced for ten minutes at tem- 
peratures ranging from 600°C to 900°C and for three 
different times at 800°C. Appropriate conductivities 
were usually obtained in the single crystals by reduction 
for tive minutes for the same range of temperatures 
although in a few cases a longer time was required. The 
precautions described were, in general, sufficient to 
produce a reasonably regular dependence of the number 
of charge carriers, etc. on the times and temperatures of 
reduction although in a few cases anomalous values 
were found for some unknown reason. 

The electrical conductivity and Hall effect measure- 
ments were made on a de instrument of conventional 
design shown schematically in Fig. 4. The magnet 
produced a homogeneous field over a volume much 
larger than the sample, the field strength being ca 4000 
gauss at the sample with a gap of 12 in. The field was 
measured with a Leeds and Northrup fluxmeter. The 
temperature was measured by a calibrated Chromel 
Alumel thermocouple in close proximity to the sample. 


The measurement of resistivity was made by the 
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potent ial probe method 


used for the Hall effect measurements; in way 
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difficulties with electrode asymmetries are eliminated. 
The primary current through the sample was controlled 
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by a resistance box and was measured from the voltage 
drop across a precision 8-ohm resistor. All emf’s were 
measured with a Leeds and Northrup Type K-2 
potentiometer. 

The sample holder consisted of a thin quartz plate 
carrying small binding posts for the electrical leads. 
These leads were 20-mil platinum-rhodium wire shar- 
pened and sprung into contact with the sample. They 
were then soldered to the sample with indium metal. 
Even though measurements were made at temperatures 
above the melting point of the indium, no difficulties 
were experienced since the indium wets the TiO: and is 
held in place by its surface tension. The quartz plate 
was bolted to a half-round brass backing plate to aid 
in maintaining a uniform sample temperature. The 
brass backing plate was supported on a rod and the 
electrical leads were brought out from the sample holder 
through ‘Teflon spacers mounted on the rod. For high 
temperatures the rod was brass, but for low tempera- 
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Fic. 7. Resistivities of reduced Linde Air Products Company 
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rutile single crystals 
tures it was of Bakelite in order to provide thermal 
insulation, 

The low temperatures were obtained by cooling the 
sample holder in a small covered Dewar flask containing 
liquid nitrogen. This flask in turn was surrounded by 
a larger Dewar flask also containing liquid nitrogen. 
High temperatures were obtained with a small tube 
furnace. In both cases temperature fluctuations were 
avoided by enclosing the sample. 

In the measurement of conductivity, some potential 
probe studies were made to investigate the possibility 
of tield distortion in the samples. No such effects were 
noted with fields of the magnitude used for measure- 
ment (<0.5 volt/cm). The variation of Hall effect with 
primary current was also investigated and found to be 
linear for currents used in these measurements. 


V. RESULTS 


The results of measurements of the resistivities of 
National Lead Company crystal samples plotted as 
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loge in & cm as a function of the reciprocal of the ab- 
solute temperature are shown in Fig. 5. A linear de- 
pendence of logp as a function of 1/7 is not observed ; 
instead, the resistivity varies only slightly over the 
entire temperature range in a manner resembling that 
found for degenerate or partially degenerate semicon- 
ductors in other cases.'®'” With the apparatus available 
it was not possible to observe the intrinsic conductivity 
at high temperatures since the material begins to re- 
oxidize at temperatures much above 500°C in air. 

The Hall voltages for these samples were measured as 
a function of temperature and the Hall coefficient R 
in cm* coulomb calculated from the relation 


R=10°°V nt/H1, (3) 


where Vy is the Hall voltage in volts, ¢ the sample 
thickness in cm, // the magnetic field in gauss, and / the 
current in amperes. For the sample sizes used the 
shorting effect of the current electrodes is small. For all 
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8. Hall coefficients of reduced Linde Air Products 


Company rutile single crystals 


samples the sign of R was always negative, indicating 
conduction by electrons. The measurements of Hall 
voltage were made in two of the three orientations 
possible for rutile. Those designated as ¢ direction are 
with the primary current parallel to the ¢ axis, those 
designated as a direction are with / perpendicular to « 
and H parallel to c. Appropriate size samples with the 
third possible orientation could not be cut from the 
crystals on hand. The values of logR plotted as a 
function. of the reciprocal temperature are given in 
Fig. 6. For all samples logR changes very slowly with 
temperature at low temperatures but shows a more 
pronounced linear dependence on the reciprocal tem 
perature at somewhat higher temperatures. 

Similar measurements on the Linde crystal are shown 
in Figs. 7 and 8 and on the pure ceramics samples in 
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hic Resistivities of reduced rutile ceramics 
Figs. 9 and 10. In all cases the same characterist 
features are found. 
From the measured values of the Hall coeflicient R, 
the number of charge carriers , present in the sample 
may be calculated using the relation 


R (39/8e)[ Gio) /n, |, (4) 


where G(¢) is a function of the Fermi level varying 
between 1 for nondegenerate samples to 8/3m for com- 
pletely degenerate samples.'* From evidence to be de 
scribed later in this paper, it may be shown that, even 
though the numbers of charge carriers are large, the 
samples are not degenerate; hence, G(¢) was assumed 
to be 1. Then the number of charge carriers per cm? is 
given by 


Nn, 7.4010" R, (5) 
where R is in cm*/ coulomb 
Similarly, the Hall mobility, uw, in cm*/ volt sec is 
given by the relation 


un =1/nep (83m) (R/p), (6) 
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VI. ELECTRON CONCENTRATIONS IN RUTILE 


The number of charge carriers 2, at various tempera 
tures was calculated from Eq. (5). 
results are shown in Fig. 11 for the various samples. A 
reasonably satisfactory description of the change of », 
with temperature can be given for all samples with a 
simple expression of the form 


Ne = NCA EUAT A ye AE 2/kT (7) 


with AE, << AF, and n,’«n,". This suggests two sources 
of conduction electrons, one of which has a very small 
activation energy so that it was considerably ionized 
even at liquid air temperature. For most of the samples 
satisfying this relation, the values of », were large 
enough to indicate a degenerate behavior as calculated 
relation between m, and the 


from the well-known 


degeneracy temperature, 
kh? 733 
Ty nN,’ 
Skm*\qr 


4.2 107", 8, (8) 


if the effective electron mass m* is taken to be the free 
electron mass; hence the validity of the Boltzmann 
expression was surprising. However, observations on 
the electron mobility in rutile to be described later in 


Representative 
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this paper indicate that the effective electron mass is 
much larger than the free electron mass, and, if the 
effective masses found from the mobility data are used 
in Eq. (8), it is found that our samples are not degen- 
erate in the temperature range covered. The values of 
n;’, ny", AE;, and AEF», obtained by fitting the two 
terms to the observed values of n, at high and low 
temperatures, are given in Table I. The activation 
energies show a dependence on n,, but the dependence 
is not as clearly indicated as in the silicon case,'® and 
actually is in the opposite direction, i.e., AE increases 
for increasing ”,. 


VII. ELECTRON MOBILITIES IN RUTILE 


The values of the Hall mobility uy found using Eq. 
(6) are of the order of 0.1 to 1.0 cm?/volt sec at room 
temperatures for both the single crystal samples and 
the ceramics, although the ceramics have the smaller 
values. An interpretation of the observations on electron 
mobilities in rutile may be given using the theoretical 
treatment of the scattering of slow electrons by the 
optical lattice vibrations developed by Fréhlich and 
co-workers.'*” This work showed that the microscopic 
mobility uw», is given as 


m= A ,(e9/T—1), (9) 


where A, is a constant and @ is the Debye temperature. 
In reference 20 it was shown that 


lL wNS EK 1 
= : (10) 
(m*)! e 295 K,’—K,,’ (RO)! 


where AK,’ and A,’ are the static and optical dielectric 
constants. In the absence of any detailed information 
as to the relation between wy and yz,, in this material, 


TABLE I. Properties of rutile semiconductors 


A m* 
AE AF: ny! nN cm?/volt B= Vi 
Sample ey ey No./cm4 No./em4 : m No./cm# 


National Lead Company crystal 

700 «¢ 0.011 0.14 2.73 K10'% 
R00 « 0.0 0.12 2.9010! 
850 « 0.018 0.20 1.82 K10'9 
900 « 0.018 0.19 7.95 «K10'8 
650 a 0.0094 0.21 1.0610! 
750 a 0.0043 0.25 5.4110! 


0.063 ] 7.60 XK 10% 
0.055 5.16 X10'5 
0.011 2 2.60 XK 10% 
0.010 1.18 K 10% 
1.20 & 102 

9.85 X10"" 
J 


1.29 «10% 
1.44 X10 
5.91 «102 
1.01 «10% 
4.18 K107 0.033 
8.41 K10" 0.033 


crystal 

3.43 K10'8 0.077 8.42 X10'8 
1.30 «10% 0.094 5.00 K 10" 
1.47 *10% 0.016 1.39 K 102 
2.83 X10" 0.050 2.02 X10" 
2.59 K10% 0.044 5.80 X10" 
1.29 «102! 0.0084 2.33 KX 10% 


Linde Air Products Company 
650 « 0.0091 0.11 6.39 KX 1058 
700 ¢ 0.0 12 4.50 K 10! 
ROO « 0.0044 16 4.42 X10'* 
650 a 0.0065 18 8.62 xK10'* 
700 a 0.0062 17. 8.38 K10! 
800 a 0.010 15 6.87 X10'% 


Standards ceramic 

1.13 K10! 8.37 K10'* 0.023 
7.66 X10" 4.0410" 0.046 
2.12 K10'8 1.58 K10% 0.033 
§.07 X10'§ 1.8310" 0.021 
2.19 K10'§ 2.86K10% 0.038 
2.94 X10" 4.64 «107% 0.030 


National Bureau « 
600-10 0.0056 14 
700-10 0.0078 0.14 
800-10 0.0084 0.12 
900-10 0.0069 0.16 
800-5 0.0037 0.14 
800-20 0.0053 0.16 


21 xK10% 
35 KX 102 
32 X10” 
94 K 10% 
15 X10” 
13 X 10% 


Mott, Proc. Roy. Soc. (London) A171, 


9H. Frohlich and N. F 
496 (1939). 
” Frohlich, Pelzer, and Zineau, Phil 


Mag. 41, 221 (1950). 





ELECTRICAL PROPERTIES 
they may be assumed equal without serious error. We 
thus may use the experimentally determined values of 
A, to find the effective electron mass if a value of @ is 
available. 

The choice of @ may be made in several ways. Studies 
of the specific heat of rutile?! have indicated that an 
Einstein function with a characteristic 6 of 670°K will 
describe the heat capacity measurements in the tem- 
perature range of interest here. 

An independent estimate of @ may be obtained from 
the infrared studies previously mentioned." In_ref- 
erence 19 it was shown that 


O= (he/ky,) (K,'/K.’)}, (11) 


where X,; is the longest wavelength of the optical absorp- 
tion in the infrared. Using the band at 180 cm™, @, is 
found to be 936°K and @, is 1161°K. It was found that 
somewhat better agreement at higher temperatures 
could be obtained for almost all samples using = 670°K 
instead of the larger 6’s calculated from Eq. (11), so 
this value was adopted. 

A plot of logl (u/A,)+1] as a function of 1/7 for a 
number of samples is shown in Fig. 12. The values of «1 
for the various samples were chosen to give the best 
agreement at temperatures slightly above room tem- 
perature. As will be shown, the deviations observed at 
low temperatures can be explained as an impurity 
scattering contribution. The most pronounced devia 
tions at high temperatures are observed for the crystal 
samples. This is probably an effect of the crystal 
anisotropy. Different values of @, although possibly 
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Fic. 12. Electron mobilities in reduced TiO. samples 


"tH. J. McDonald and H. Seltz, J. Am. Chem. Soc. 61, 2405 


(1939). 


OF TiO: SEMICONDUCTORS 





6-670 
A:0.038 


/ 
J Wattece 
4 











fue; 


TK * 10° 


lic. 


13. Impurity and lattice scattering of electrons in 
reduced rutile ceramics 


differing from those calculated from Eq. (11), should be 
used in the two directions for the single crystal results, 
while in the ceramic an average value would be antici- 
pated. Such an average presumably is obtained from the 
heat capacity measurements. 

Of particular interest are the effective electron masses 
calculated from the empirical values of A in Eq. (10). 
Using 0=670°K and averaged values for AK,’ and K,’, 
one finds values of m* to be 30 to about 100 times the 
free electron mass. These results are given in Table I. 

Scattering of the electrons by acoustic vibrations is 
apparently negligible in these materials, since the data 
cannot be satisfactorily described by a 7~! term which 
is predicted for this effect.” 

At low temperatures the effects of scattering by 
ionized impurities becomes important. Conwell and 
Weisskopf™ give for this scattering 


3K /RT\? 
In} 1-4 ( ) 
e*.\ i. 


Using the appropriate value of m* from the lattice scat- 
tering term and a value of 83 for K,’, it is possible to 


1 wr! &N,m* 


(12) 


wr 29K, (RT)! 


fit observed mobility values at the lowest temperature, 
where the contribution of the lattice scattering is 
negligible, with reasonable values of \',;, the number of 
scattering centers/cm? (‘Table I). It is usually assumed” 
that the total mobility may be given as 


L/u=1/ur+1/ur. (13) 


2 Eg. W. Shockley, Holes and Electrons in Semiconductors 
(D. Van Nostrand Company, Inc., New York, 1950) 
‘FE. Conwell and V. F. Weisskopf, Phys. Rev. 77, 388 (1950) 





800 -CKI 


A lypi al result of such a calculation is shown in Fig. 13 
for the 800° five-minute ceramic sample, with quite 
satisfac tory agreement observations over the 
entire range of temperatures studied. The values of .V, 
given in Table I vary roughly according to the degree 
of reduction, which suggests that ionized donor centers 
are the chief source of the low-temperature scattering 
contribution 


with 


although there may be a_ considerable 
from the foreign ions known to be present. 

An interesting feature of the mobility observations 
is the similarity in the mobility values found between 
the ceramic samples and the single crystals. In previous 
work on oxide semiconductors in the sintered form, it 
has usually been assumed that the low values of yu 
resulted from trapping of the charge carriers at grain 
boundaries.**’. From these measurements it would 
appear, at least in a very densely fired rutile sample, 
that the grain boundaries are not the predominant 
effect, although this need not be true if the grains are 
in poor contact as in a pressed powder sample, or even 
in a lightly sintered ceramic. Similarly, frequency 
effects such as noted in reference 24 can still be attrib- 
uted to the presence of grain boundaries and inhomo 
geneous grains 

These results show that there is a difference in elec- 
tron mobilities in the two directions studied as would be 
predicted by Eq. (9) assuming equal effective masses 
for the two directions and previously given values of A’ 
and @; the calculated value of the ratio u./ua being 1.8 
at 500°K. This is illustrated for pairs of samples having 
about the same numbers of charge carriers and _ pre- 
sumably nearly equal numbers of scattering centers, 
for example, the 800° Linde samples, where the mobility 
ratio #,/ Ma has an average value of 1.8 and varies only 
slowly with temperature. Similar values are found for 
the National Lead Company crystals; the 700 ¢ and 
650 a samples give an average ratio of 2.0 but with a 
greater temperature variation. The slightly greater 
values of the ratio found experimentally presumably 
arise from the larger effective mass found in the a 
direction, 


VIII. DISCUSSION 


While it is possible to give a rather detailed picture of 
the electrical properties of the elementary semicon 
ductors in terms of a simple band picture involving 
filled and conduction bands with one donor or acceptor 
impurity level, or possibly both,'® such a simple model 
cannot explain the variety of observations on rutile. 

The conductivity at high temperature of 7 type oxide 
semiconductors is believed to arise from the thermal 
decomposition of the oxide resulting in the introduction 
of donor “impurities” in the form of an excess of the 
metallic constituents of the oxide. This excess may be 
present as interstitial metal atoms or as metal ions of a 
different valence in the normal lattice accompanied by 


nducting Materials (Butterworths 


1951) 
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oxygen vacancies. There may in addition be present in 


the oxide true foreign impurities that will behave 
similarly.”° 

There are a number of reasons for believing that in 
TiO. the donor centers are not interstitial titanium 
atoms. Ehrlich®® has shown that the rutile lattice is 
preserved quite precisely for about 1 percent reduction, 
and no marked changes were noted until the material 
was about 10 percent reduced. This would seem unlikely 
for an excess of an interstitial atom of radius ca 1.4A 
but is quite reasonable for ions as similar in size as Ti** 
and Tit located on a normal site. The radii quoted by 
Pauling”? are 0.69A and 0.68A, respectively. 

There is also a considerable amount of thermody- 
namic evidence that the product of the oxide decom- 
position is not the free metal. It has been shown by 
Richardson and Jeffes’* that the free energy of disso- 
ciation of most simple oxide systems can be represented 
with an accuracy of a few percent over wide temperature 
ranges by simple expressions of the form 


AI— TAS’, (14) 


AG" 
with A//® and AS® independent of temperature. The 
actual values of A//® and AS® are, however, less accurate 
than those obtained from more detailed formulas. These 
authors give a value of AG® for the chemical reaction 
(15) 


Ti0.x—Ti+O:, 


AG’ = RT \nk , 217 5004+41.47, (16) 
valid from 298°K to 2080°AK with an accuracy of +10 


percent. Since for this system A,= Po», this relation 


gives a calculated oxygen pressure even at 2000°K of 
only 1.9% 10~'® atmos, indicating a very small degree of 
dissociation. We can obtain a similar expression for the 


free energy of the reaction 


2 Ti0.—Ti,0;+ 30», (17) 


using the data of Nasu’ for the equilibrium constant 
of the reaction 


2 Ti0.+ H2=T1,0;+ H.0. (18) 


He found for this reaction 


log wK p= 1.9305 —2754/T, (19) 


valid for temperatures of 1022°K to 1282°K. Expressing 
this equation in terms of free energy, we have 
(20) 


AG" = 12 600—8.83T. 


Combining Eq. (20) with an expression for the free 


2% E.g., E. J. W. Verwey, in Semiconducting Materials (Butter 
worths Scientific Publications, London, 1951 
26 P. Ehrlich, Z. Elektrochem. 45, 362 (1939) 
L. Pauling, Nature of the Chemical Bond (Cornell University 
Press, Ithaca, 1940 
2 IF) D. Richardson and J. H. I 
London) 160, 261 (1948 


*% N. Nasu. Sci. Repts 


Jeffes, J. Tron and Steel Inst 


Pohoku Imp. Univ. 25, 510 (1936 
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energy of the dissociation of water,” 


AG" = — 118 000+- 26.757, (21) 


we obtain for the free energy of the reaction (17) 


rw 


G" = —71 6004 22.207. (22) 
Since for the reaction (17) A= Po.', this indicates a 
partial pressure of oxygen at 2000°K of 6.9X10~° 
atmos, hence a degree of dissociation sufficient to 
account for the observed conductivity of rutile at 
elevated temperatures. Thus it seems reasonable to 
assume that the source of electrons in semiconducting 
rutile is Ti** ions in the lattice 

To preserve electrical neutrality in this situation 
there must be present oxygen defects; and, since these 
defects can act as electron traps, it would be anticipated 
that the Tit* ions would be on sites adjacent to the 
oxygen vacancy. The oxygen vacancy has an effective 
charge of +2, thus it is possible to have present in the 
crystal neutral centers (O,-2 Tit*)’, singly ionized 
centers (O,-Ti**)*, or free vacancies (O,)* 
types of donor centers were found in the conductivity 


+. Since two 


studies, it seems reasonable to assume that the centers 
are those suggested by the structural possibilities, the 
neutral centers being those with the small activation 
energy for ionization AE,=0.01 ev and the singly 
ionized centers those with the larger energy AF(=0.2 
ev. In addition to the large number of centers produced 
by the reduction, there may be present a considerable 
number of free oxygen vacancies, probably of the order 
of 10 cm*, produced along with a corresponding 
number of vacant Ti*# sites as normal Schottky lattice 
defects either in the firing of the ceramic or in the growth 
of the single crystal by the Verneuil furnace method. 

There is an interesting consequence of this high 
density of impurity centers in a medium of remarkably 
high dielectric constant, Aa’ = 114. Because of this high 
dielectric constant an electron is very loosely bound to 
the center and has a considerable probability of jump 
to a neighboring vacancy. A rough estimate of the 
exchange frequency can be made based on a simple 
calculation analogous to that given by Pauling and 
Wilson® for the hydrogen molecule ion H.*. Our model 
consists effectively of two helium nuclei embedded in a 


dielectric with constant 


continuous, homogeneous 
A’=114, and a single electron shared between the two 
nuclei. If we assume a density of O,** of the order of 
10'7 cm’, the mean separation r4, between the vacant 
sites will be 215A. The radius of the first Bohr orbit for 


the electron on one of the nuclei Is given as 


K'a vo 


ao* . 23) 


where Z is the nuclear charge, (= 2) and dy is the normal 
Bohr orbit. For our situation ao* is found to be 30.2A. 


Following the variation treatment outlined by Pauling 


Introduction to Quantum 


New York, 1935 


"L.. Pauling and E. B. Wilson, 
Wechanics (McGraw-Hill Book Company, In 


IF TiO. SEMICONDUCTORS S801 
using the ls hydrogen-like wave functions including Z 


and A’, the exchange integral A is found to be 


} (p } 1) 
where p=Zrin/ao*. For the value of ry» indicated, A 


is computed to be —1.6K10°" erg, corresponding to 
a resonant frequency of jump between nuclei of 4.8 10" 


A (7-e dy*)e 24) 


Se A similar calcutation for the exchange of an 
electron between two singly ionized centers with the 
same separation leads to an even greater frequency of 
jump and larger exchange energy. 

It seems, then, that the wave functions overlap sut 
ficiently to produce a narrow impurity conduction 
band, and under these conditions a large etlective mass 


should be observed."' An estimate of the effective mass 
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Thermal equilibrium energy level diagram of 
semiconducting rutile 


may be made from the value of A since it was shown in 
the reference cited for a cubic lattice 


2mka’*, (25) 


B=m*/m h* 


where a is the edge length of the crystal unit, here pre 
sumably the impurity center separation, since we have 
already assumed an average cubic distribution of the 
vacancies. This estimate, based on obviously approxi 
mate values of a and A, gives a value of 8 of 8.2 which 
is at least reasonable since the values of 6 found range 
from 27 to 122. It is qualitatively evident that higher 
mobilities and smaller effective masses should be 
observed in the ¢ compared to the a direction since the 
dielectric constant, and hence the extent of exchange 
interaction, is larger in the ¢ direction 

\ proposed energy-level diagram which describes 
many observations on rutile is shown schematically in 
Fig. 14. The electronic states indicated correspond to a 
Hill Book Com 
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state of thermochemical equilibrium of the system. The 
diagram provides a ready explanation for the change in 
the observed by 
Cronemeyer.” The very high-temperature branch may 
now be assigned to a true intrinsic conduction process 
that can take place without decomposition of the oxide ; 
the lower branch is that due to the oxide decomposition 


activation energy for conduction 


producing oxygen vacancies and Tit* ions. There is 
some thermodynamic evidence that justifies this assign- 
ment. For our purpose Eq. (17) may be written, in- 
cluding the ionization of the Ti**’s, as 


O-=40.4+0,+++4 26. (26) 
Then 


K ,= PosXo,++X2. (27) 


p 


At moderate temperatures (< 900°C) the number of 
O,** formed by the reaction is small compared to the 
constant number presumed present, i.e., Yo,++=10°°; 
hence, 

¢ Yo,++)!Po.- 4, (28) 
We may use the free energy expression (22) to obtain 
the value of A, and find on converting to n,, the number 
per cubic centimeter, 


n,./cm'= 8.68 1074(XYo,++)! Pog te7# 247 (29) 


predicting a thermal activation energy in excellent 
agreement with that observed by Cronemeyer" as well 
as a pressure dependence in good agreement with that 
found by Earle.’ 

The correlation of the various optical observations 
with the thermal effects is difhcult in rutile because of 
the great difference between the optic al and static die- 
lectric constants. Mott and Gurney® have indicated 
that the optical activation energies are proportional to 
1/K,,’, while the thermal activation energies should be 
proportional to 1/K,’. This would predict for rutile 
that AL opticai/AEthermat=5-1 as an average value. 
While Cronemeyer observed photoconductivity related 
to the absorption at 0.414 (3.02 ev), it seems unlikely 
that it can be due to the excitation of an electron from 
the filled to the normal conduction band since this 
would require that AF oytiest = AF thermai and would leave 
no process assignable to the 3.67-ev thermal activation 
energy. 

2 N. FF. Mott and R. W. Gurney, Elecironic Processes in Loni 
Crystals (Clarendon Press, Oxford, 1940) 
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Observations by Dr. R. F. Blunt of this laboratory 
on the bleaching of the colored rutile on cooling to liquid 
air temperatures suggest that the band at 1.2 (1.0 ev) 
arises from the process 


(O,:Ti** (30) 
This work will be described in detail elsewhere. We 
have observed the thermal activation energy assigned 
to this process to be 0.2 ev, i.e., almost exactly in the 
predicted ratio. This would suggest that the O.41y 
(3.02-ev) absorption corresponds to an excitation of an 
electron from (O,-2 Tit*)® or (O,-Tit**)* centers to the 
conduction band since these are presumably about 0.62 
ev apart. This assignment provides an explanation for 
observations of Cronemeyer on the temperature de- 
pendence of the photo response. It was found that the 
photoconductivity showed a shift of the maximum 
response to higher energies as the temperature was 
lowered; and, at 103°K, a splitting into two maxima. 
The suggested model would predict a similar effect 
since at room temperatures the majority of the centers 
present would be singly ionized, and thus the photo- 
conductivity maximum would be centered at the energy 
corresponding to the separation between the singly 
ionized centers and the conduction band. As the tem- 
perature is lowered, the number of neutral centers 
would be increased at the expense of the singly ionized 
centers, shifting the maximum photoresponse to greater 
energies corresponding to the energy difference between 
the neutral centers and the conduction band. 

If the energy for the optical transition corresponding 
to the 3.67-ev thermal process is computed using the 
same ratio of 5:1, the absorption for the intrinsic 


process should occur at about 0.0674 (18.7 ev), in the 


normal region for absorption in the transparent oxides.” 
However, no crystals have shown transmission at wave- 
lengths shorter than 0.41, indicating that the “im- 
purity” the fundamental 
absorption. This is very likely in the present situation 


absorption may overlap 
since the absorption band presumably arises from transi- 
tions directly to the conduction band. It would seem 
that 


ultraviolet, particularly at 


further exploration of the absorption in the 


very low temperatures, 


might be of considerable interest. 
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The Photoelectric Effect of Thin Bi Films 
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rhin Bi films on glass were obtained by sputtering in A 


I frica 


1953 


Ike photoelectric currents were measured when 


ultraviolet light was focused ca a film, and at the same time direct current passed through the film in one 


direction and also in the reversed direction, as well as alternating current 
large alternating currents affected the photocurrent 


It was found that only relatively 
thus heating alone did not affect the photocurrent 


much. The direction and magnitude of the direct currents, however, affected the photocurrent appreciably 


N 1921, Shenstone! noticed a change in the photo- 

electric current of a Bi strip when direct currents 
passed through it. He suggested that the effect might 
be due to (1) orientation of metal crystals and/or (2) 
temperature changes. Cardwell? showed that crystal 
changes did alter the photoelectric current — the crystal 
changes were affected by the heating effect of a direct 
current through the specimen. Weber,* using Mo strips, 
attributed the findings of Shenstone to occluded gases 
that escaped by the heating of the current. 

The aim of the present investigation was to determine 
the variation of the photoelectric current in the case of 
thin Bi films on glass when direct or alternating current 
(50 cps) passed through the film. The first series of films 
were prepared by sputtering in an atmosphere of pure A. 
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Fic. 1. Photoemission of Bi film as a function of electric currents 
through film. Deflection of electrometer was 15.5 units with zero 
current through film. Curve (a) positive of external battery con 
nected to negative side of film (as cathode of photocell) ; curve (b) 
negative of external battery connected to negative side of film; 
curve (c) alternating current (rms). Thickness of film ~350A. 


' A. G. Shenstone, Phil. Mag. 41, 916 (1921 
2 4. B. Cardwell, Proc. Natl. Acad. Sci. U. S. 15, 544 (1929). 
1A. H. Weber, J. Franklin Inst. 223, 215 (1937). 


(If the A is not pure, Bi reacts with the slightest traces 
of O2 or N2 present, and no sputtering takes place, or a 
nonconducting film is obtained.) The A is then pumped 
off by an oil diffusion pump and the glass plate with 
film moved (in vacuum) into a thick-walled brass com 
partment fitted with quartz windows and a tungsten 
anode. Ultraviolet light from a mercury vapor lamp 
(unfiltered) is focused through a slit on the middle 
portion of the film and the photoelectric current 
measured by means of a Lindemann electrometer. The 
film thickness is afterwards determined by an inter 
ference method. 

Films of thicknesses varying from 200 to 700A were 
used, and typical curves of one film are shown in Fig. 1. 
These curves were the final results after many runs of 
increasing and decreasing currents through the film and 
when the deflections obtained for the same current 
values did not alter. Before readings were made, the 
tube was evacuated to less than 210° torr for at 
least 6 hours, and the film was frequently heated by the 
filament of the ionization gauge used for controlling the 
pressure. During observation, the vacuum pumps were 
kept on and the pressure was measured at regular 
intervals. At a maximum value of the current through 
the film it is ruptured. Just before rupturing, the photo 
current increases steeply; this might be due to the 
same phenomenon observed by Kramer.‘ 

From Fig. 1 it is clear that the variation in photo 
current depends on the direction of the current through 


the film [curves (a) and (b)] and that it is not a pure 


heating effect since the passage of the alternating current 
cause the same variation (curve (c) ]. At 


relatively small currents the photocurrent 
limited probably 


does not 
certain 
remains constant over a range, 
because of crystal transformation. 

The work is being continued by using other metals 
and different methods of making the films. 

I hereby wish to express my sincere thanks to Pro 
fessor H. Verleger, who suggested the problem and who 


took a keen interest in the progress of the present work. 


J. Kramer, Z. Physik 133, 5 (1952) 
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The Mechanism of Self-Sustained Electron Emission from Magnesium Oxide 
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Thin film 


extremely large 


of magnesium oxide, under the influence of an electric 
secondary emission currents when bombarded with electrons. This current has been found 


field, have been observed to emit 


to be exponentially dependent upon the electric field in the oxide film, and under certain conditions, to 
persist for many hours after the bombarding current has been cut off. Experiments have shown that the 
enhanced emission is due to the fact that the surface acquires a positive charge during bombardment, thereby 


creating an intense field in the thin film, Electrons released in the film by internal ionization are then acceler 
ated by the field and cause further ionization, so that eventually an electron avalanche ensues. It has been 


found that there are two components of the enhanced electron emission. The first component is a true field 


enhanced secondary emission effect similar to that described in previous work 


The second component is 


a self-sustained electron emission. This self-sustained electron emission is produced by the same type of 
avalanche effect, except that the internal ionization of the dielectric is initiated by electrons produced from 
vithin the material rather than by electrons bombarding the material from an external source 


I. INTRODUCTION 


N the work previously reported by the authors,! thin 

films of MgO were observed to emit extremely large 
secondary emission currents when bombarded with 
electrons. These currents were found to be exponen 
tially dependent upon the electric field. The conclusion 
was made that the oxide acquires a positive charge 
during bombardment, thereby creating an intense elec- 
tric field in the thin film. Electrons released in the film 
by internal ionization are then sufficiently accelerated 
by the field so as to cause further ionization, and 
eventually an electron avalanche takes place within the 
oxide in a manner similar to the Townsend effect in gas 
discharges 

In more recent experiments which are herein de 
scribed, it was found that the secondary emission current 
became increasingly independent of the bombarding 
current when higher fields were applied within the oxide 
film. At these high fields, the secondary emission was 
often several thousand times larger than the primary 
current, and usually persisted for many hours even 
when the primary current was turned off. Therefore, it 
was concluded that this self-sustained emission must be 
initiated by a source other than the primary electrons. 
Experiments were then devised to separate the self- 
sustained emission from the avalanche current initiated 
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by the primary electrons. In addition a determination 
was made of the oxide surface potential, the electric 
field within the oxide, and the dependence of the 
secondary and self-sustained emission upon this field. 
Finally the rise times for surface charging were meas- 


ured, 


Il. THE DEPENDENCE OF SECONDARY EMISSION 
UPON PRIMARY CURRENT. THE SELF-SUSTAINED 
EMISSION. THE DEPENDENCE OF SELF- 
SUSTAINED EMISSION UPON THE 

ELECTRIC FIELD 


Experimental tubes were constructed as shown in 
lig. 1. MgO films were deposited on the dynode in the 
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lic. 2. Static test circuit 
manner described in the previous work.' Using the 
static test circuit of Fig. 2 measurements were made of 
the secondary emission current as a function of primary 
current, at a constant difference in potential between 
collector and dynode (AV). These tests were repeated 
for several different constant AV’s. From these data, the 
ratio of secondary to primary current was determined 
as a function of primary current at different constant 
AV’s. The results are shown in Fig. 3, and it can be seen 
that at lower values of AV (up to 110v) the ratio of 
secondary to primary current remains constant for 
varying bombarding currents, i.e., the secondary emis- 
sion current is completely dependent upon the primary 
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current. However, at higher AV’s the ratio of secondary 
to primary current is no longer constant for different 
bombarding currents, which means that the secondary 
emission becomes increasingly independent of the 
bombarding current. Furthermore, it was observed that 
in the region of high AV the secondary emission cvrrent 
may persist for many hours even when the bombarding 
current was turned off. Therefore, it is apparent that in 
this region of field an initiating source other than the 
bombarding electrons is causing the emission. When 
after shutting off the cathode the self-sustained emission 
was measured as a function of AV, it was also found to 
increase exponentially with increasing AV, as shown in 
Fig. 4. Thus, the assumption may be made that the 
self-sustained emission is an avalanche effect too. The 
total electron emission will now be considered to consist 
of two electron avalanches, one initiated by bombarding 
electrons from outside the dielectric, the other initiated 
by electrons generated within the material. 


II]. THE SEPARATION OF THE PRIMARY AVALANCHE 
AND SELF-SUSTAINED EMISSION 


In order to separate these two effects the following 
experiment has been devised. The magnesium oxide 
film was bombarded as before, and a given potential 
difference (AV) was applied between dynode and col 
lector. The total secondary emission current was then 
measured, after which the cathode was shut off and 
made of the emission 


measurements self-sustained 


which remained. This self-sustained emission is evi 
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Fic. 3. Secondary emission ratio as a function of bombarding 
current at various differences in potential between collector and 
dynode 
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lic. 4. Log of the self-sustained emission as a function of the dif 
lerence In pote ntial between collector and dynose 


dently the avalanche current initiated by electrons 
generated within the material, while the current which 
disappears (e.g., total secondary emission current 
minus the the avalanche 
current initiated by the primary beam. When 


readings were repeated for various values of AV, then a 


self-sustained emission) is 


these 


measure was obtained of the total secondary emission, 
the primary avalanche current, and the self-sustained 
emission current, all as a function of AV. This data is 
shown in Fig. 5. It can be seen that at low values of AV 
the total current is almost exclusively due to the 
primary avalanche. The self-sustained emission begins 
at higher fields and increases more rapidly with field 
than does the primary avalanche, so that at still higher 
fields the total current is mostly due to the self-sus 
tained emission. This explains why the total secondary 
emission current becomes increasingly independent of 
the primary current at higher AV’s. An interesting 
effect occurs if the field is increased still further; the 
self-sustained emission begins to increase almost dis 
continuously so that an are occurs. This effect evidently 
corresponds to the phenomenon of dielectric breakdown 


IV. DETERMINATION OF THE SURFACE POTENTIAL 


Since all the tests were made with secondary emission 
ratios greater than one and since the resistivity of the 
material was high, the surface of the magnesium oxide 
layer would tend to charge positively, and, neglecting 
initial velocity effects, an equilibrium will be established 
in which the potential of the oxide surface equals the 
potential of the collector. 
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hic. 5. Log of the total secondary emission, primary avalanche 
and self-sustained emission as a function of the difference in 
potential between collector and dynode 


This picture is not strictly true however, since some 
of the charges will recombine and the true 
equilibrium will be established with the surface at a 
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somewhat lower potential than the collector grid. The 
rate of recombination will thereby determine the poten- 
tial difference between the surface and collector. After 
equilibrium has been established the current leaving 
the film equals the current entering. As will be ex- 
plained in a later section, this latter current is the sum 
of the primary current and the current entering the film 
from the dynode base metal. In order to determine the 
true potential at the surface for a given collector 
potential, the following experiments have been devised. 

It was observed that for a constant AV, the total 
secondary emission current increased linearly as the 
collector grid was moved closer to the oxide surface. 
Therefore, a tube was constructed with a movable col- 
lector grid, and measurements were made of the total 
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secondary emission versus MV for various distances of 
the collector grid from the dynode. Simultaneous read- 
ings were also taken of the primary avalanche and self- 
sustained emission versus AV in the manner described 
previously. Figure 6 shows the variation of the total 
secondary emission with collector spacing, while Figs. 
7 and 8 show the variation of primary avalanche and 
self-sustained emission currents at various distances of 
collector to dynode. From Fig. 6, AV was plotted versus 
distance (collector to dynode) for a constant total 
secondary emission current. It was found that as the 
distance decreases, the AV needed to obtain this given 
current also This plot was repeated for 
several different currents as in Fig. 9, and it was found 
that in all cases the potential difference AV required to 


decreases. 
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obtain a given total secondary current decreased 
linearly as the collector was brought closer to the 
dynode. Since AV varied linearly with grid spacing, 
these constant current lines were easily extrapolated ti 
zero distances. This effectively gave the surface poten- 
tial, with respect to the dynode, for a given total 
secondary emission current. If plots were then made of 
these various constant currents versus the corrected AV 
(or the true potential difference across the oxide film) 
as in Fig. 10, the true variation of the total secondary 
emission with AV could be determined. Furthermore, 
since the film was found to be 1074 cm thick,! the actual 
variation of the total secondary emission with the 
electric field in the oxide film could be obtained. From 
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lic. 8. Log of the self-sustained emission vs AV for various 
distances of collector to dynode. 


the data in Figs. 7 and 8, a plot was made of the col- 
lector-to-dynode distance versus AV for constant pri- 
mary avalanche current and also for constant self- 
sustained emission current. This was repeated as before 
for several constant currents of both avalanches, and 
again the constant currents were extrapolated to zero 
distance as in Figs. 11 and 12 to find the true AV 
required to obtain these currents. Finally, in Fig. 13 
the primary avalanche current and the self-sustained 
emission current were plotted versus these true AV’s 
Hence a determination has been made of the actual 
electric field in the film and of the dependence of the 
total secondary emission, primary avalanche current, 
and self-sustained emission current on this field. 
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V. SURFACE CHARGING AND RECOMBINATION 


The previous sections have shown that the total field 
enhanced secondary emission is caused by an intense 
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electric field in the magnesium oxide film. ‘Therefore, 
the formation of the positive surface charges which set 
up this electric field will now be discussed. 
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A. Surface Charging by Small Self-Sustained 
Emission Currents 


An excellent insight into the equilibrium between 
charging and recombination may be gained by observing 
the behavior of small self-sustained emission currents as 

function of time. In this experiment the oxide film 
was bombarded with a small current (< one micro 
and the difference in potential between collector 
and dynode until a measurable self 
sustained avalanche current was detected. The cathode 
was then shut off, and with AV kept constant the self 
sustained emission current was measured as a function 
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Fic, 13. Log of the primary avalanche and the self-sustained 
avalanche as a function of the potential difference across the oxide 
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for several different AV. Figure 14 shows the 
data from this experiment. At low values of AV (170 
and 180 volts) the self-sustained emission current 
decreased with time, at higher AV (200 and 210 volts) 
it initially increased with time, later reaching an equi- 
librium where the current remained fairly constant. 
Finally when AV’s as high as 240 volts were used, the 
current increased very rapidly with time, terminating 
in an arc, after which the current dropped abruptly to 


of time 


ZeToO. 
AV’s the 
rate of 


These observations indicate that at low 
rate of recombination was greater than the 
ionization so that an equilibrium was never reached. 


When higher AV’s were applied, the rate of ionization 
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Hic. 14. Self-sustained emission vs time for various AV’ 

was initially higher than the rate of recombination so 
that the current increased. This increase continued 
until the surface potential became approximately equal 
to the collector potential after which the current re- 
mained constant. The equilibrium current was higher 
for higher AV’s and consequently the time to reach 
equilibrium was longer in these cases. When finally AV 
was increased still further, the rate of ionization was 
again greater than the rate of recombination. Now, 
however, AV was sufficiently high so that the field in 
the oxide built up to the point where dielectric break- 
down occurred. This results in an are which completely 
discharges the surface and causes the current to drop 
to zero. Therefore no equilibrium could be established 
in this case. 





ELECTRON EMISSION FROM MgO 


B. Effects of Bombarding Energy 


Another experiment which casts some light on the 
problem of surface charging is one in which the col- 
lector and dynode were placed at the same potential 
(i.e., no field in the MgO) while measurements were 
made of the primary current during variations in the 
bombarding energy. The results are shown in Fig. 15, 
and it can be seen that the primary current increased 
very slowly with increasing bombarding energy until a 
critical point was reached after which the primary 
current increased very rapidly. This is attributed to the 
fact that at the lower bombarding energies the surface 
of the film acquires a negative charge since the second 
ary emission ratio is less than one. This negative charge 
inhibits the primary current from the cathode so that 
as the bombarding energy is increased the cathode 
current shows almost no increase. As the bombarding 
energy is increased still further, a point is reached at 
which the secondary emission ratio becomes just greater 
than one. The surface will then suddenly acquire a 
positive charge which will greatly enhance the primary 
emission. Further increases in bombarding energy will 
cause the surface to charge even more positively, and 
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consequently the primary emission will continue to 


increase. 
VI. INTERPRETATIONS AND CONCLUSIONS 
A. Dependence of a on Field 


In the experimental work described above it was 
shown that the total field-enhanced secondary emission 
is made up of two components, the primary avalanche 
current and the self-sustained emission. In a previous 
paper the primary avalanche was described as being 
similar to the Townsend effect in a gas discharge. The 
expression for the primary avalanche is, in this case, 


= 19e%", (1 


where 7 is the total current, 79 is the bombarding current, 
a is the number of electrons created per centimeter of 
path per incident electron, and x is the depth of pene 
tration of the incident electrons into the oxide. In the 
present work a determination has been made of the 
dependence of the primary avalanche current upon the 
true surface potential of the magnesium oxide. There 
fore an estimation of the electric field in the oxide may 
be made in the following manner. Dielectric breakdown 
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Fic. 18. Cathode current as a function of bombarding energy 


is known to occur at a field of 10° volts per centimeter 
Since in the present experiments breakdown has been 
found to occur at a surface potential of 70 volts with 
respect to the base plate (see Fig. 13), the assumption 
may be made that this potential difference across the 
thin film corresponds to a field of 10® volts per em. Then, 
lower voltages were assumed to represent propot 
tionately lower fields. Now a may be determined as a 
function of field from the data in Fig. 13 by using Eq. 
(1). The distance x in this case may be estimated to be 
10 * cm as determined in previous experiments. In 
lable I there are listed values of a at different fields, 
and for convenience Fig. 16 is given to show the de 
pendence of a upon field in this particular region 


B. Dependence of y on Field 


In a Townsend discharge, with an initiating source 
in addition to the primary beam, the total current may 
be written as 
) 


(Z) 


where 7» is the bombardment current and y¥ is the ratio 
of initiating electrons to electrons released by secondary 
processes. The electrons liberated in these secondary 
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processes continue on to form additional avalanches. 
When the denominator of (2) goes to zero, the discharge 
becomes self-sustained. Therefore, the condition neces- 
sary for this to occur is that 


his (3) 


We may now extend the gas-discharge analogy further 
so as to include the phenomenon of self-sustained 
emission in magnesium oxide. In this case t in Eq. (2) 
represents the total secondary emission, toe%” is the 
primary avalanche current, and y is the ratio of new 
initiating electrons formed per positive ion on the 
surface. In addition, it should be pointed out that the 
number of new ions formed on the surface exactly 
equals the number of electrons measured at the col- 
lector grid. The ratio y can then be represented as 
io’ /t’, where iy’ is the number of new initiating electrons 
per second appearing from within the oxide, and 7’ is 


the total self-sustained emission. 
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The condition for self-sustained emission in mag- 
nesium oxide can then be represented by 


y=to /t = (e27—1)", (4) 


and since a is a function of field we should find that 
is also « function of field. 

By means of Fig. 13, we can find the values of the 
self-sustained emission current 7’, and from Table I 
the value of a for each particular field is determined. 
Substituting these values in Eq. (4), y and iy’ can be 
obtained as a function of field. The values determined 
in this manner are listed in Table IT. 

It is of interest to note that y goes down with in- 
creasing fields, as it often does in the case of gas dis- 
charges. However, this does not mean that i’ goes down. 
In fact iy’ does rise exponentially with field (see Fig. 
17), but 7’ rises at a more rapid rate and hence the ratio 
y or iy'/i’ goes down with increasing fields. 


C. Discussion of the Role of Field Emission 


Since io’ rises exponentially with field, it might 
appear that the initiating electrons are liberated from 
the base metal into the pores of the magnesium oxide 


PaABLE IJ. Variations in y and Zo’ with field 
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0.064 0.192 
0.031 0.435 
0.0151 0.605 
0.00753 506 
0.00500 3.70 


56x 10° 
20% 10° 
3 58K 105 
14 10° 
71K105 


by field emission. Here, due to the high fields and long 
mean free paths, the initiating electrons gain enough 
energy, i.e., 5 to 10 ev, to cause further avalanche effects. 
Unfortunately, however, the hypothesis that initiating 
electrons are released by field emission can be shown to 
be very doubtful. The Fowler-Nordheim equation for 
field emission is 


J =C& exp(D/&)amp/m*, 


in which 


6.2*10-§ Ey \?} 
C= ( — } amp/volt?, 
Ep Ew 


D=6.8X10°(Ew)}, 


& is the field in volts/meter, Ew is the work function, 
Ey, is the Fermi level of the electrons in the base metal, 
and Eg is the sum of the Fermi energy level and the 
work function. It should be noted that Ew is the work 
function of the base metal as the electrons travel from 
the metal into the empty pores of the magnesium 
oxide. This is equivalent to stating that the electrons 
travel by field emission from the base metal to a 
vacuum. If the hypothesis is correct, upon determining 
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TABLE III. Comparison of calculated and observed rise times under various conditions of testing 


Observed 
rise time 


alculated 
Test rise time 


number seconds 


72X10 
56x 10™% 
8x10 
8X 107% 
3xX1075 
3x 107° 
2m 


NAS enw 


Ew by variations of io’ with field, we should find Ew to 
be in the order of magnitude of 2.5 to 5.0 electron volts. 

Substituting the values of iy’ at particular values of 
& taken from Table I], and solving the simultaneous 
equations, we can determine the value of Ew. When this 
procedure was carried out, Ew was found to be ap- 
proximately 0.3 ev. The hypothesis therefore leads to a 
value of the work function which is too small by a 
factor of ten, and this concept of the mechanism for the 
liberation of the new initiating electrons should prob 
ably be abandoned. At the present time it is felt that 
the mechanism for the creation of the io’ current might 
be the result of a photoelectric effect in which photons 
are ejected during the recombination of positive ions 
and electrons. Some of these photons penetrate into the 
oxide and liberate new electrons into pores of the mag- 
nesium oxide structure. These new electrons then travel 
with long mean free paths and under the influence of 
high fields, initiate new avalanches. As a rough estimate, 
one electron might be generated per thousand photons 
as is known from the work on photoelectric emission. 
The ratio y has been found not to differ from this value 
too markedly. Further experiments probably should be 
carried out to check the validity of this hypothesis. 

Another group of electrons to be considered are the 
replenishment electrons, or the recombination electrons. 
These are electrons liberated from the base metal into 
the conduction band of the magnesium oxide by Fowler- 
Nordheim field emission. Here they drift relatively 
slowly with mean free path ~10°° cm until they reach 
the surface and recombine with the positive charges 
located in this region. In equilibrium, the current 
leaving the dielectric must equal the current entering. 
If we substitute the values of 7’ into Eq. (5), we obtain 
a work function Ew of 0.4 to 0.5 ev. This value does 
seem somewhat reasonable if we assume that the mag- 
nesium oxide has traps in its forbidden zone. Such 
values have been determined for the work function of 
BaO—SrO mixtures in oxide-coated cathodes. There- 
fore, it appears that the field-emitted electrons serve 
rather to recombine with the positive charges and 
cannot initiate avalanches because of their short mean 
free paths and low energies. 

VII. RISE-TIME MEASUREMENTS 


It has been shown that the self-sustained emission 
is similar in mechanism to the primary avalanche 


I yre ot 
emission 


Secondary emission 
Self-sustained emission 
Secondary emission 
Self-sustained emission 
Secondary emission 
Self-sustained emission 
Secondary emission 


Amplitude ot 
square wave 
volts 


Frequency ot 
square wave field 
cycles /second in 


at start 
t pulse 


amp/cm: 


7.5X10-5 200 20 
10.0 10° ° 200 20 
2.7 X10 800 20 
2.810" 800 20 
6.0% 10~" 4000 20 
5.7510 4000 20 
6.010! 5000 13 


current. The only fundamental difference between the 
two effects is that the primary avalanche is initiated 
by the bombarding electrons, while the self-sustained 
emission is initiated by electrons generated within the 
dielectric. If the two processes are as similar as has 
been postulated, then the charging process should be 
the same in both cases, and the rise times for surface 
charging should be found to be equal. Furthermore both 
effects should exhibit rise times in agreement with 
McKay’s formula for the charging time of an insulator. 
This equation may be written as 


1) seconds, (&) 


(=8.85X10-4EK/),(6 


where / is the time in seconds, F is the increase in the 
field across the dielectric, 7, is the primary current 
density, 6 is the secondary emission ratio, and K is the 
dielectric constant. Aslight modification can be made here 
if it is realized that j,(6— 1) is approximately the current 
(j.) which is collected. Consequently Eq. (8) becomes 


(=8.85X 10-"EK /j.. (9) 


Experiments were then performed to check the 
agreement of experimental rise times with the theo- 
retical values predicted by McKay. Simultaneously 
these measurements allowed a comparison to be made 
between the rise times obtained for primary avalanche 
current and for self-sustained emission. 

The circuit used in these tests is shown in Fig. 18. 
A square-wave variation of voltage was applied on the 
collector grid. This effectively produced a variation of 
the field in the dielectric since the oxide surface charges 
to approximately the grid potential. The variation of 
field was superimposed on a constant field already 
present in the dielectric. Time lags were measured for 
secondary emission both with and without bombarding 
current. The measurements made with bombardment 
current applied were taken in a region of field where 
very little self-sustained emission was noted, so that 
the results obtained were representative of the primary 
avalanche current alone. On the other hand, the self- 
sustained emission was measured in a field region where 
the total secondary emission is almost completely self- 
sustained. For purposes of comparison, approximately 
equal currents were used in both cases. 

The rise times were observed by placing an oscillo- 
scope across a 10 0000 resistor in the plate circuit. The 
voltage loss across the plate resistor was subtracted 
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from the amplitude of the square wave to obtain the 
variation of potential across the dielectric. The change 
in field in the oxide was then estimated in the following 
manner. It was assumed that approximately 100 volts 
across a thickness of 10-* cm provided a field of 10° 
volts per centimeter, with smaller fields corresponding 
to smaller differences in potentiat. The collector current 
( j-) was measured at the beginning of the pulse, and the 
rise time ¢ was measured directly. These experimental 
rise times were then computed and compared with the 
theoretical values found from Eq. (9). As shown in 
Table III, good agreement was found. Furthermore, it 
can be seen from Table II] that the time lags for similar 


OBS, 


AND FREELY 


primary avalanche and self-sustained emission currents 
were also in good agreement 

It should be noted that there was some difficulty in 
estimating the area of the emitting region, and therefore 
the current densities may be off by a factor of three. 
However the order of magnitude between calculated 
and experimental values is close. Furthermore it can 
be seen that where the current density decreased, the 
rise time increased as predicted by Eq. (9). 

Acknowledgment should be made to Dr. John E. 
Gorham of the Signal Corps Engineering Laboratories 
for his advice and encouragement during the course of 
the work. 
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lattice of the perovskite type with a 


superstructure 


is an antiferroelectric of the PbZrO; type below 163°C 
also based on a tetragonal lattice; but the axial ratio c/a is much closer to unity (0.997 
uperstructure lines are different from those of the lowest phase 
antiferroelectric phase, with a different type of dipole arrangement from that of the lowest phase 


it becomes paraelec tric, 


I. INTRODUCTION 


and PbZrO ** have 
properties and 


ECENT studies of PbTiO; '? 

revealed interesting dielectric 
relations of these to the crystal structures of these 
perovskite-type compounds. PbTiO; is a ferroelectric 
with a Curie point of 490°C,?* and this is very similar 
to the much studied Curie point of BaTiO; at 120°C 
The crystal structure’ of PbTiO; is distorted to a 
tetragonal lattice with c/a= 1.063 below its Curie point. 
The dielectric properties of PbZrO;, on the other hand, 
have shown that this crystal is not ferroelectric but 
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PbHfO; have been studied by dielectric and structural measuren 


teresis loops within this temperature range 
4.136A and c/a=0.991, and a powder x-ray photograph shows some 
lines which have essentially the same character as those of PbZrO, 


ents. The 


constant is about 90 at room temperature, and its temperature dependence shows a small anomaly 
ind a pronounced peak of 540 at 215°C. The P-E relation, however, is almost linear, showing no 
| 


At room temperature PbHfO, has a tetragonal 


rhis shows that PbHfO 
rhe crystal structure between 163°C and 215°C is 
and the observed 
Thus the intermediate phase is another 


At 215°C, 


accompanied by a change to a cubic structure 


antiferroelectric with a Curie point at 230°C, notwith 
standing the close resemblance of the permittivity tvs 
temperature curve of this crystal to those of BaTiO; 
and PbTiO;. The crystal structure’ of PbZrO; is 
distorted to a tetragonal cell, but the axial ratio c/a is 
less than unity (0.99), in contrast with BaTiO; and 
PbTiO; in which ¢/a is greater than unity. 

No satisfactory explanation has been given of the 
reason why such an essential difference in dielectric 
and structural properties can be observed in these very 
closely related perovskite crystals. Although there is 
no doubt that the large polarizability of the Pb ion in 
both compounds contributes to these peculiar phe- 
nomena, the essential difference in the compounds is in 
the ionic radii and polarizabilities of B ions in the ABO; 
ion. 


type crystals which have Pb as a common A 
This fact suggests that the further study of lead com- 
pounds with different B ions, such as PbHfO;, may 


give more information about this phenomenon. 
Compared with a detailed study of titanates and 

zirconates of perovskite-type crystals, very little 

information is available on the properties of hafnates. 





PHASE TRANSITIONS IN 
The crystal structure of SrHfO;° and BaHfO;* has 
been reported as a cubic perovskite type, and the lattice 
constants are shown in Table I, in which comparison 
is made with the results on SrZrO3 and BaZrQO;.’ It 
is noticed here that hafnates have smaller lattice 
constants than those of the correspending zirconates. 
This is due to the fact that Hf ion has a slightly 
smaller ionic radius, 0.84A, compared with 0.87A for 
Zr*4, because of the lanthanide contraction.” Since no 
measurements on PbHfO; appear to have been pub- 
lished, a detailed study was made of the dielectric and 
structural properties of this crystal. 


II. CRYSTAL STRUCTURE AT ROOM TEMPERATURE 


Ceramic PbHfO; was prepared from PbCOs; and 
HfO». One gram of HfO, was obtained from the Fair 
mount Chemical Company, with a stated purity of 
99.5 percent, with 0.3 percent ZrO2, and 0.2 percent 
TiO,. Rough estimation by spectrographic examination, 
carried out by Professor R. Hayes of the Department 
of Chemistry, The Pennsylvania State College, indi- 
cated the existence of Zr in an amount from 0.03 to 
0.3 percent. Equimolar proportion of this HfO, and 
reagent-grade PbCO; were mixed well, pressed into a 
pellet, and fired at about 1200°C after preliminary 
firing at about 1000°C. 

A difficulty in preparing PbHfO ; ceramic arises from 
the high volatility of PbO during firing. A similar 
difficulty was encountered in the case of PbTiO; ° and 
also (more pronounced) with PbZrO;. But in PbHfO; 
the evaporation is so severe that, using the ordinary 
firing process, the surface of the sintered specimen 
changes from tan to white and a powder x-ray photo- 
graph of the surface material shows some weak lines 
due to HfOs. The small supply of HfO, did not permit 
development of a completely satisfactory method for 
prevention of the evaporation, but the following 
procedure was tried. 

A pressed pellet was placed between two platinum 
sheets to retard the evaporation of PbO during firing. 
The firing was carried out rather quickly, by heating 
to 1200°C in 4 hours and cooling down in 6 hours. The 
specimen thus obtained was a homogeneous and hard 
ceramic, tan in color. This specimen was used for the 
dielectric and structural studies. As shown below, it 
shows well-resolved diffraction lines in the powder 
photograph. No chemical analysis was carried out 
of the final specimen. 

Powder photographs of this ceramic were taken with 
a Norelco powder camera (11.4 cm diameter), using 


8S. Naray-Szabo, Miiegyetemi Kézlemenyek No. 1, 30 (1947) 
Monoclinic structure with double lattice constant is also assigned 
to this crystal 

¥ Private communication from H. Graenicher (1952). Recently, 
we measured the lattice constant of this crystal using a Norelco 
11.4-cm powder camera, and obtained a=4.172A, in good agree 
ment with the Graenicher’s result. 

1 These values of ionic radii (Goldschmidt radii) are taken from 
A. F. Wells, Structural Inorganic Chemistry (Oxford University 
Press, London, 1950), p. 71 
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Cuka radiation. Diffraction lines clearly show line 
splittings due to a distorted perovskite structure, and all 
multiplets can be well explained by assuming a tetrag- 
onal cell with c/a less than 1. The lattice constant and 
axial ratio calculated from (510), (431), and (422) line 
yroups ere d=4.136(-+0.001)A and c/a=0.991(+0.001), 
lhe comparison of these lattice parameters with those? 
of PbTiO; and PbZrO; are shown in Table II. As 
expected from the difference in ionic radii of Hf and 
Zr, PbH{O,; shows a slightly smaller unit cell volume 
than that of PbZrQs. 


TABLE I. Lattice constants of alkaline earth 
zirconates and hafnates. 


4.069A 
4.173A 


SrHfO; 
BaHfO; 


4.101A 
4. 189A 


SrZrO; 
BaZrO; 


It is to be noted here that the c/a ratio for PbHfO; is 
less than unity, as in PbZrO;. Moreover, some extra 
lines can be observed in the PbHfO; powder photo- 
graph besides the main lines due to a perovskite 
structure. Careful comparison of these extra lines with 
those of PbZrO; shows that both have essentially the 
same character not only in spacing but also in relative 
intensities. These facts strongly suggest that PbHfO, 
has the same type of superstructure as PbZrO3, which 
was studied by Sawaguchi et al.,"' using a single crystal 
method. It should be noticed here that this super- 
structure of PbZrO, is due to an antiparallel displace- 
ment of Pb ions in the [110] and [110] directions; 
therefore, the true symmetry is probably orthorhombic. 

Beside the very close resemblance between the x-ray 
powder patterns of these two compounds, we can find 
a large difference in the ratio of the intensity of odd 
V =/?+-k?+F to that for even V. This can be explained 
well by the difference in the atomic scattering factors 
of Zr and Hf. 


TABLE II. Lattice parameters of lead compounds at room 
temperature. A=1.5405A was used as the Cu Kay wavelength 


Unit cell 


ystal c/a volume (A) 


1.063 
0.988 
0.991 


63.30 
71.06 
70.06 


PbTiO; 
PbZr( ds 
PbHfO; 


III. DIELECTRIC PROPERTIES 


The specimen for dielectric measurements was a 
ceramic disk 1 mm in thickness and 0.3 cm? in area, 
and silver paste was applied to both surfaces as elec- 
trodes. The dielectric constant of this specimen at room 
temperature is about 90 at a frequency of 10 ke/sec 
and a field strength of about 10 v/cm. Figure 1 shows 
the dielectric constant as a function of temperature. 
Heating and cooling rates were about 1°C per minute. 


'! Sawaguchi, Maniwa, and Hoshino, Phys. Rev. 83, 1078 (1951) 
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Mic. 1. Dielectric constant vs temperature for 


PbHIfOs, at 10 kc/sec. 


This curve shows two anomalies: one is a small anomaly 
at 163°C, which suggests the existence of some kind of 


’ 


phase change; another is a pronounced peak at 215°C 
which can be considered a Curie point. While there is 
little temperature hysteresis around the Curie tempera 
ture, relatively large hysteresis is observed around the 


lower transition point. No anomaly was found between 
room temperature and — 180°C. 

From the crystal structure at room temperature, we 
can expect antiferroelectric properties of PbZrO; type 
in the phase below 163°C, and there is no doubt about 
the paraelectricity above 215°C. To study the dielectric 
response of the intermediate phase, we examined the 
relation between polarization and electric field under an 
ac amplitude of 30 kv/cm and 60 cycles/sec, using a 
Sawyer and Tower circuit.” The P-E relation is almost 
linear in all three phases except for a slight upward 
curvature just below the Curie point. A double hystere- 
sis loop of butterfly shape, which was observed in pure 
PbZrO; * just below the Curie point (see Fig. 8 of 
reference 4), was not observed in this specimen up to 
a field strength of 40 kv/cm. 

The effect of a dc biasing field of 10 kv/cm on the 
dielectric constant of PbHfO; was studied, with the 
results shown in Fig. 2. The measurements were carried 
out in a bath of silicone fluid, to improve the insulation 
as well as the temperature uniformity. In contrast with 
ferroelectric BaTiO, in which the dielectric constant 
decreases with increasing biasing field above and below 
the Curie temperature," the slight increase of the dielec- 
tric constant was observed just below the Curie point 
at 215°C, and at the same time the transition tempera- 
ture is decreased by 2.0°C by this field. No remarkable 
effect was found around the lower transition point. 

2, Sawyer and C. Tower, Phys. Rev. 35, 269 (1930) 


3S. Roberts, Phys. Rev. 71, 890 (1947); also Cross, Dennison, 
Nicolson, and Widdington, Nature 163, 635 (1949) 
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These results should be compared with the similar 
results observed in PbZrO.4 

From this we can conclude, taking into account the 
crystal structure at room temperature, that the phase 
below 163°C is anciferroelectric, as observed in PbZrO; 
(phase AI) and that the intermediate phase is another 
antiferroelectric phase (AII) which must differ from 
phase AI in some way. 

Above the Curie point the temperature dependence 
of the dielectric constant obeys approximately the 
Curie-Weiss law «=C/(T—To), with C=0.95 X 10° and 
T)=50°C. This value of the Curie constant is of the 
same order of magnitude as those of BaTiO; and 


PbZrO, 


IV. STRUCTURAL CHANGES AROUND THE 
PHASE TRANSITIONS 


As shown in Fig. 1, the dielectric constant vs tempera- 


ture curve shows two anomalies at 163° and 215°C, 


TEMPERATURE 


lic. 2. Effect of de biasing field of 10 kv/cm on the 


dielectric constant of PbHfOs; 


indicating two phase changes. To study the structural 
changes at these two phase transitions, a series of 
powder photographs at various temperatures were 
taken, using a Unicam 19-cm diam high temperature 
x-ray camera. A powdered ceramic was sealed in a hard 
glass capillary of 0.4 mm in diameter and 0.01 mm in 
wall thickness. Below 163°C the diffraction patterns 
are essentially the same as at room temperature, except 
that the c/a ratio tends toward unity; at the same time 
the intensity of extra lines decreases gradually as 163°C 
is approached from below. Above 215°C the photo- 
graphs show a cubic perovskite lattice without any 
superstructure lines. 

The diffraction pattern at 200°C, which is in the 
intermediate phase, is very close to a cubic pattern, 
and we can observe multiplets only in a few high-angle 
lines such as (420), (422) and (431), (530) groups. In 
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such a case it is difficult to determine the structure from 
powder photographs only. We tried to explain these 
multiplets by assuming simple cases such as tetragonal 
c/a>1 and c/a<1, orthorhombic, and rhombohedral 
lattices. It appeared that the multiplets could be 
explained if we assumed a tetragonal lattice with 
c/a<1. The lattice parameters and c/a calculated from 
(510), (431), and (422) lines are a=4.134(+0,001)A 
and ¢/a=0,.997(+0.001). 

The dielectric test showed that the dielectric proper- 
ties of this middle phase may be antiferroelectric. 
Careful examination of powder photographs revealed 
a few rather weak superstructure lines, which are differ- 
ent from those found at room temperature both in 
spacing and in relative intensity. This indicates that 
some kind of rearrangement of antiparallel displacement 
of ions does occur at the transition point of 163°C, 
though the both phases above and below this transition 
point have the tetragonal lattice with c/a<1. The 
detailed crystal structure of the intermediate phase 
must await a single crystal study. 

The temperature change of lattice parameter calcu- 
lated from the (510) (431) line group is shown in Fig. 3. 
Around the phase transition at 163°C, the ¢ axis 
increases considerably while the @ axis shows a small 
decrease, resulting in the volume change of about 
0.15A*%, At 215°C, the structure changes to a cubic 
lattice accompanied by the volume increases of about 
0.16A%. To show these volume changes from another 
viewpoint and to compare them with the results for 
PbZrO;, the linear region in the cubic phase was 
extrapolated to lower temperature and compared with 
the actual volume. The anomalous volume contractions 
in the two antiferroelectric phases are 


—().16A% (Ar at 200°C, 


-0.27A® (At 


—-23 10-4) 


3910-4) at 130°C. 


The estimated volume expansion coefficients are 


20 10-8/°C below 158°C, 


27X10-8/°C above 215°C. 


Recent studies of PbZrO; and of solid solutions 
derived from PbZrO; by replacing Pb or Zr ions by 


other suitable ions show peculiar phase diagrams. In 
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Fic. 3. Lattice spacing vs temperature for PbHfOs; 


the case of Pb(Zr-Ti)O3;" and (Pb-Ba)ZrO;,'° the 
rhombohedral ferroelectric intermediate phase was ob- 
served; and, on the other hand, in the case of (Pb-Sr) 
ZrO;'° the tetragonal antiferroelectric intermediate 


phase was found. A comparison of superstructure lines 


observed in the intermediate phase of (Pbo.9sSro.os) 
ZrO; between 175° and 200°C, and those found in 
the intermediate phase in PbHfO, 163° 
and 215°C that the superstructure lines 
seem to have essentially similar spacing and relative 
intensity, suggesting that they are probably the 
same phase, although these lines are too weak to permit 
definite conclusion. Moreover, the dielectric proper- 
ties as shown in Figs. 1 and 2, and also the temperature 
dependence of lattice parameter of PbHfO;, resemble 
very closely the corresponding results observed in 
(Pbo.95Sto.05)ZrOs. 

The authors wish to express their gratitude to Dr. 
Franco Jona for helpful discussions and Mr. John 
McLaughlin for aid in specimen preparation and 
dielectric measurements. Thanks are also due Professor 
R. Hayes for the spectrographic examination of the 
HfO. and Dr. H. Graenicher for the kind communica- 
tions of unpublished data. 


between 


showed 


4 (5. Shirane and A. Takeda, J. Phys. Soc. Japan 7, 6 (1952); 
also G. Shirane and K. Suzuki, J. Phys. Soc. Japan 7, 333 (1952) 

15 (4. Shirane, Phys. Rev. 86, 219 (1952); also G. Shirane and 
S. Hoshino, Phys. Rev. 86, 248 (1952); Acta Cryst. (to be pub 
lished) 
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The composite piezoelectric oscillator is employed to measure the adiabatic elastic moduli of crystalline 
aluminum over the temperature interval 63°K to 773°K. The data permit a valid extrapolation to 0°K. The 
Debye characteristic temperature of aluminum at 0°K, computed with these data, is 439°K. Various novel 
procedures designed to facilitate the use of the method are described 


I. EXPERIMENTAL METHOD 


Hk. composite piezoelectric oscillator method is 
employed in the present research to measure the 
elastic constants of crystalline aluminum as a function 
of temperature between 63°K and 773°K. Details of 
the method have been given elsewhere,'? therefore it will 
suffice here briefly to review its essential features and 
to describe certain novel procedures that facilitate 
its use. 
The specimen, in the form of a right circular cylinder 
a few mm in diameter and a few cm long, is cemented 
coaxially to a suitably cut cylinder of crystalline quartz 
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Fic. 1. Arrangement for observing resonance of the piezo 
electric oscillator. The circuit in the dotted enclosure is the 
electrical equivalent of the oscillator. 


* Publication assisted by the Ernest Kempton Adams Fund for 
Physical Research of Columbia University. 

¢ Now at the Corning Glass Works, Corning, New York 

1 [.. Balamuth, Phys. Rev. 45, 715 (1934); 46, 933 (1934) 

2 F.C. Rose, Phys. Rev. 49, 50 (1936). 


of identical Aluminum electrodes are 
deposited by evaporation in proper positions on the 


quartz, and a sinusoidally varying potential difference 


cross section. 


is established between them. In sta- 
tionary state of forced vibration is established in the 
composite system. The vibrations are either torsional 
or longitudinal, dependent upon the orientation of the 
quartz cylinder axis in the crystal lattice and the 
associated electrode configuration. 

When the frequency of the applied voltage is nearly 
a frequency of free (longitudinal or torsional) vibration 
of the‘composite oscillator, the electrical characteristics 
of the oscillator closely approximate those of the circuit 
shown in the dotted enclosure of Fig. 1, namely, a fixed 
capacity shunted by an inductance, capacity, and re- 
sistance in series. The actual frequency of free vibration 
is identical with the resonant frequency of the series 
branch alone*® and can therefore be deduced from the 
observed electrical behavior of the oscillator. The 
fundamental frequency of free vibration, hereafter 
denoted fo, is employed throughout the present experi- 
ments. 

It is desired to obtain the fundamental frequency of 
free vibration of the specimen cylinder alone. This is 
related to fo by the formula! 


consequence, a 


tan(mfo/ fi tan(m fo/ fo) 


M, +M 


( t fo ‘fi ) 


(x fo / fo) 


where M,, Mz are the masses of the specimen and quartz 
cylinders, respectively, f; is the fundamental frequency 
of free vibration of the specimen cylinder alone, and f2 
is the observed value of fo when M,=0, i.e., when the 
specimen cylinder is detached. Thus f; can be computed 
when fo and f2 are known. 
When the vibrations are longitudinal, 
ti (F4/2p§L) (1 — 2? 0?r? 4/7). 
and when the vibrations are torsional 
fi=(G4/2p4L), (3) 
where E, G, o are respectively the adiabatic Young’s 
modulus, torsion modulus, and Poisson’s ratio, of the 
specimen material for the direction of the cylinder axis, 


3W. T. Cooke, Phys. Rev. 50, 1158 (1936) 
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ELASTIC CONSTANTS 
pis its density, and r, / are the radius and length of the 
cylinder. 

Under the circumstances of the present measure- 
ments, E and G are related to the adiabatic elasti 


moduli of the specimen material by the formulas‘ 


ae 
Cs 

where 
+ ¢7a?+ ab’, 


Xx a’b*: a 


and a, 6, and ¢ are the direction cosines of the cylinder 
axis with respect to the principal axes of the face 
centered cubic lattice of aluminum. 

The elastic moduli are related to the elastic constants 


and compressibility, «, by the formulas 


Sit S12) / (Sir Sia) (Sit 25 12 


Si2/ (Si 
1 Sas, 


3(Sii +252) =3 


Si) (Sy, t S12), 


(Cy +. D( 12), 


and the isothermal to the adiabatic quantities by the 
formulas 


(Syi)ad (Siti (Sya)ad (S12) is Te pl es 


(C2) is 


=Ta’/ (pC) (Siu+ 282)’, 


(Cir)ad Ci) is= (Cre) ad 


where 7 is the absolute temperature, a the coefficient 
of linear expansion, and C’, the specitic heat at constant 
pressure. The adiabatic and isothermal S44 and C44 are 
the same. 

It should be noted that the term in a, in Eq. (2) is 
small of the order 10~% 
sufficient accuracy with the approximate values of the 


and so may be computed with 


elastic constants obtained when this term is set equal 
to zero. 

It is customary, in the present method, to compute 
the basic quantity fo from the observed variation with 
frequency of the amplitude of the current which flows 
through the oscillator.’ The latter is proportional to 
the rectified voltage across a resistance (R; of Fig. 1) 
connected in series with the oscillator, and this voltage 
is measured with an electronic voltmeter. Such means 
must be employed when the internal friction of the 
specimen is large. If, however, the internal friction is 
sufficiently small that the admittance 2xfoC’ of the 
capacity C” (Fig. 1) is less than half the admittance 1/R 
of the series branch at the same frequency, then the far 
simpler scheme shown in Fig. 1 can be used. 


‘W. F. Brown, Phys. Rev. 58, 998 (1940); R. F 
Revs. Modern Phys. 18, 414 (1936) 
6S. Siegel and S. L. Quimby, Phys 


J. Zacharias, Phys. Rev. 44, 116 (1933). 


S. Hearmon, 


Rev. 49, 663 (1936); 
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The basis of this scheme is the fact that the current 
through the piezoelectric oscillator is in phase with the 
applied voltage at a frequency greater than fy by only 
one or two cps in 50 ke, sec.*® Accordingly, the frequency 
at which this phase relation exists may be equated to fo 
with negligible error. The voltage across a resistance 
with the im- 
pressed on one pair of plates of a cathode-ray oscil 


R;, connected in. series oscillator, 1s 
loscope, and the total voltage across this series arrange 
ment is impressed on the other pair of plates. The 
resonant frequency fo is then nearly enough the fre- 
quency at which the trace on the oscilloscope screen is a 
straight line. The circuit elements r and ¢ of Fig. 1 
permit compensation of unequal phase shifts in the 
oscilloscope amplifiers at the frequency of measure- 
ment. The resistance r is adjusted so that the trace 
is linear when the piezoelectric oscillator is short cir- 
cuited. The advantage of the method lies in the fact 
that the observed phase relationships are unaffected by 
the inevitable change in the applied voltage incident to 
the large variation of the impedance of the piezoelectric 
oscillator as the frequency is varied in the neighborhood 
ol resonance 

The computation of /; demands a precise solution of 
the transcendental Eq. (1), and this is a laborious pro- 
cedure after 
tan(wx)/x has been constructed. A facile approximate 


even a five-figure table of values of 
solution of readily ascertainable accuracy is available 
when the respective lengths of the quartz and specimen 
cylinders are so adjusted that fo, fi, and f2 do not differ 
by more than about 1000 cps in 50 ke/sec. For then 
f;, regarded as a function of fo and f2 in accordance with 
Eq. (1), can be expanded in a ‘Taylor’s series about 
the point fo= fi 
employed in the computation of f;. The result of the 


f, and an appropriate number of terms 


expansion is’ 
+Z,(nD), 
3D= rh e(1 
1D 


1D 


&)/3f-, 


fy fy 6(e+1) 2D=0 


’ 


2r*b%e' (e+-1) /3f,! 


fo), e=M, 


3 


’ 


M,, 


and terms with » greater than 4 are invariably negli- 
gible in practice. 

lhe vernier condenser which controls the frequency 
of the voltage applied to the composite oscillator is 
frequency calibrated at the time of measurement with 
the aid of a standard quartz crystal controlled constant 
frequency generator. The latter drives a multivibrator 
at an integral subharmonic of the controlled frequency. 
rhe voltage output of the multivibrator, rich in har- 
monic content, is applied to one pair of plates of an 
oscilloscope and voltage of variable frequency to the 
other. Calibration is effected at intervals of approxi 


®W. G. Cady, Ptezoelectricity (McGraw-Hill Book Company, 
Inc., New York, 1946), Sec. 275. 
’The author is greatly indebted to Dr 


J. Nafe and Mr. R 


Scheib for these formulas 
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mately 30 cycles in 50 kilocycles by observation of the 


resultant oscilloscope traces. 


II. PREPARATION OF THE SPECIMEN 


(Juantitative spectroscopic analysis of the specimen 
material reveals the presence of Si, Fe, and Ga in 
amounts of the order 0.01 percent; Mn and Ti in 
amounts of the order 0.01 percent or less; and traces 
of Cu, Mg, and Ca. The specification of purity by the 
Aluminum Company of America, who supplied the 
material, is 99.93 percent. Single crystals, in the form 
of rods of circular cross section 4.57 mm in diameter and 
6 cm long, are grown in graphite crucibles, in vacuum, 
by the Bridgman method. A section of small diameter 
is produced at one end of the specimen by reducing the 
diameter of the crucible bore to 2.5 mm over a 6 mm 
length at the bottom. This permits the use of Laue 
x-ray transmission photographs to determine the orien- 
tation of the specimen cylinder axis in the crystal 
lattice in the manner described by Quimby and Siegel.” 
The crystals as grown are etched® and examined, flawed 
crystals rejected, and the remainder annealed at 450°C 


Pab_e I. Orientation data for the five aluminum crystals 


1 I x 


0.03503 
0.02588 
0.01194 
0.00293 
0.00022 


0.3267 
0.2903 
0.2695 
0.2539 
0.1829 


0.5313 
0.4913 
0.2342 
0.6699 
0.4891 


0.6536 
0.7554 
0.6302 
0.1100 
0.0352 


0.5390 
0.4335 
0.7403 
0.7342 
0.8715 


for a half-hour,"” after which the axis orientation 
measurements are made. Sections of the desired length 
are cut from the rod with a fine jeweler’s saw and the 
ends lapped smooth and true with 600 carborundum in 
light machine oil. The crystal is supported in a V-block 
during these operations 

Observations on five crystals are here reported. 
Values of a, 6, c, ', and x for these crystals appear in 
Table I 


III. PREPARATION OF THE COMPOSITE OSCILLATOR 


Three different quartz to specimen adhesives are 
employed for observations in various temperature in 


tervals, as follows. 


Below 213°K: A thin tilm of Dow Corning stopcock 
grease is applied to the interface and the two cylinders 
are held together under a compressive force of 180 g, in 
vacuum, for ten minutes. This cement solidifies at 

8S. L. Quimby and S. Siegel, Phys. Rev. 54, 293 (1938). The 
accuracy of this determination is five minutes of arc. 

9C.S, Barrett, Structure of Metals (McGraw-Hill Book Com 
pany, Inc., New York, 1943), p. 17S. 

Mr. Donald Blattner, of this laboratory, has observed that 
strain induced changes of the Young’s modulus of Al crystals 
disappear after a few hours at room temperature 
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223°K. Above this temperature the adhesive action 
persists, but the equivalent electrical resistance of the 
oscillator is greatly increased 

213°K to 300°K: The interface is coated with liquid 
phenylsalicylate (salol) which is supercooled from its 
melting point at 316°K, and the oscillator is assembled 
at atmospheric pressure under 180 g compressive force. 
Liquid extruded at the interface is touched with a 
minute crystal of solid salol, whereupon the entire film 
solidities and forms a strong adhesive bond between the 
two elements. 

273° to 773°K: Two parts of powdered sodium 
silicofluoride and one part of barium sulfate are ground 
together in a mortar, and a quick hardening cement is 
prepared by introducing the powder into a drop or two 
of water glass. This is applied rapidly and thinly to the 
interface and the assembled oscillator is maintained 
under 1000 g compressive force for 12 hours. The 
resultant strong bond decomposes only after several 
hours at 773°K. 

The composite oscillator is suspended vertically in an 
appropriate glass or fused quartz envelope by light 
spring clips which engage fine opposing slots ground in 
the surface of the quartz cylinder at its midpoint, and 
which effect with the aluminum 
electrodes. 

Apart from the considerations heretofore noted in 
connection with the solution of Eq. (1), it is desirable 
that fo, fi, and fy should not differ by more than 1000 cps 
in order to minimize the effect on fo of two factors 
ignored in the analysis. The first is the adhesive, and 
the second is the mounting clips, which do not tie at a 
displacement node of vibration of the quartz cylinder 
unless fy=f2. Eleven different lengths are required to 
maintain this condition over the entire temperature 
range ; furthermore, a definite program of measurement 
of the Young’s or torsion modulus over specified high- 
or low-temperature intervals must be followed, in order 
that the specimen be progressively shortened. 


electrical contact 


IV. PRODUCTION AND MEASUREMENT OF 
TEMPERATURE 


63°K to 77°K: The oscillator, enclosed in a glass 
envelope, is immersed in liquid nitrogen contained in 
a closed Dewar vessel connected at the top to an exhaust 
pump. The vapor pressure above the liquid is measured 
with a mercury manometer, and this is varied by varying 
the rate of removal of the vapor. The data of Henning 
and Otto! relate the vapor pressure and temperature. 
In this, as in the several arrangements described below, 
at atmosphere of helium at 3-mm pressure is maintained 
in the envelope to establish thermal contact between 
the oscillator and its environment. A plug of glass wool 
separates the portion of the envelope containing the 
oscillator from the remainder and so prevents the 
the heat by The estimated 


transfer of convection. 


" F, Henning and J. Otto, Physik. Z. 37, 633 (1936). 
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accuracy of the temperature determination in _ this 
interval is 0.25°K. 

143°K to 293°K: The oscillator, in its envelope, is 
immersed in a well-stirred bath of composition 14.5 
percent chloroform, 25.3 percent methylene chloride, 
33.4 percent ethyl bromide, 10.4 percent transdichlor- 
ethylene, and 16.4 percent trichlorethylene." This bath 
is contained in an unsilvered Dewar vessel mounted in a 
second Dewar filled with liquid nitrogen. The insulating 
space of the inner Dewar can be exhausted or filled 
with helium at will, and the temperature of the bath 
can be raised by an electric heater immersed therein. 
Suitable adjustment of the current in the heater and 
the pressure of helium in the Dewar permits stabiliza- 
tion of the bath temperature at any desired value in 
the interval. 

The bath temperature is measured with a copper- 
constantan thermocouple.’ Auxiliary experiments reveal 
that the temperatures of the specimen and bath agree 
within +0.05°K. The estimated accuracy of the tem- 
perature determination in this interval is 0.1°K. 

The bath cannot be used in the temperature interval 
77°K to 143°K. Probably the most satisfactory method 
for the production of stable temperatures in this interval 
is that devised by Nix and MacNair." 

273°K to 373°K: The oscillator is immersed in a well- 
stirred water bath contained in a Dewar vessel and 
heated electrically. The temperature is measured with 
a copper-constantan thermocouple. 

373°K to 773°K: The envelope is a clear fused quartz 
tube inserted in a tubular wire wound electric furnace. 
A metallic tube between the quartz tube and furnace 
core serves to reduce the longitudinal temperature 
gradient. The temperature is stabilized with the propor- 
tional controller of Lazarus and Lawson'® and _ is 
measured with a Chromel-Alumel thermocouple in 
juxtaposition with the specimen. The estimated ac- 
curacy is 0.2°K. 


V. REDUCTION OF OBSERVATIONS 


The lengths ef the specimens are measured at room 
temperature on a temperature corrected Geneva 
Society comparator, with an accuracy of 0.03 percent. 
The adopted value of the density of aluminum at 25°C 
is 2.6971 g/cm*.'® Lengths and densities at other tem 
peratures are computed with the data on thermal ex- 
pansion of aluminum obtained by Nix and MacNair'? 


and Hidnert."® 


2C, W. Kanolt, Sci Standards, No. 520, 619 
(1926 

'S All the thermocouples used in these experiments are calibrated 
by comparison with a platinum resistance thermometer certificated 
by the U. S. Bureau of Standards 

4 F.C. Nix and D. MacNair, Rev. Sci. Instr. 12, 66 (1941) 

‘5 T). Lazarus and A. W. Lawson, Rev. Sci. Instr. 18, 730 (1947 

16 F. Foote and E. R. Jette, Phys. Rev. 58, 81 (1940). 

'7F,C. Nix and D. MacNair, Phys. Rev. 60, 597 (1941). 

18 P, Hidnert, Sci. Papers Bur. Standards 19, 697, $497 (1923 


1924), 


Papers Bur 
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Values of E and G for each specimen are computed 
in the Eqs. (2) and (3) and plotted as a function of 
temperature on a scale commensurate with the precision 
of measurement. It is then found that segments of the 
curve, for a single specimen, corresponding to different 
temperature intervals, are displaced parallel to the 
modulus axis by the equivalent of some 100 cps or less 
in 50 ke/sec frequency. This is the residual effect of the 
clip mount and adhesive heretofore noted. The curve 
which passes through O°C is left unaltered and the 
remainder shifted so that the sections at the termini of 
the temperature intervals are superimposed. It is then 
found that the resultant curve is without significant 
discontinuity in slope, which illustrates a characteristic 
of the method, v7z., changes in the moduli can be 
measured with greater accuracy than the absolute 
values. The curve through O°C is chosen as standard 
because of the proximity of this temperature to the ice 
point at which the thermocouple is calibrated. 

It is desired next to obtain, by the method of least 
squares," the values of the quantities S,;, S44, and S, 
corresponding to a given temperature, which will 
reproduce with minimum error the observed values of 
1/E and 1/G for the five crystals in accordance with 
Eqs. (4) and (5). The value of Sj. is then to be com- 
puted with Eq. (6). The problem is complicated by two 
factors: first, the statistical weights” to be assigned the 
measurements of 1/F£ and 1/G, respectively, are not 
the same; second, the quantity S occurs in Eq. (5) in 
a manner not easily disentangled for the purpose of a 
least-squares solution. The problem is simplitied by the 
fact that the value of the third term in the right-hand 
member of Eq. (5) is less than one percent of the 
remainder. The procedure adopted is as follows: 


1. The five 1/E equations [ Eq. (4) ] are solved by 
least squares for S;; and S. 

2. This value of S is inserted in the third terms only 
of the five 1/G equations [ Eqs. (5) ], and these equa- 
tions are solved by least squares for the quantity S. 
This value of S is now inserted in the third term of Eqs. 
(5) and the equations resolved for S44 and S. 

3. The results of steps 1 and 2 are employed to 
compute the respective statistical weights of the obser- 
vation of 1/E and 1/G. 

4. The ten Eqs. (4) and (5) are solved by least squares 
for the quantity S, with these statistical weights. 

5. The five Eqs. (4) are solved for Sy; with the value 
of S obtained in step 4, and similarly the five Eqs. (5) 
are solved for S44. 

6. The quantity Sj. is computed with Eq. (6 

The three adiabatic elastic moduli corresponding to 
twenty-six temperatures in the interval of observation 
are evaluated in the manner described above. The adia 


Data (John Wiley 


9 W. KE. Deming, Statistical Adjustment of 
and Sons, Inc., New York, 1938 
*L. D. Weld, Theory of Errors and Least Squares 


and Company, New York, 1916), p. 155 


(Macmillan 
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TABLE IL. Observed and computed moduli at three 
temperatures, showing deviations in percent. 


G K10~" dyne/cm* 
Percent 
dev. 


E X10~ dyne/cm? 
Ob Com ‘ t Ob 
puted served 


Com 
puted 


Crys 
tal served 


0.1707 
0.1745 
0.1762 
0.1775 
0.1857 


0.1700 
0.1759 
0.1744 
0.1766 
0.1880 


0.5522 
0.5354 
0.5263 
0.5196 
0.4915 


+0.41 
-0.80 
1.02 
0.51 
-1,24 


1 5536 
2 5357 
3 5236 
4 5173 
5 0.4946 


0.32 
-1.20 
175 
0.47 
1.46 


0.2463 
0.2499 
0.2515 
0.2528 
0.2601 


0.2455 
0.2529 
0.2471 
0.2516 
0.2639 


0.7491 
0.7346 
0.7206 
0.7170 
0.6968 


0.7472 
0.7329 
0.7250 
0.7192 
0.6938 


293.2°K 


0.2746 
0.2782 
0.2799 
0.2813 
0.2886 


0.36 
-1.43 
1.93 
0.46 
1.45 


0.2736 
().2822 
0.2745 
0.2800 
0.2928 


0.8230 
0.8087 
0.8006 
0.7947 
0.7091 


0.8250 
0.8109 
0.7956 
0.7928 
0.7720 


batic elastic constants are then computed with Eq. (7) 
and the isothermal quantities with Eq. (8). Values of 
(', reported by Maier and Anderson”! and Kelley” are 
employed in the last-named calculation. 

The concordance of the data is exhibited in Table I, 
in which the computed values of E and G for the five 
crystals are compared with those observed at three 
temperatures. The average deviation is 0.4 percent in 
the Young’s modulus and 1.0 percent in the torsion 
modulus. 

VI. RESULTS 


The computed values of the adiabatic moduli and 
constants are tabulated as functions of the temperature 
in Table III and the corresponding isothermal quan- 
tities similarly in ‘Table 1V. The number of significant 
figures employed in these tables is greater than is war- 
ranted by the accuracy of the absolute values. This 
permits a valid determination of the respective tem- 
perature coefficients since, as previously remarked, 
changes in the moduli can be measured with greater 
accuracy than their absolute values. The estimated 
uncertainty in Sy, varies from about 0.8 percent at 
lower temperatures to 1.2 percent at higher. Corre- 
sponding estimates of the uncertainty in Sq are 1.5 
percent and 2.0 percent. The uncertainty in Sj. is about 
2 percent over the temperature range. 

The values corresponding to 7=0°K in Table III are 
obtained by graphical extrapolation. It can readily be 
shown’ that the temperature coefficients of the elastic 
moduli must be zero at absolute zero. In consequence, 
the accuracy of values extrapolated from 63°K is nearly 
as great as that of the data upon which the extrapolation 
is based 

The values of the adiabatic elastic moduli and the 
calculated isothermal compressibility at 293°K and 

2C_G. Maier and C. T. Anderson, J. Chem. Phys. 2, 518 (1934). 


™K. Kelley, Bull. Bur. Mines No. 371 (1934). 
%3 J. K. Galt, Phys. Rev. 73, 1460 (1948). 
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0°K here reported are compared with those obtained 
by Goens”™ at the same temperatures and Lazarus” at 
293°K, in Table V. Bridgman’s direct measurement of 
the compressibility*® yielded «= 1.36 10~" cm?/dyne. 

Table VI shows the variation of the Debye charac- 
teristic temperature with temperature. Here @p is 
evaluated by a modification of the method of Hopf and 
Lechner.”’ It is a feature of this method that the func- 
tion (C+Z)~! is represented approximately over the 
interval 0<Z<1 by a polynomial in Z. Here C is a 
constant and Z is a root of the cubic equation whose 
roots are related to the three velocities of propagation 
of plane waves in the crystal. The three roots lie in the 


TaBLE III. The adiabatic elastic moduli and constants of 


aluminum. The number of significant figures does not indicate the 
accuracy of the absolute value. 


Adiabatic constants 
x 1072 dyne/cm? 


Adiabatic moduli 
«10 em?/dyne 


—.12 ‘aa 1 Cir Cm 


0.2063 
0.2134 
0.2201 
0.2265 
0.2326 
0.2385 
0.2443 
0.2500 
0.2557 
0.2613 
0.2670 
0.2698 
0.2727 
2.2755 
0.2783 
0.2812 
0.2840 
0.2868 
0.2895 
0.2922 
0.2949 
0.2974 
0.2986 
0.2998 
0.3063 
0.3068 
0.3073 
0.3090 


0.491 
0.505 
0.858 0.519 
0.885 0.533 
0.913 0.547 
0.941 0.563 
0.969 0.578 
0.999 0.595 
1.027 0.611 
1.055 0.627 
3.745 1.082 0.641 
3.706 1.094 0.648 
3.669 .106 0.654 
3.630 118 ‘, 0.660 
593 129 0.665 
557 .140 0.670 
521 151 = 0.675 
487 161 0.680 
454 170 (0.684 
422 179 0.688 
301 188 0.692 
362 197 0.696 
349 201 0.698 
335 206 ~=—0.700 
265 225. 0.707 
226 360.707 
227. —-0.707 
230 ~—- 0.708 


0.803 
0.831 


0.880 
0.842 
0.807 
0.776 
0.746 
0.720 
0.696 
0.673 
0.653 
0.633 
0.615 
0.607 
0.599 
0.591 
583 
575 
568 
561 
554 
548 
542 
536 
534 
531 
517 
516 
SiS 
0.513 


4.847 
4.687 
4.544 
4.415 
4,299 
4.192 
4.093 
3.999 
3.911 
3.826 


w 
~~ 
a 


a Sins God Gas Coa Cad Cad Cod Cos € ° 


hm hw 
wv 
a ff © 


specified interval in the case of most ionic crystals. 
But for all the metals thus far examined two of the 
roots are negative and the third is greater than unity. 
The modification consists in representing the afore- 
mentioned function by a polynomial over the actual 
range of values assumed by Z.*% 


4 FE. Goens, Ann. Physik 38, 456 (1940 

26 [), Lazarus, Phys. Rev. 76, 545 (1949). 

26P. W. Bridgman, Proc. Am. Acad. Arts Sci. 70, 285 (1935); 
Revs. Modern Phys. 18, 1 (1946) 

27 L. Hopf and G. Lechner, Verhandl. deut. physik. Ges. 16, 643 
(1914). A description of this method is given by M. Born, En 
cvklopedie der Mathematischen Wissenschaften (Teubner, Leipzig), 
Vol. 3, p. 649. 

*8A detailed description of this method for calculating @p is 
scheduled for publication in this journal. 
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Kok and Keesom” measured the temperature varia- 
tion of the specific heat at constant volume of aluminum 
in the interval 1.1°K to 20°K. They found that a satis- 


factory separation of the electronic and lattice con 
tributions to the specific heat led to the value 


TABLE IV. The isothermal elastic moduli, constants, and com 
pressibility of aluminum. The number of significant figures does 
not indicate the accuracy of the absolute value 


Isothermal moduli 
<10'3 cm?/dyne 
Sis Cu Cia 


Isothermal constants 
«1072 dyne/cm? 


Isothermal 
compressibility 
«X10% 
0.717 1.92 
0.746 
0.776 
0.806 
0.837 
0.868 
0.901 
0.934 
0.967 
1.000 
1.032 
1.047 
1.062 
1.077 
1.089 
101 
117 
132 
143 
155 
.168 


0.405 
0.421 1. 
0.437 1. 
0.454 i. 
0.472 1, 
0.490 ie 
0.510 iF 
0.530 1. 
0.551 1. 
0.572 1 
0.591 1 
0.600 1 
0.609 1 
0.618 1. 
0.625 1. 
1 
1 
1 
1 
1 
1 
1 
1 
| 
1 
1 
1 
1 


0.853 
0.817 
0.785 
0.755 
0.728 
0.703 
0.680 
0.660 
0.641 
0.623 
0.606 
0.599 
0.591 
0.584 
0.576 
0.569 
0.563 
0.557 
0.550 
0.544 
0.539 
0.534 
0.531 
0.529 
0.517 
0.516 
0.514 


0.513 


AYN uN 


0.632 
0.642 
0.651 
0.657 
0.663 
0.672 
0.679 
0.683 
0.688 
0.703 
0.703 
0.703 
0.708 


—Aus 


5 
4 
4 
4 
3 
3 
3 
3 
2 
2 
2: 
2: 
2 
1 
1 
1 
1 
1 
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6)=419°K, which is to be compared with the value 
439°K here reported. 

It is of interest to note that the temperature variation 
of Cy is represented over the entire temperature range 
with an accuracy better than one-half percent by the 


2 J. A. Kok and W. H. Keesom, Physica 4, 835 (1937). 
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ase V. Comparison of the present measurements (S) with 
those of Goens (G) and Lazarus (L). The units are 10 cm?/dyne. 


Sia 


0.58 
0.58 
0.66 


0.51 
0.50 


rase VI. 


The Debye characteristic temperature of aluminum 


T°K 200° 


427 


300° 
416° 


450° 
398 


750° 
358° 


50° 


438 


100° 
436° 


600 
380 


formula 

Cu=Ac*"*R-, 
where A and B are constants, @ is the coetticient of 
thermal expansion, and R is the ratio of the volume at 
temperature 7 to that at an arbitrary temperature.” 
This formula is in accord with the finding established 
experimentally by Lazarus,”® that the elastic constants 
must be explicit functions of both temperature and 
volume. But no such simple formulas have been dis- 
covered with which to represent the temperature varia 
tions of Cy; and Cy. 

In conclusion, the writer gratefully acknowledges his 
indebtedness to the Aluminum Company of America 
for the gift of the specimen material, to Dr. R. H. 
Gillette of the Linde Air Products Company, who sug 
gested the formula for the high temperature adhesive, 
to Dr. T. I. Taylor and Mr. J. Dunbar of Columbia 
University for the spectroscopic analysis of the crystals, 
and to Dr. S. L. Quimby who followed the progress of 
the research with helpful counsel and encouragement. 


%®A similar formula, with a omitted, has been employed to 
describe the temperature variation of the Young’s modulus of 
polycrystalline metals. See D. J. Mack, Metals Technol. 12, No. 8 
(1945) 
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Crystals of magne ide have been colored by irradiation 
with ultraviolet light and neutrons. The spectral distribution of 
optical absorption has the of a gradually increasing tail 
extending from the visible region to the far ultraviolet upon which 
irption bands. Photoconductivity in 


um Ox 


form 
are superimposed several absc 
single crystals of magnesium oxide was measured by a dc method 
using a vibrating reed electrometer. The spectral distribution of 
photoconductivity is characterized by a gradually rising tail with 
2.1, 3.7, and 4.8 ev, corresponding to 
known optical absorption bands. A photoconductivity band was 
found at 1.2 ev which has not been detected by optical absorption 
measurements. Irradiation of the crystals by ultraviolet light 
causes an enhancement of the photoconductivity subsequently 
measured in the 1.2 The enhancement effect 
reaches a saturation level which is independent of the intensity of 


superimposed peaks at 


and 2.1-eyv bands 


INTRODUCTION 


YINGLE crystals of magnesium oxide may be 

colored by irradiation with ultraviolet light,' x- 
rays,’ neutrons, and high-energy electrons.?* Measure- 
ments of the spectral dependence of the optical absorp- 
tion of the colored crystals have revealed several 
absorption bands in the visible and ultraviolet regions 
superimposed upon a gradually rising “tail.”” Absorp- 
tion bands corresponding to those produced by irradia- 
tion have also been created® by the direct addition of 
excess magnesium and oxygen to the crystal lattice. 
Previous attempts*’® to find photoconductivity as- 
sociated with this optical absorption have been un- 
successful. However, by the refinement of the techniques 
and the use of more sensitive current detecting appara- 
tus, it has been possible to measure the spectral de- 
pendence of photoconductivity in magnesium oxide 
single crystals. Simultaneous measurements of optical 
absorption were made by the writer but are not in- 
cluded in this publication since they were in essential 
agreement with the results of other investigators.'~4 


EXPERIMENTAL APPARATUS 


Most of the samples were plates on the order of one 
millimeter thick and one centimeter square which had 
been cleaved from larger crystals obtained from two 
sources. One group was supplied by the Norton Com- 


* Work supported in part by the U. S. Office of Naval Research 
and a grant from the Radio Corporation of America, Laboratories 
Division 

t Now at the General Electric 
Knolls, Schnectady, New York 

+] H. Hibben, Phys. Rev. 51, 530 (1937). 

2 J. P. Molnar and C. D. Hartman, Phys. Rev 

§ Boyd, Rich and Avery, U. S. Atomic Energy 
Report MDD«( 1508, 1947 ul published ° 

‘C. M. Nelson and P. Pringsheim, Argonne National Labora 
tory Report ANL-4232, 2nd quarter 1948 (unpublished) 

5H. Weber, Z. Physik 130, 392 (1951). 

6W.W. Tyler and R. L. Sproull, Phys. Rev. 83, 548 (1951) 


Research Laboratory, The 


79, 1015 (1950) 
Commission 
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the ultraviolet light and which is a measure of the density of 
imperfections in the crystal lattice. The ultraviolet activated 
region can be displaced by an electric field in such a direction as 
to indicate that the charge carriers are holes in the valence band. 
Neutron irradiation of the crystals gives rise to a thermally 
unstable enhancement of photoconductivity throughout the 
spectrum and also causes an increase in the level of saturation of 
the ultraviolet activation. The latter increase is stable at room 
temperature and indicates that the neutron irradiation produces 
new lattice defects. This effect saturates with increasing neutron 
flux. An estimate of the density of lattice defects can be made 
from the photoconductivity. An energy-level model is proposed 
to explain the various photoconductivity bands and the enhance 
ment and saturation effects 


pany’ and the other group was grown at this labora- 
tory.* Aquadag electrodes were painted on opposite 
faces of the crystals and were air dried at room tempera- 
ture. The samples were mounted between spring clips on 
Teflon insulators in an airtight box. Desiccation was 
found to be essential because of high leakage currents 
caused by surface moisture. A quartz window was 
provided in the side of the box to permit the entrance 
of the irradiating wavelengths. In the visible and near 
infrared regions, a tungsten filament projection lamp 
served as the light source, a 100-watt, type H-4 mercury 
arc was used in the near ultraviolet, and a 1000-watt 
type H-6 mercury arc was used in the far ultraviolet. 
After passing through a Gaertner quartz monochroma- 
tor the radiation was focused by means of a system of 
front surface mirrors onto the edge of the sample. 
Provision was made for using a thermopile to monitor 
the intensity of the light at each wavelength setting. 
An electric field was placed across the crystal, and the 
resulting photocurrent was determined by measuring 
with a vibrating reed electrometer® the potential drop 
which it produced in a high resistance. The highest 
resistance used was 10"? ohms, and currents as low as 
10-'® ampere could be measured by the constant 
deflection method. 


EXPERIMENTAL RESULTS 
1. Characteristics of Photoconductivity 


The observed photocurrents were superimposed on a 
dark current of the order of 10~'® ampere which could 
be balanced out by a bucking voltage in the electrom- 
eter. The increase of current produced by illumination 
was called the photocurrent, and it was found to be a 
linear function of the intensity of the light and of the 

’ The Norton Company, Niagara Falls 5, New York 


* These crystals were grown by H. F. John of this laboratory. 
» Applied Physics Corporation, Pasadena, California 
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PHOTOCONDUCTIViTY IN 


electric field strength up to 14 000 volts/cm, the limit 
of measurement. It was also found that the photo- 
current at a given wavelength and light intensity did 
not depend on whether the light was distributed over 
the whole edge of the crystal oz focused on only a 
narrow region, as long as the total power received by 
the sample remained unchanged. When a_ narrow 
region in the center of a crystal was illuminated by 
ultraviolet light, a current was produced which, after 
an initial decrease by a factor of about two, was 
constant over a period of many hours. The mechanism 
whereby constant de photocurrents can be produced by 
the illumination of only part of a crystal is not yet 
understood.” Because of the linear dependence of 
photocurrent upon intensity and electric field strength, 
the data were reduced to units of induced photo- 
conductivity per unit optical power striking the crystal. 
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hV (ELECTRON VOLTS) 
Fic, 1. Completely developed photoconductivity spectrum of a 
magnesium oxide single crystal, recorded immediately after 
irradiation by an integrated neutron flux of 10'? neutrons/cm? 


The completely developed photoconductivity spec- 
trum contains several bands which are shown in Fig. 1. 
The maxima of these bands occur at 1.2, 2.1, 3.7, and 
4.8 ev, the latter three corresponding closely to optical 
absorption bands which were found in the previous 
investigations. The band at 1.2 ev has not been detected 
by absorption studies. 


A series of experiments was carried out to investigate this 
matter. It seems certain that true dc currents are being observed 
and that light scattered at the crystal surfaces and within the 
crystal is not sufficient to cause the observed photocurrents 
No increase in photocurrent is observed when the light strikes the 
electrodes yet an experiment to be described later indicates a 
distance of travel of the charged particles of only 10° cm in a 
field of 1000 volts per cm. It is possible that the ever present 
dark current, although usually small, may have some bearing 
on this mechanism. 


MgO 








kic. 2. Photoconductivity spectra of a crystal: (A) untreated, 
B) after activation to saturation by 312-my light, (C) immedi 
ately after neutron irradiation, (D) new saturation level of 
ultraviolet activation after neutron irradiation and photobleach 
to curve (EF) 


2. Ultraviolet Irradiation 


Freshly cleaved, untreated crystals exhibited a 
photoconductivity spectrum similar to curve A of Fig. 2. 
The gradual rise and the shoulder at 580 my or 2.1 ev 
are characteristic of all photoconductivity spectra 
observed for magnesium oxide. The 580 my band 
suggests the presence of an energy level situated in the 
forbidden band so that a transition of 2.1 ev 
produce free charge carriers, either in the conduction 
band or in the valence band. This photoconductivity 
band may correspond to the optical absorption band 
which occurs at very nearly the same wavelength and 
which causes the characteristic visible coloration of the 
crystals after irradiation. Curve B of Fig. 2 represents 
the level of photoconductivity in the same crystal after 
it had been irradiated for eight hours with ultraviolet 
light at 312 mu. This treatment produced an increase by 
a factor of nearly a thousand in the photoconductivity 
at 2.1 ev and reveals the new band at 1050 my or 1.2 ev 
The photocurrents in this region had previously been 
beyond the range of the detecting instruments. The 
photocurrent at 312 my, the wavelength of irradiation, 
decreased by a factor of two during the first few minutes 
of the irradiation after which it remained constant. 
The enhancement of photoconductivity in the visible 
and infrared regions of the spectrum by irradiation 
with ultraviolet light and the decrease in the photo 
conductivity at the wavelength of irradiation corres- 
pond closely to the shift in the optical absorption 
spectrum which can be produced‘ in a similar manner. 
This effect strongly suggests the transfer of electrons 
from one type of energy level to another in a manner 
similar to the process which occurs in alkali halides."' 

The dependence of the enhancement of photoconduc- 


can 


IN. F. Mott and R. W. Gurney, Electronic Processes in Ionic 


Crystals (Oxford University Press, London, 1948), 2nd edition, 
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824 


tivity upon the time of irradiation is shown in Fig. 3. 
The ultraviolet irradiation was interrupted for brief 
intervals during which the photocurrent produced by 
light of 580 my was recorded. It is apparent that the 
enhancement had nearly reached saturation after 160 
minutes, and with this ultraviolet intensity of 12 wwatts 
no further increase was observed after three hours of 
irradiation. 

It was also found that if a crystal which previously 
had been activated by ultraviolet light was irradiated 
for a long time with yellow light in the 580 mu band, a 
decay was produced in the photoconductivity at all 
wavelengths above 350 my. This decay is shown in the 
right-hand side of Fig. 3, where the photocurrent at 
580 muy is plotted as a function of the time of irradiation 
by 39 pwatts of light at that wavelength. The rate of 
decay was greater with more intense light. 

Since the enhancement could be removed by irradia- 
tion with yellow light, it was possible to make successive 
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Fic. 3. Time dependence of activation by 12 wwatts of ultra 
violet light and of deactivation by 39 wwatts of yellow light. A 
slight decay occurred overnight in the dark at room temperature. 


activations with ultraviolet. Four different trials were 
made, each with ultraviolet radiation of different 
intensity. The saturation level, that is, the maximum 
level to which 580 my photocurrent could be activated, 
was the same regardless of the ultraviolet intensity. 
However, the time required to reach saturation was 
roughly inversely proportional to the intensity. The 
time required to reach saturation for the various 
intensities were: 6.25 uwatts, 6 hours; 12 uwatts, 3 
hours; 75 pwatts, 35 minutes; and 125 pwatts, less than 
30 minutes. 

A decay of the activation similar to that produced by 
yellow light, but much slower, occurred at room 
temperature even when the crystal remained in the 
dark. The curve in the center of Fig. 3 indicates 
the small decrease which occurred when the sample 
remained overnight in the dark. The decay in the dark 
was accelerated at higher temperatures, and the ultra- 
violet activation disappeared after thirty minutes at 
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100°C. At higher temperatures, more charge carriers 
can acquire enough thermal energy to become free of 
their shallow traps and return to the deeper-lying levels 
from which they were originally excited by the ultra- 
violet radiation. It is not likely that 100°C is high 
enough to cause any appreciable diffusion of lattice 
defects; hence the decay at this temperature must 
result only from the transport of electrons. 

A crystal which had been activated to saturation by 
ultraviolet irradiation was heated to about 1000°C in a 
vacuum better than 10-7 millimeter of mercury and 
cooled slowly to room temperature. After the sample 
had been vacuum-annealed, it was found that upon 
reactivation the photocurrent at 580 my saturated at a 
factor of four than the 
previous saturation level. The original saturation level 
had been reproducible after thermal deactivation at low 
temperatures (20°C to 100°C) and after deactivation 
produced by irradiation with yellow light, but it could 
not be reproduced after the high temperature annealing 
in vacuum. Whereas the decay at low temperature is 
caused by removing electrons from traps, the lowering 
of the saturation level is a completely different effect 
and must be due to a decrease in the number of traps 
which may be occupied by the electrons. Therefore it 
is believed that the level of maximum activation is a 
measure of the density of defects in the magnesium 
oxide crystal lattice and that the density of these defects 
can be decreased by annealing the crystal in vacuum. 
This conclusion is consistent with the previous observa- 
tion that the level of maximum activation is inde- 
pendent of the ultraviolet intensity. 


level which was lower by a 


3. Sign of the Charge Carrier 


When the photoconductivity was activated by a 
well-defined beam of ultraviolet radiation which did not 
cover the entire crystal, the enhancement was produced 
in only the localized region which intercepted the beam. 
It is believed that the mechanism of enhancement is 
that the ultraviolet photons induce the transfer of 
charge carriers from one type of energy level to another. 
During this transfer, the charge carriers pass through 
an energy band in which they are free to move under the 
application of an electric field and thereby give rise to 
the observed photoconductivity. It was found that, by 
placing a strong electric field across the crystal during 
the irradiation, it was possible to cause the charge 
carriers to drift a measurable distance in the direction 
of the electric field before becoming trapped. This drift 
was evidenced by a shift of the region of enhancement 
out of the irradiated area in a direction determined by 
the sign of the charge carrier. A crystal was illuminated 
by a beam of light of rectangular cross section and 100 
microns in width. The beam passed through the crystal 
in a direction perpendicular to the applied electric field 
with the 100-micron dimension parallel to the field. 
The photocurrent for the wavelength 580 my was 
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observed as the light beam was moved along the crystal 
in the direction of the field. Next, with the beam set 
in the center of the crystal a 100-micron region was 
irradiated for one minute, at 335 mu. This irradiation 
was sufficient to produce activation but not saturation. 
Then with 580 my light, the beam was again swept 
across the crystal and the photocurrent was recorded. 
The results, which are shown in Fig. 4, were found to 
depend upon the electric field in the crystal at the time 
of the ultraviolet irradiation. The experiment 
performed three times, with no field and with a field of 
3800 volts/cm directed to the right and then to the 
left. Between trials the previous activation was removed 
by heating the crystal for several hours at 100°C. In 
each case where a field was applied, the activated 
region was found to have shifted toward the negative 
electrode, indicating that the charge carriers are 
positive, hence they must be holes in the valence band. 

Thus the enhancement of photoconductivity at 580 
mu produced by irradiation at 335 my is the result of 
transferring electrons from a level 2.1 ev above the 
valence band this band. The 
mechanism of transfer is probably initiated by the 
photon excitation of valence band electrons to vacant 
3.7-ev levels. Holes which are produced by this transi- 
tion migrate until they combine with electrons from 
the populated 2.1-ev levels. During this process, 
photoconductivity in the 2.1-ev band may increase by 
a factor of a hundred, whereas photoconductivity in 
the 3.7-ev band decreases by only a factor of two or 
three. Therefore there must be a much larger number of 
3.7-ev levels to be filled than 2.1-ev levels to be emptied 
and saturation will occur only when all of the lower- 
lying levels have become vacant. The 1.2-ev band is 
also enhanced by 3.7-ev irradiation, increasing simul- 
taneously with the 2.1-ev band and reaching saturation 
at about the same time. These bands can also be acti- 
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to one 3.7 ev above 


vated by irradiation of energies other than 3.7 ev. By 
this rather indirect reasoning one concludes that all 
photoconduction in magnesium oxide is by means of 
holes, and all the transitions are to and from the 
valence band. 


4. Neutron Irradiation 


The crystal discussed in connection with Fig. 2 was 


irradiated with neutrons in the heavy-water reactor 
at the Argonne National Laboratory.” No attempt was 
made to control the sample temperature, and it is 
presumed that it was the same as the ambient pile 
temperature. After a long irradiation the photoconduc 

tivity saturated at the level represented by curve C of 
Fig. 2, indicating that the maximum level of activation 
produced by neutrons was a factor of twenty higher 
than that produced by the ultraviolet irradiation. The 
sample was left in the dark for several days, during 


'2 Appreciation is expressed to Dr. O. C. Simpson of the Argonne 
National Laboratory who made these facilities available. 
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which time the photoconductivity decayed to about 
the level of curve B. Because of this rather rapid decay 
in the dark, it is believed that the twenty-fold enhance- 
ment produced by neutron irradiation was largely 
electronic in nature. This activation to a thermally 
unstable state is referred to arbitrarily as the “primary 
effect” of neutron irradiation. 

A series of irradiations was made in order to deter 
mine the rate of activation by neutrons. The neutron 
induced photoconductivity approaches a saturation, 
and it was found that no further increase was produced 
by an integrated flux of more than 5X 10'* neutrons; cm? 

The data of Fig. 1 were taken for a crystal immedi 
ately after it had been irradiated by neutrons. The 
four bands were discussed previously. 

After the photoconductivity of the neutron irradiated 
crystal of Fig. 2 had decayed from curve C to about the 
level of curve B, the crystal was irradiated with 
ultraviolet light until saturation occurred. It was found 
that a new saturation level, curve D, was produced 














DISTANCE (MM) 


Fic. 4. Displacement of the activated region by an electric tield 
(A) No applied field, (B) field of 3.8 kv/cm directed to the right, 
(C) field of 3.8 kv/cm directed to the left. 


which was higher by a factor of two than the saturation 
level B observed before the neutron bombardment. 
If the ultraviolet enhancement saturates only after all 
the low-lying 2.1-ev energy levels are emptied, as 
suggested earlier, this new saturation level must result 
from the production of new lattice defects during the 
neutron irradiation. As a check on the reproducibility 
of this effect, this sample was irradiated with 580-mu 
light until the photoconductivity had decayed to curve 
E. Upon subsequent ultraviolet irradiation, saturation 
occurred again at level D, indicating that the new 
lattice defects produced by the neutron bombardments 
are stable at room temperature. 

This sample was later heated for fifteen hours at 
100°C and then irradiated with ultraviolet. The satura 
tion level at 580 my was still the same as shown by 
curve D of Fig. 2. After heating the sample for seventy- 
five minutes at 300°C, the ultraviolet saturation was 
found to have decreased to the level shown by curve B 
which represents the condition of the sample before 
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neutron irradiation. The crystal was then irradiated 
by a neutron flux which was larger by a factor of ten 
than that used previously. The integrated neutron flux 
in this case was 6.5X10'® neutrons/cm*. The photo 
conductivity of the sample was at first very high 
(curve C of Fig. 2), but this “primary effect” could be 
removed by irradiation with visible light until the 
sample was in a state near that represented by curve EF 
Upon subsequent ultraviolet irradiation the photo- 
conductivity measured at 580 my saturated at the 
level shown by curve D, the same as had been obtained 
after the first neutron bombardment. 

lhe results of the baking procedure and the second 
neutron irradiation verify the reproducibility of the 
neutron-produced saturation level D and suggest the 
following: 1. The level of saturation of the enhancement 
of photoconductivity by ultraviolet irradiation is 
stable at room temperature and is a measure of the 
density of defects in the ery stal lattice. 2. This level of 
saturation can be changed by neutron bombardment 
in a process which may be called the “secondary effect,”’ 
as distinguished from the temporary neutron-produced 
enhancement referred to as the “primary effect.” 3. The 
secondary effect itself reaches a saturation level which 
is independent of the intensity of the neutron flux and 
which can be reproduced by further bombardment after 
the crystal has been thermally annealed. 4. The fact 
that the ultraviolet saturation level can be lowered by 
heat treatment after the neutron irradiation indicated 
that the lattice defects thus produced can be removed 
by thermal annealing. This indicates that the effect is 
not due to the introduction of impurities through 
transmutation. Vacuum annealing also reduced the 
state of disorder in the crystal since, as was previously 
mentioned, the ultraviolet saturation of an untreated 
crystal was lowered by a factor of four by annealing at 
1000°C in a vacuum 

The secondary effect was investigated further by 
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making a series of short neutron irradiations on a 
sample grown at the University of Missouri which 
initially had a much lower ultraviolet saturation level 
than the other crystals. This crystal was neutron- 
irradiated for a fixed time and then bleached to remove 
the primary enhancement. The crystal was then irradi- 
ated with ultraviolet at 335 my until a saturation 
occurred in the photoconductivity at 580 my. This 
procedure was repeated with neutron irradiations of 
increasing duration, and the results of the experiment 
are shown in Fig. 5. The curves show that most of the 
secondary enhancement is produced by an integrated 
flux VVT7 of 10% neutrons/cm’, and only a slight 
further increase is produced by an irradiation one 
thousand times longer. The saturation of the secondary 
effect occurred at the same photoconductivity level, 
4X107'Q cm! watt", for the samples of Fig. 2 and 
Fig. 5, although before neutron irradiation the satura- 
tion levels differed by two orders of magnitude. A third 
crystal was studied, which before neutron irradiation 
showed an ultraviolet saturation level the same as the 
final saturation levels of the other two crystals 
after neutron irradiation. When it was irradiated with 
neutrons no secondary enhancement was observed, 
that is, the ultraviolet saturation level did not change. 
It would be difficult to present an interpretation of the 
saturation of the neutron irradiation effect until more 
data are available regarding its characteristics. 


5. Low-Temperature Studies 


Although only a very small change is observed in the 
optical absorption bands of magnesium oxide when its 
temperature is lowered to that of liquid air, the photo- 
conductivity was found to decrease by a factor of more 
than 10° between 300°K and 90°K in a manner similar 
to that found for BaO by Tyler and Sproull.* The 
strong dependence of photoconductivity upon tempera- 
ture suggests that a two-step process may be involved, 
in which the release of charge carriers depends upon 
their acquiring enough thermal energy to be released 
from localized energy levels to which they have been 
excited by the photons. 


DISCUSSION OF RESULTS 
1. Photoconductivity Bands 


Measurements of the spectral distribution of photo- 


conductivity in magnesium oxide have revealed bands 
which correspond in wavelength to those which were 


found in the optical absorption spectra by other 
investigators. The photoconductivity study has shown 
that electronic transitions are possible at 1.2, 2.1, 3.7, 
and 4.8 ev. 

The additive coloration experiments of Weber® have 
identified the absorption bands at 2.1, 3.7, and 4.8 ev 
with excess magnesium and two bands at 4.3 and 5.6 ev 
with excess oxygen. Since it is believed that neutron 
bombardment displaces atoms from their normal lattice 
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sites to interstitial positions creating vacancies, both 
excess magnesium and excess oxygen absorption bands 
might be produced by the neutron irradiation. The 
photoconductivity bands which were found after 
irradiation correspond to the optical absorption bands 
due to excess magnesium, and bands due to the excess 
oxygen were not detected. The 4.3-ev oxygen band may 
have been present but obscured by the two adjacent 
3.7- and 4.8-ev magnesium bands. The 5.6-ev band was 
not observed because equipment limitations prevented 
measurements at that photon energy. 


2. Energy-Level Model 


On the basis of the energy transitions represented by 
the various bands mentioned above, it is evident that 
localized energy levels exist in the forbidden band. It 
was shown that the photocurrent is carried by holes in 
the valence band and that these energy transitions 
measure the potential of the localized levels above the 
valence band. 

The width of the forbidden band is unknown but is 
certainly greater than 7.3 ev and, as indicated by 
x-ray measurements,'* may be as great as 10 to 15 ev. 
It is of interest to note that the ionization energy of the 
O-~ ions in MgO has been calculated to be 11.8 ev.'® 

Reference should be made to the thermoelectric power 
measurements of John,'® which indicate that electrons 
play the major role in electrical conduction at high 
temperatures (1300°K). It has also been found!’ that 
the thermionic work function of magnesium oxide is 
2.8 electron volts. The relation of these measurements, 
both at high temperatures, to the energy-level model 
is as yet uncertain. 


3. Range 


In the experiment determining the sign of the charge 
carrier, the crystal is irradiated in a very narrow 
region by ultraviolet light. This produces charge 
carriers which drift, on the average, a small distance 
down the potential gradient before being trapped. A 
very rough idea of the range can be obtained by noting 
this distance of drift. With an electric field of 3.8 x 10° 
volts/cm the displacement of the region of activation 
can be estimated from Fig. 4 to be about 5X10™% cm. 
Most of the photoconductivity experiments were per- 
formed with a field of 1 kv/cm, in which case the range 


would be on the order of 107% cm. 


4. Quantum Efficiency 


If m charge carriers are created and trapped in the 
time /, each moving a distance x before being trapped, 
the photoconductivity current indicated by an external 


‘SP, D. Johnson, based on optical absorption studies (private 
communication 

4 Reference 11, pp. 76-78, 101 

18 J. Yamashita and M. Kojima, J 
(1952). 

‘6H. F. John (private communication) 

'7 J. R. Stevenson (private communication 


Phys. Soc 


Japan 7, 261 


detector for a sample of length ZL is 
t=nex/tL. 


If radiation of frequency vy falls on the crystal for 
the time ¢, the number of photons absorbed is 


V=Pt/hv (2) 


where P is the optical power absorbed in the crystal. 
Solving Eq. (1) for 2 and writing the fraction nV, one 
obtains the quantum efficiency, 


n/N = Lihv/xeP, (3) 


independent of any assumption of the lifetime. Substi 
tution of values for a typical sample shows that n/V 
increases from 10~7 electron, photon at 1050 my to 10~™ 
electron per photon at 255 mu. These efficiencies are 
small but are not unreasonable considering the ex 
tremely low conductivity of magnesium oxide. 


5. Density of the Color Centers 


Using the value 10 * electron, photon for the quantum 
efficiency at the wavelength of the ultraviolet irradiation 
and knowing the time required to saturate the photo 
conductivity at 580 my, one can make an estimate of 
the number of electrons required to fill all of the 2.1-ev 
levels. The number of electrons released during the 
time 7 required to produce this saturation is obtained 
from Eq. (1) by substituting (= 7. 


n=pV =(n/N)(PT/hy), (4) 


where p is the density of centers and V is the volume 
of the crystal irradiated. From this calculation one 
finds there are about 2X 10" centers/cm*. This calcula 
tion was carried out for the crystal of Fig. 2 following 
neutron irradiation and represents the saturation 
density of 2.1-ev centers. Since the 1.2-ev band satu 
rated with about the same irradiation as required for the 
2.1-ev band, approximately the same density of centers 
must be associated with levels of that energy. 
In terms of other physical quantities, the range per 
unit field strength, 
v/Fal/p, (5) 
where / is the mean free path for collisions with the 
lattice and p is the density of trapping centers. It has 
been shown!* that in KCl containing 10'® centers/cm? 
the range per unit field strength, x/F, about 
2 10~* cm?/ volt. In MgO, «/F is about 10~® em?/ volt, 
indicating a density of defects on the order of 210" 
centers/cm*, if the mean free path is about the same 


was 


in both materials. The close agreement of the results 
of the two calculations is certainly fortuitous, but it is 
believed that the order of magnitude may be significant. 

The author is indebted to Professor A. S. Eisenstein 
for many discussions concerning this investigation and 
his helpful criticism of the manuscript. 


'6 Reference 11, p. 127 
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resonance method has been used to 
value of the two-electron system in 
*S, state to the g value of the one 


The atomic beam magnetic 


measure the ratio of the 
helium in the metastable 1Is2s, 
electron system in atomic hydrogen in the ground 1s, 2S; state 
The metastable helium and the atomic hydrogen were alternately 
produced in a de discharge tube. The helium beam was detected 
by measurement of the current of electrons ejected when the meta 
stable atoms strike a wolfram wire. The hydrogen beam was de 
tected by a Pirani gauge 

Ihe resonance frequencies for the transitions m= +10 of 
helium and /’, m= 1, 0«1 1 of hydrogen were measured in the 
same magnetic field. Field values near 520 and 567 gauss were 
used. By the use of the Breit-Rabi formula for the hydrogen 
these measurements may be combined with 
gy (H, #54) and Av (hydrogen) to give 


11+16)X10 *® This re 


transition Irequency, 
experimental values for g, 


(He, 38; H,28,)=1 


the result 


1. INTRODUCTION 


Hf magnetic moment of a single electron in an 

atom has been studied intensively in recent 
years because its value provides an important test for 
the modern quantum-electrodynamic theory of the 
electron. The Dirac theory predicts that the spin mag- 
netic moment of the free electron is one Bohr magneton 
and the spin gyromagnetic ratio g, is 2. Measurements 
of the Zeeman effect of alkali-like atoms by the atomic 
beam magnetic resonance method! have given evidence 
that the actual electron spin magnetic moment differs 
from Bohr The difference, which is 
called the anomalous magnetic moment of the electron, 


one magneton 


has been ascribed to the virtual radiative processes 


predicted by quantum electrodynamics, and has been 


calculated for the free electron to second order in the 
fine structure constant.’ The theoretical value, expressed 


as the electron spin gyromagnetic ratio, is 


g, (free) = 2(1+ a/2r— 2.97 3a?/n?) = 2(1.0011454). 


In this formula, @ is the fine structure constant given 
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? J. Schwinger, Phys. Rev. 73, 416 (1948); R. Karplus and 


N. Kroll, Phys. Rev. 77, 536 (1950 
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sult may be combined with the experimental value gy(H, *Sj)exp 
= 2(1.001128+12XK10 *) to gy (He, 48;) = 2(1.001117+20 
«10 6) or with the theoretical value ¢ J H, AY theoret = 2(1.0011276 
to give gy(He, 48;) = 2(1.001117+16X 10 

These results are in good agreement with the theoretical values, 


give 


gy (He, 38,)/g7(H, 254) Jtheoret = 1— 23% 1078 


gy (He, 884) theorer = 2(1.001104), 


calculated to order a? by Perl and Hughes in the accompanying 
paper. This arithmetic 
additivity of the anomalous magnetic moments of the two elec 

trons and the nonradiative relativistic 
the magnetic moment for the two electrons in helium. The mutual 
radiative correction arising from the Breit interaction is small 
compared with the experimental uncertainty 


agreement tends to substantiate the 


bound-state correction to 


by 
137.0365. 


a e he 1 


No direct experimental measurement of the spin 
g value of a free electron has yet been made, but a pre- 
cise determination of the g value of the electron in 
hydrogen has been carried out. The conventional Dirac 
theory of the hydrogen atom predicts that the g value 
of the electron bound in hydrogen will be less than that 
of the free electron. For the 1s,*S; ground state this 
theory gives‘ 


gy (H,*S4) = g, (free) (1— a*/3)=g,(free) (1— 17.8 10~°). 
By using the quantum-electrodynamic value given above 
for g,(free), it is found that gy(H, *S4)=2(1.0011276). 
The experimental determination of the ratio of the 
g value of the electron in hydrogen in the *S; ground 
state to the g value of the proton,® when combined with 
the measurement of the ratio of the g value of the proton 
to the orbital g value of the free electron,® yields for the 
g value of the electron bound in hydrogen gy(H, *S4) 

2(1.001128+ 12 10~*).? This is in excellent agree- 
ment with the theoretical value. 

The motivation for the experiment described in the 
present paper was to compare the spin magnetic mo- 
ment of a two-electron system with that of a one- 
electron system in order to provide a test for the quan- 
tum-electrodynamic theory of the two-electron system ; 


§ Dayhoff, Triebwasser, and Lamb, Phys. Rev. 89, 106 (1953) 

*G. Breit, Nature 122, 649 (1928); H. Margenau, Phys. Rev 
57, 383 (1940). 

® Koenig, Prodell, and Kusch, Phys. Rev. 88, 191 (1951) 

6 J. H. Gardner and E. M. Purcell, Phys. Rev. 76, 1262 (1949) ; 
J. H. Gardner, Phys. Rev. 83, 996 (1951). 

7The value gy(H, #5;) is not explicitly given in reference 5, 
but it is implicit in the data, and can be calculated from the ex 
perimental value quoted for g,(free) of 2(1.001146+12X 10~*) to 
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gether with the theoretical relation gy (H, #54) /g, (free) = (1 —a?/3) 


= (1—17.810~*). For the value of @ see reference 3 
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in particular, in order to test the additivity of the mag- 
netic moments of the two electrons. 

The two-electron system chosen was the lowest- 
energy triplet state of the He* atom, which is the meta- 
stable 1s2s,*S, state. The one-electron system chosen 
was the 1s,*S, ground state of atomic hydrogen. The 
ratio gy(He, *S,)/gy(H, 2S;) may be obtained from 
measurements by the atomic beam magnetic resonance 
method of the transition-frequencies between the Zee 
man levels of each of these systems in the same mag- 
netic field. 

An alternate experiment considered was the deter 
mination of the ratio gy (He, *S;)/g,, using the atomic 
beam method for helium and the nuclear resonance 
absorption method for the proton g value. This result 
could be combined with the known value for the ratio 
gy (H, 2S;)/g,p to give gs(He, *S,)/g7(H, *S;). The re 
quirement that the two resonances involved in a deter 
mination take place in the same magnetic field, how 
ever, makes the former experiment employing two 
atomic beams seem simpler than the latter experiment 
employing an atomic beam and a proton sample. 

Another possible experiment would be the deter 
mination of the ratio of gy(He, *S;) to g,, the orbital 
gyromagnetic ration of the free electron, using a helium 
atomic beam, and measuring the cyclotron frequency 
of the electron. This result could be combined with 
known values of g,/g: and g,(H,*S;)/g, to give 
gy (He, *S:)/g,(H, 2S;). Once again the requirement 
that the two resonances be observed in the same mag- 
netic field seems to make the chosen method simpler. 

In the accompanying theoretical paper g,(He, *S;) is 
calculated to order a. The relativistic bound-state cor- 
rection to the gy (He, 4S;) is derived from Breit’s gen- 
eralization of the Dirac equation, and the quantum 
electrodynamic radiative correction to the g, for the 
free electron is used. 

The primary new experimental problem was the 
production and detection of a beam of helium atoms in 
the metastable *S, state. It has been reported® that a 
glow discharge in helium is an adequate source of the 
metastable atoms, and that they can be detected by 
means of the electrons which are ejected when the 
metastable atoms strike a metal surface. 

A preliminary experimental value for the ratio 
gy (He, *S;)/g,(H, 2S;) has also been reported.’ 


2. THEORY OF THE EXPERIMENT"’ 


The part of the Hamiltonian for the helium atom 
which represents the interaction of the electrons with 
a constant magnetic field 7, applied in the z direction 
is given in the Pauli approximation by: = og l.H, 
+pogsS,H, in which gz, and gs are the orbital and spin 

8 V. Hughes and G. Tucker, Phys. Rev. 82, 322 (1951) 

Tucker, Hughes, Rhoderick, and Weinreich, Phys. Rev. 86, 
618 (1952) 

See W. Perl and V. Hughes, following paper [Phys. Rev. 91 
842 (1953) ]. 
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gyromagnetic ratios for the two electrons, 1, and S, 
are the operators for the z components of the total 
orbital and spin angular momenta, respectively, and po 
is the Bohr magneton. There are magnetic interaction 
terms in the more complete Hamiltonian which are 
due to the virtual radiative effects of quantum electro 
dynamics. These terms are incorporated into the Pauli 
approximation by allowing the value of gs to differ 
from 2. 

In addition there are magnetic interaction terms due 
to the relativistic bound-state effects predicted by 
Breit’s generalization of the Dirac 
terms are incorporated into the Pauli approximation 
by allowing the value of gs to differ from 2 and the 
value of gy to differ from 1. The term in the Hamil 
tonian which is quadratic in the external field H/, is 


equation. These 


negligible at the magnetic field strengths used in the 
present experiment, which were near 540 gauss 

The lowest-energy triplet state of helium can be de 
scribed by Russell-Saunders coupling with L=0 and 
S=1, that is, as a 4S; state, for the purpose of computing 
the interaction energy in an external magnetic field to 
order a’uoll,. The magnetic energy is given by the 
diagonal matrix element of 30: W (He, *S,)= (J, m|3| 

J, m)=wogsH.m, in which J is the quantum number 
for the total angular momentum, and m is the quantum 
number for the component of the total angular mo 
mentum in the z direction and takes on the values 
0, +1. Off-diagonal matrix elements of 3 do not con 
tribute to the magnetic energy to order a’yofl, because 
of the validity of the Russell-Saunders coupling ap- 
proximation. 

The relative energies of the hyperfine states of 
hydrogen in its ground 1s, 2S; state in a constant mag 
netic field 7, applied in the z direction are given by the 
Breit-Rabi formula," 

hAv 


+ giuoll, 
2(27+1) 


hAv fon 
( + x? 
2 2/+1 


in which Av is the hyperfine structure separation in 
cps, 4 is Planck’s constant, / is the proton spin in units 
of h and equals 4, g; is the gyromagnetic ratio for the 
proton, Ff is the quantum number for total atomic 
angular momentum, m is the quantum number for the 
z component of total atomic angular momentum, and 
uo is the Bohr magneton. The quantity x is proportional 
to the magnetic field intensity #7, and is defined by 
x= (gy—gr)uoll./hAv in which g, is the electronic gyro 
magnetic ratio in the ground state of hydrogen. 

In the experiment to be described in this paper the 
resonance frequency for the transitions between the 
states m= +1 and the state m=0 of helium is meas 


38, 2082 (1931) 
73, 718 (1948) 
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used in a constant magnetic field, and then the reso- 
nance frequency for the transition between the states 
F=+1, m=0 and F=+1, m=—1 of hydrogen 
is measured in the same magnetic field. The ratio 
gy (He, *S;)/g,(H, *S,) can be computed from these two 
observations if use is made of values of Av'?:* and of 
g1/g7(H, *S;)° determined from other atomic beam ex- 
periments. This ratio, when combined with the known 
value given above for gy(H, *S;) gives gy (He, 45;). 


3. PRODUCTION AND DETECTION OF A BEAM OF 
HELIUM ATOMS IN THE LOWEST-ENERGY 
TRIPLET STATE 


The production and detection of a beam of helium 
atoms in the lowest-energy triplet state (152s, *S,) was 
the first experimental problem. The lifetime of an iso- 
lated atom in this metastable state is long, since an 
electric dipole transition to the ground singlet state 
(15°, So) is forbidden by the selection rule on parity 
change. The transition is possible by a double quantum 
emission with an estimated lifetime of 10° 
sec."4 This metastable state will not be quenched by 
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hic. 1. Diagram of the atomic beam apparatus 
magnetic or electric fields present in the atomic beams 
apparatus. Hence the lifetime of a metastable atom in 
the beam will be long compared to the time of about 
2104 sec required to traverse the apparatus. 

From optical spectroscopy it is known that helium 
atoms in the 152s, %S, state are present in a glow dis- 
charge in helium. The helium atoms in this metastable 
state are produced by inelastic exchange collisions be- 
tween electrons and helium atoms in the ground state. 
This is a resonant process, with an experimental maxi- 
mum cross section of 4.8 107'® cm? for an electron 
with a kinetic energy approximately equal to the 19.77- 
ev difference between the energies of the metastable 
state and the ground state.!® The atoms are lost from 
the metastable state principally upon diffusion to the 
walls of the discharge tube. In the appendix the equi- 
librium density of metastable atoms in the plasma 
region of a discharge is calculated roughly for a typical 
case to be 3.110" metastable atoms per cm*, or one 


Kusch, Phys. Rev. 88, 184 (1952). 
Astrophys. J. 91, 215 (1940). 

B. O. Mohr, Proc. Roy. Soc. (Lon 
S. W. Massey and E. H. S. Burhop, 
Phenomena (Oxford University Press, 


3A. G. Prodell and P 

4(5. Breit and FE. Teller, 

1H. S. W. Massey and C 
don) A132, 6005 (1931); H 
Electronic and Tonic Impact 
London, 1952), p. 160 
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metastable atom for every 2.3X 104 atoms in the ground 
State. 

The detection of metastable helium atoms is known 
to be possible by electron emission on striking a metal 
surface. When a metastable atom strikes the surface, 
it may make an inelastic collision of the second kind, 
in which it may be considered that an electron from the 
metal goes into the AK shell of the atom, and the /-shell 
electron is ejected and carries off the excess energy.'* 
The yield of this process has been measured to be 0.24 
electron per atom.!? 


Search for the Beam of Metastable Atoms 


The major equipment for the present experiment was 
the atomic beam apparatus described by Nafe and 
Nelson.’? The beam source was a narrow slit in the 
wall of a discharge tube. A movable wire which could 
be used to block the beam was introduced into the 
“C” field region. For the detection of the metastable 
atoms, a movable unheated wolfram wire was intro- 
duced together with an electron collector plate of nickel 
attached to the grid of an FP54 electrometer tube. The 
detector wire was biased negatively with respect to 
ground,'* and the collector plate was connected to 
ground through 10'' ohms. The over-all sensitivity of 
the electrometer tube and its associated circuit!® was 
10~'® ampere per mm. A sketch of the essential ele- 
ments in the apparatus is given in Fig. 1. The apparatus 
will be described in detail in the next section. 

Preliminary studies of the optical spectrum from 
helium in the discharge tube with a Hilger constant 
deviation spectrograph showed the 3889A line from the 
transition 153, *P—>+1s2s,%S, and thus indicated the 
presence of the *S,, metastable atoms. The line intensity 
increased markedly with increase of the tube current 
in the range up to about 200 ma. There was a small de- 
pendence of line intensity on pressure with a maximum 
at a pressure near 0.5 mm of Hg. 

In addition to helium atoms in the metastable 4S, 
state, other components of the discharge which may 
emerge from the source slit as constituents of the beam 
are: (1) helium atoms in the ground state; (2) helium 
atoms in the metastable 152s, 'So state; (3) helium 
atoms in nonmetastable excited states; (4) electrons 
and helium ions; (5) helium molecules; (6) photons; 
(7) possible impurities. The problem of distinguishing 
the helium atoms in the metastable 4S, state from these 
other constituents of the beam must be considered. 

The helium atoms in the ground state will not be 
detected because they do not have the energy to cause 
the ejection of electrons at the detector. Atoms in the 


16 A. Cobas and W. E. Lamb, Jr., Phys. Rev. 65, 327 (1944) 

17R. Dorrestein, Physica 9, 433 (1942); 9, 447 (1942). H. D. 
Hagstrum, Phys. Rev. 89, 244 (1953). 

18 The bias ordinarily used was about 15 v 
increase of the bias above this value did not 
lected electron current appreciably. 

1 F.C. Armistead, Rev. Sci. Instr. 20, 747 
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metastable 'So state can eject electrons. Atoms in other 
excited states have lifetimes of the otder of 10 to 
10-7 sec, and so will not last long enough to traverse 
the apparatus. Electrons and ions will be removed 
from the beam by the magnetic fields. The He2 molecule 
is known to exist, and may be present in the discharge 
tube. It may have enough energy to eject electrons, but 
is probably short-lived; moreover, the ground state of 
this molecule is a *II state, and so it would be dis- 
tinguished from the 4S; metastable atoms because of its 
different magnetic moment. There is a high intensity 
of photons in the range of 500 to 600A present in the 
beam. These photons are energetic enough to eject 
photoelectrons from the detector wire. It is unlikely 
that impurities could cause confusion. The helium used 
was welding grade AA helium, supposed to be 99.99 
percent pure; moreover, a search has been made for 
metastable atomic or molecular constituents from dis- 
charges in many of the gases more likely to be present 
as impurities, including argon, neon, oxygen, nitrogen, 
and water vapor. The results have indicated that 
traces of these gases could not give appreciable in- 
tensities. 

Thus the only constituents of the beam from the 
helium discharge which can reach the detector and eject 
electrons are 45; metastable atoms, 'S 9 metastable 
atoms, and photons. Since the wavelengths of the 
photons are small compared to the width of the col- 
limator slit, diffraction effects will be negligible so the 
atom and photon beams will have the same relative 
intensity distributions at the detector. Only the 4S, 
metastable atoms, however, can be deflected by the 
inhomogeneous magnetic fields, and so they can be dis- 
tinguished from the photons and the ‘So metastable 
atoms. 

To establish the presence of *S, metastable atoms in 
the beam, it was therefore desired to demonstrate by 
means of a Stern-Gerlach experiment that there were 
indeed particles in the beam which were deflected by 
the inhomogeneous magnetic fields and whose magnetic 
moments were of the right order of magnitude. With 
the homogeneous magnetic “‘C”’ field present to remove 
ions and electrons from the beam, but without the in- 
homogeneous magnetic “A” and “B” fields, the in- 
tensity distribution at the detector was that to be ex- 
pected from the dimensions of the apparatus. With the 
inhomogeneous ‘‘A”’ field present as well as the “C”’ 
field, the total beam intensity was markedly less, and 
the relative intensity distribution at the detector was 
slightly different. These effects may be seen in Fig. 2. 
The decrease in total intensity was due to the influence 
of the stray magnetic flux from the ‘‘A”’ field on the 
discharge. This effect was reduced by magnetic shield- 
ing around the tube. The smalJness of the effect of the 
inhomogeneous field on the intensity distribution indi- 
cates that the 4S, metastable atoms constitute only a 
small portion of the total observed beam. Since the 
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Fic. 2. Intensity distribution of the beam from the helium dis 
charge. The solid curve is taken with the homogeneous “C”’ field 
present. The dashed curve is taken with the inhomogeneous “A” 
field present as well 


number of 'Sy metastable atoms in the beam is not 
expected to be large compared to the number of *%S; 
metastable atoms, the major portion of the observed 
beam must be due to photons. 

The difference between the intensity distributions 
with the “A” field on and off, and the difference be- 
tween these distributions after they have been nor 
malized to the same integrated intensity are shown in 
Fig. 3. Clearly the effect of the presence of the “A” 
field is to decrease the relative beam intensity at the 
center of the distribution and to increase it on the sides. 
This is the effect to be expected if particles with spin 1 
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Fic. 3. Effect of the inhomogeneous “A” field on the intensity 
distribution of the beam. The solid curve is the difference between 
the dashed and solid curves of Fig. 2. The dashed curve is the 
difference between the dashed and solid curves of Fig. 2 after they 
have been normalized to the same integrated intensity 
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are deflected. Atoms with angular momentum com 
1 will be deflected in one direction, those 
1 will be deflected in the other 
0 wili not 


ponent m T 
with component m 
direction, and those with component m 
be deflected. 

The corresponding effect with the “B” field present 
instead of the “‘A”’ field is shown in Figs. 4 and 5. The 
large increase in total intensity resulting from the 

/” field is ascribed to the effect of the stray magnetic 
ux at the detector in modifying the trajectories of the 
ejected electrons so that more of them strike the col 
lector plate 

That the changes in relative intensity distribution 
resulting from the presence of the inhomogeneous fields 
are due to the deflection of helium +S, metastable atoms 
is further verified by the agreement indicated in Fig. 5 
between the observed deflection and the deflection 
calculated for helium atoms with a magnetic moment 
of two Bohr magnetons. ‘The over-all measurement was 
sufficiently accurate to establish that the magnetic 
moment of the deflected helium atoms was within 0.4 
Bohr magnetons of the expected value. The change in 
relative beam intensity distribution corresponds to a 
current due to “S, metastable atoms of 107” amp. The 
portion of the observed beam which is due to photons 


corresponds to about 7* 10 amp. 
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lic. 4. Intensity distribution of the beam from the helium dis 
charge. The solid curve is taken with the homogeneous “C”’ field 
present. The dashed curve is taken with the inhomogeneous “‘B”’ 
field present as well. The large increase in intensity is due to the 
effect on the detector of stray flux from the “B”’ field. 
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With both “A” and ‘B”’ fields present, particles 
having a magnetic moment should be focused on the 
detector. As a further test for the presence of 4S, meta- 
stable atoms, this focused beam was sought. To de- 
crease the background of undeflected beam components 
at the detector, a wire stop was interposed in the direct 
path from source to detector. Detlected particles could 
pass around the wire stop and be focused on the de- 
tector. ‘So metastable atoms would be blocked from the 
detector by the wire stop. A large number of photons 
were diffracted around the wire stop. To differentiate 
between the focused beam and these diffracted photons, 
the difference between the intensity distributions with 
the “A” field present and absent was siudied. This 
difference curve, which is shown in Fig. 6, is that to be 
expected from the dimensions of the apparatus. The 
maximum intensity of the focused beam corresponded 
to an electron current of 5X10°“ amp, which was 
about 1/100 of the total current observed when no 


wire stop was interpr sed. 


4. APPARATUS FOR THE RESONANCE EXPERIMENT 


\s stated previously the apparatus used was that 
described by Nafe and Nelson. Several modifications 
were made. The old pumps were replaced with faster 
metal diffusion pumps, which maintained a pressure 
in the detector chamber when there was no gas in the 
discharge tube of about 3107-7 mm of Hg as read on 
an ionization gauge. When there was gas in the dis- 
charge tube, the pressure in the detector chamber was 
about 1X10 ° mm of Hg. The old Pirani gauge was 
replaced with a faster and more sensitive one of the 
type described by Prodell and Kusch.'* They have also 
A nuclear induction 
” field region for 


described the associated circuit. 
probe” was introduced into the ‘¢ 
measurement of the magnetic field strength and was 
intended as an aid in setting the field strength to the 
desired values. The inclusions are shown in Fig, 1. 

The dimensions along the direction of the beam were 
the same as those used by Nafe and Nelson.” The 
source and collimator slits were 0.075 mm wide, the 
detector wire was 0.125 mm in diameter, and the 
Pirani slit was 0.025 mm wide. The wire stop was 1.5 
mm in diameter. For the preliminary experiments 
described above, the beam height was limited to 9 mm 
by the height of the source slit, and by horizontal edges 
placed on the detector side of the ‘“B” magnet. For the 
later resonance experiment the beam height was re- 
duced to 5 mm by horizontal edges placed on the col- 
limator, and on the detector side of the ““B”’ magnet. 


The Discharge Tube 
The discharge tube was similar to that described by 
Zacharias.” At first a directly 
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Fic. 5. Effect of the inhomogeneous a field on the intensity 
distribution of the beam. The solid curve is the difference between 
the dashed and solid curves of Fic. 4. The dashed curve is the 
difference between the dashed and solid curves of Fig. 4 after they 
have been normalized to the same integrated intensity. The arrows 
indicate the positions at which the maxima of the dashed curve 
would be expected to occur if helium atoms with a magnetic mo 
ment of two Bohr magnetons are being deflected by the “B”’ field 


heated filamentary wolfram cathode was used, but this 
cathode sputtered badly and deteriorated rapidly. In 
an attempt to reduce sputtering, hollow cup-shaped 
aluminum electrodes were finally used and the cathode 
was water-cooled. The inside diameter of the tube 
varied‘from 5 mm to 12 mm, and the length of the cur- 
rent path was about one meter. The source slit edges 
were waxed on in the manner described by” Nafe and 
Nelson.” Gas was supplied to the tube from two supply 
systems of the type described by Prodell"and Kusch." 
Either or both of the supply systems could be con 
nected to the tube through stopcocks. The discharge 
was excited by a de power supply capable of supplying 
1 ampere at 5000 v. The power supply was current 
regulated, and had an ac internal impedance of about 
50 000 ohms. The helium discharge could be initiated 
and maintained with pressures in the range from 0.1 to 
0.5 mm of Hg. Within this range the beam intensity did 
not vary greatly. The intensity increased with tube 
current in the range from 20 ma to 300 ma, but the 
cathode sputtered excessively at currents above 100 
ma. As the cathode material sputtered onto the sur- 
rounding wall of the discharge tube, higher pressures 
were required to maintain the discharge. At these higher 
pressures, the rate of flow through the slit was greater, 
and the pressure outside the slit was increased to the 
point where the beam was attenuated. For this reason, 
a tube current of 100 ma was ordinarily used. This 


required a voltage of about 2500 v. 


The Magnets 


‘Fhe “A,” ““B.” ang “Ce” 
used by Nafe and Nelson. The “A” 


field magnets were those 
and “B” magnets 
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had a ratio of field gradient to field strength of 1.25 
at the position of the beam. “4” and “B” field strengths 
of 10000 gauss were used. The resulting tield gradients 
were such that either magnet produced a deflection of 
0.7 mm at the detector for a 4S; metastable helium atom 
moving with a speed equal to the most probable speed 
in the source. “‘C”’ field strengths from 450 to 600 gauss 
were used. The “C” magnet poles were clamped tightly 
against brass spacers. A mechanical test of the spacing 
indicated uniformity over most of the gap to within 
0.0002 in. 

The currents in the “A,” “B,” and “C’ 
were ordinarily near 54, 78, and 25 amperes, respec 
tively. The “A” and ‘B” currents were monitored 
manually to within 40 parts in 10°, and the “C” current 
to within 6 parts in 10°. 

Preliminary studies of the ““C’”’ tield were made with a 
nuclear induction probe.” This was a cylindrical coil 
} in. in diameter and about } in. long, containing a water 
sample to which a small amount of copper sulfate 
had been added. It was found that stray flux from the 
“4” and “B” magnets contributed about 15 percent 
to the total “C”’ field. In general this stray flux improved 
the homogeneity of the “C” field. It was possible ap 
proximately to maximize the homogeneity by small 
variations in the relative strengths of the “A” and 
“B” fields. The residual inhomogeneity was critically 
dependent upon the process of magnetization. Turning 
one or more of the magnets off and on again had a pro 
nounced effect on the inhomogeneity. For optimum 
adjustment the field was homogeneous to within a few 
parts in a thousand throughout most of the “C” field 


> magnet coils 


region. 
THE RADIO-FREQUENCY SYSTEM 


\ block diagram of the radio-frequency system is 
shown in Fig. 7. For the ‘‘C” field strengths used the 
helium transition frequency was between 1450 and 1600 
Mc /sec and the hydrogen transition frequency was be- 
tween 1000 and 1150 Mc/sec. The radio-frequency cur 
rents were supplied by two grounded-grid coaxial line 
oscillators which were the transmitter sections of Radar 
Jammers T-85/APT-5 which use 3C22 lighthouse tubes. 
These oscillators are continuously variable in frequency 
from about 300 to 1600 Mc/sec, supply*an output 
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Fic. 6 The refocused 
beam. This curve is the 
difference between the dis 
tributions of beam intensity 
with the “A,” “B,” and 
“C” fields present and with 
only the “B” and “C” 
fields present, taken with 
the wire stop interposed 
into the direct path from 
source to detector 
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power of about 7 w when operated from a 300-v “B” 
supply, and have a short-time drift of less than a few 
kc/sec in one second when the “B”’ supply is regulated. 
A coaxial switch was used so that either of the oscilla- 
tors could be connected to the remainder of the system. 

The current to the rf loop, or “‘hairpin,’”’ was con- 
trolled by a coaxial line triple-stub tuner, a variable 
resistive attentuator, and a fixed coaxial attenuator. 
The current was monitored with a type 1N23 silicon 
crystal detector in a section of slotted line. The current 
was led into the vacuum chamber through a coaxial 
metal-to-glass seal. The “hairpin”? was of the type 
described by Prodell and Kusch,'* and had an extension 
along the beam of 1.5 cm. The “hairpin” was surrounded 
by a copper box with narrow entrance and exit slits 
for the beam. This box served as a shield to reduce stray 
rf leakage outside of the transition region. 

The frequency was measured by mixing a part of 
the output from the oscillator with the output from a 
crystal harmonic generator’ which was driven by a 
signal from a frequency standard. A beat frequency in 
the range from 10 to 20 Mc/sec was measured with a 
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hic. 7. The radio-frequeney system 

National HRO receiver. The frequency standard™ em 
ployed a 50-ke/sec crystal oscillator and frequency 
multipliers, and gave output signals at 40, 80, and 240 
Me/sec. The crystal was kept in a constant tempera- 
ture oven. The standard could be adjusted to agree 
with calibrating signals from WWV to within better 
than 1 part in 10’. The crystal harmonic generator pro- 
vided frequencies which were multiples of 240 Mc/sec 
with 40-Mc/sec and 80-Mc/sec sidebands. The receiver 
was calibrated to within 1 part in 20 000 with a General 
Radio 620A heterodyne frequency meter. The over-all 
precision of the frequency measurement was better than 
one part in 10°, 


5. EXPERIMENTAL PROCEDURE 
Ideal Case 


The theoretical line shape for the hydrogen resonance 
in a perfectly homogeneous magnetic field has been 


* The harmonic generator was a coaxial crystal cavity of the 
type described by R. G. Talpey and H. Goldberg, Proc. Inst 
Radio Engrs. 35, 965 (1947 

“The frequency standard was built and maintained for the 
Columbia Molecular Beams Laboratory by Richard Blume. A 
detailed description of the standard is to be published. 
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calculated by Torrey.”> It is symmetrical and has its 
maximum at the Bohr frequency. When the rf ampli- 
tude is adjusted to maximize the line intensity at its 
peak, the natural width of the line is given by 1.072/r, 
in which 7 is the time spent in the transition region by 
an atom with a velocity equal to the most probable 
velocity in the source. For a 1.5-cm “hairpin” and a 
source at room temperature the natural width of the 
hydrogen line is 160 kc/sec. 

The theoretical line shape for the helium resonance 
is calculated in Appendix IJ. It is symmetrical with 
the Bohr frequency at the center of symmetry. When 
the rf amplitude is adjusted to its optimum value, the 
natural width of the line is 90 kc/sec. For certain condi- 
tions the helium line may have two peaks with a mini- 
mum at the center of symmetry. (See Appendix II.) 

If the hydrogen, helium, and photon beams were all 
perfectly steady, if the “C’’ field were perfectly homo- 
geneous and steady, and if the detectors were free from 
noise or drift, a sufficient procedure would be to run 
with one gas and then with the other and measure the 
rf frequency for which a minimum is observed in the 
detector signal for each gas. From these two frequencies 
gy (He, 4S;)/gs(H, 2S;) could be calculated. 


Practical Problems 


The experiment was complicated in practice by beam 
and detector noise and drift, and by inhomogeneity 
and drift of the “C”’ field. 


Voise 


There were continual fluctuations in the intensities 
of the beams although a constant current power supply 
was used to excite the discharge. Typically, the hy- 
drogen resonance gave a peak deflection of 2.5 cm on 
the galvanometer scale. The mean amplitude of the 
fluctuations in the hydrogen beam was about 5 percent 
of the amplitude of the resonance. The mean amplitude 
of the fluctuations in the helium beam and the photon 
beam together was about 15 percent of the amplitude 
of the helium resonance. In addition, there were occa- 
sional sudden changes in the photon beam of a magni- 
tude several times the amplitude of the helium reso- 
nance, followed by fairly rapid drifting back toward 
the quiescent state. 

To minimize the noise introduced into the helium 
resonance curves by the fluctuations in the photon 
background, the wire stop was interposed so as to 
block the direct path from the source to the detector, 
while allowing helium atoms with wide trajectories to 
pass on one side. When this was done, the noise was 
reduced to about 5 percent of the resonance amplitude.”® 

*5H. Torrey, Phys. Rev. 59, 293 (1941 

26 An alternative scheme of selectively absorbing the photons 
was tried. Helium gas was introduced into the interchamber 
region in the hope that resonance radiation from the discharge 


would be absorbed by the gas whereas the atom beam would be 
relatively unattenuated. It was found, however, that when the 
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The wire stop could not be left in place for the hydrogen 
resonance, since the resultant decrease in total beam 
made the resonance hard to distinguish from noise in 
the detector. 

The accuracy with whick. the frequency can be set 
for the resonance maximum is poor in the presence of 
noise because the derivative of resonance amplitude 
with respect to frequency vanishes at the maximum. 
An appropriate procedure, therefore, involves setting 
the rf at a series of equally spaced frequencies near the 
maximum of the resonance, and measuring the beam 
amplitude at each setting. A parabola can be fitted to 
these data by the method of least squares, and the center 
of symmetry of the parabola taken as the resonant 
frequency. 


Drift of Beam and Detector 


There was a steady slow drift of the beam intensities 
presumably due to a gradual change of pressure in the 
discharge tube. In addition the zero reading of the 
Pirani circuit drifted by an amount equal to the maxi- 
mum amplitude of the hydrogen resonance in about 20 
min. This drift had the effect of shifting the apparent 
position of the resonance minimum. The effect may be 
eliminated if the drift is linear by averaging resonance 
curves taken first with frequencies increasing and then 
with frequencies decreasing. 


Drift of “C” Field 


The “C” field strength drifted by about 30 parts in 
10° per hour despite the monitoring of the magnet 
current. Hence taken at different times 
correspond to different field strengths, so it was de- 


resonances 


sirable to run hydrogen and helium beams simultane- 
ously. An attempt was made to do this by mixing the 
two gases in the discharge tube. It was found, however, 
that about 30 percent (partial pressure) of hydrogen 
added to the helium reduced the yield of metastable 
helium atoms by more than 95 percent, and gave an 
atomic hydrogen beam scarcely above noise. The 
quenching of metastable helium atoms by hydrogen is 
believed to be due to the fact that in a collision between 
a metastable helium atom and a hydrogen atom the 
helium atom may transfer its energy to the hydrogen 
atom and make a transition to the ground state, so that 
the metastability is lost, whereas in a collision between a 
metastable and an unexcited helium atom, the meta- 
stability can only be transferred from one helium atom 
to the other. 

Another way of producing the two beams simul- 
taneously would be to run two discharge tubes, one 
giving a beam directly above the other. It was con- 
sidered, however, that the loss in intensity resulting 
from reducing the individual beam heights would make 


pressure of helium in the interchamber was raised to a value for 


which the light intensity was reduced by }, 


beam was reduced by more than 90 percent 


the metastable aton 
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the experiment more difficult. Moreover, the two beams 
would not have the same trajectories in the “C”’ field. 

The drift in beam intensity was unusually large 
when a discharge was first initiated. For this reason a 
reliable resonance curve cvuld not be taken for several 
minutes after initiation of the discharge. It was found 
possible, however, to maintain the discharge while the 
gas was being changed, by connecting the supply of 
the new gas before shutting off the old. When this was 
done the unusually large initial drifts were avoided and 
resonance curves could be taken with the new gas 
within about three minutes. The rapidity of this gas 
changing technique made it less important to run the 
two beams simultaneously. 

It was also desirable to minimize the time spent in 
locating each resonance maximum. This requirement 
was to be balanced against the requirement that beam 
intensity measurements be taken at closely spaced 
frequencies so as to locate the maximum accurately, 
and the requirement that several readings be taken at 
each frequency so as to average out random fluctuations 
in intensity. 

Inhomogeneity of “C” Field 


Effect on line width. The variation of field strength 
with position within the “hairpin” had the effect of 
broadening the resonance lines and making them asym 
metrical. The which could 


usually be obtained were about 350 kc/sec wide, and 


narrowest helium lines 
the narrowest hydrogen lines about 400 ke/sec wide. 
The natural width for the helium lines is 90 ke/sec. 
Thus the inhomogeneity broadened these lines by about 
260 kc/sec or 17 parts in 10°. This indicates a variation 
of field of 17 parts in 10° within the transition region 
The natural width for the hydrogen line is 160 ke/sec. 
Thus the inhomogeneity broadened these lines by about 
240 ke/see or 22 parts in 10°. Taking into account the 
hfs of hydrogen this indicates a variation of field of 
19 parts in 10° which is nearly the same as that indi 
cated by the width of the helium lines. 

The variation of field strength in the transition region 
and the resulting line widths could have been reduced 
by decreasing the area of this region. However, since 
the vertical variation of the field is probably large, as 
indicated below, it would have been necessary to reduce 
the height of the beam, thus sacrificing intensity. 

Effect on use of wire stop-With no wire stop the 
trajectories of both helium and hydrogen are sym 
metrically distributed about the undeflected path. 
The use of the wire stop for helium and not for hydrogen 
moves the mean trajectory for helium about 0.1. mm 
horizontally away from that for hydrogen. If the 
wire stop is not perfectly parallel to the collimator 
so that the upper part of the helium beam is blocked to 
a different extent from the lower part, then the use of 
the wire stop will also shift the mean trajectory for 
helium vertically. A tilt of the wire stop by as little as 
0.1°, for example, would shift the mean trajectory 
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Fic. 9. A helium resonance curve. The solid triangles are meas 
ured points. Those pointing up are taken with the rf power on and 
those pointing down are taken with the rf power off. Five points 
are taken at a fixed frequency with the rf alternately on and off 
before moving to the next frequency setting. The hollow triangles 
are averages of the corresponding solid triangles. The open circles 
are differences between the hollow triangles. The dashed curve is 
a parabola fitted to the open circles by the method of least squares. 
The arrow indicates the position of the minimum of this curve 
The large change in beam amplitude near 1450.30 Mc/sec is attrib 
utable to a sudden fluctuation in the photon background. 
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for helium will also shift the average value of the tield 
over the helium trajectories. This effect should be in 
opposite directions when opposite edges of the wire 


stop are used. 

To study the effect of using the wire stop, the helium 
beam was alternately cut with opposite edges of the 
wire stop. Typically, the resonance maxima for the two 
edges differed by 90 ke or 6 parts in 10°. 

To study separately the transverse horizontal gradi- 
ent of the field in the transition region, the hydrogen 
beam was shifted laterally by displacing the collimator 
and detector. A shift of the beam through about 8 
times the mean deflection of the trajectories changed the 
frequency by 50 ke/sec or 5 parts in 10°. This result 
implies a horizontal gradient of about 4 parts in 10° 
per mm, which would account for a difference between 
the helium resonance maxima taken on the two sides 
of the wire stop of 30 kc/sec. The remainder of the 
observed difference must be ascribed to the vertical 
gradient of the field together with the vertical shift of 
the mean trajectory resulting from a tilt in the wire stop. 

An attempt to use the wire stop to block the direct 
photon beam from the detector wire without cutting 
the helium beam with the edge of the wire stop was 
made by shifting the detector wire from its usual posi- 
tion where it receives the focused beam to the side where 
it receives atoms that have undergone the transitions 
m=0-—>—1 and m= 4-1-0. Since these two components 
are well separated at the wire stop, it was possible to 
place the wire stop so that the photons and the latter 
component were nearly blocked and the former com 
ponent was not appreciably blocked. In this way the 
effect of the tilt of the wire stop was eliminated. Since, 
however, atoms that have undergone a transition are 
not focused, but are deflected less the greater their 
velocity, the displaced wire will receive atoms with 
velocities in a limited range, and so with trajectories 
in a limited range. Therefore the average field for the 
detected transitions will differ from that for hydrogen, 
where this method cannot be used because of the loss 
in intensity. 


Procedure Adopted 


In the tinal procedure the gases were alternated while 
the discharge was maintained as discussed earlier in 
this section. The wire stop was not used. The two de 
tectors were placed as close to the center of the unde- 
flected beam as they could be without having the de- 
tector wire block the beam to the Pirani gauge. Thus 
the trajectories of the detected hydrogen and helium 
beams were made as close together in the “hairpin” 
as possible. 

lor hydrogen the beam amplitude was measured at 
frequencies spaced 40 kc/sec apart and covering a range 
of 280 kc/sec. The zero reading of the Pirani gauge 
drifted so rapidly that it was necessary to take alter- 
nately resonance curves with the frequency increasing 
and with the frequency decreasing, and then to average. 
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A typical set of experimental data is shown by the solid 
circles in Fig. 8. The hollow circles are averages. The 
drift of the zero is apparent in this figure. 

For helium the beam amplitude was also measured 
at frequencies spaced 40 kc/sec apart. Noise and drift 
obscured the helium resonance curve so that it 
necessary to cover 400 kc/sec to be sure of including 
the resonance maximum. The beam amplitude was 


was 


measured several times at each frequency with the rf 
power alternately on and off to average out noise and 
irregular drifting. Data from a typical run are shown 
in Fig. 9. The solid triangles pointing up are points 
taken with rf power off. Those pointing down are taken 
with rf power on. The hollow triangles are averages of 
the corresponding solid triangles, and the circles are 
differences between the averages with power off and 
with power on. From the plot the drift in background 
is apparent. Between the times of the data taken just 
below and just above 1450.30 Mc/sec there was a large 
and sudden change in the photon beam which sent the 
detector off scale. Such large kicks were so frequent that 
a complete resonance curve could seldom be taken 
without at least one. 

In taking each point of a resonance curve for either 
hydrogen or helium the rf oscillator was set at the de- 
sired frequency and then the beam intensity was 
measured. The oscillator was stable enough so that its 
drift in the few seconds between the setting of its fre- 
quency and the measurement of the corresponding 
beam intensity was not over 1 part in 10°. Immediately 
before each setting the receiver was calibrated at the 
desired frequency with the General Radio wave meter. 
The wave meter was calibrated against its own crystal 
standard about every half-hour. The drift of the wave 
meter during this time was about 1 part in 10°. 

About four measurements of the beam intensity were 
usually made at each frequency before changing gases. 
About tive changes of gas were made during a day’s 


experiment. 
6. TREATMENT OF THE DATA 


In order to locate the center of symmetry of an ex- 
perimental resonance curve, a parabola was fitted to 
the averages of the experimental points by the method 
of least squares. These parabolas are shown in Figs. 8 
and 9 by dashed lines and the centers of symmetry are 
indicated by arrows. 

In Fig. 10 these centers of symmetry are plotted 
against the mean of the times at which the experi 
mental points involved were taken. Hydrogen reso 
nances are represented by triangles and helium reso 
nances by circles. Fhe drift in magnetic field is apparent 
from this figure. A pair of straight lines corresponding 
to the same dependence of magnetic field on time was 
titted to the data by the method of least squares. The 
fitted lines are shown in Fig. 10. From these lines simul 
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Fic. 10. The resonant frequencies of helium and hydrogen vs 
time. The solid circles are the observed helium frequencies, and 
the solid triangles are the observed hydrogen frequencies. The 
dashed straight lines correspond to the same dependence of mag 
netic field on time and are fitted to the data by the method of 
least squares 


taneous values of the resonance frequencies for hydro- 
gen and helium are obtained. 

The hydrogen frequency is given in terms of the 
parameter x=([gy(H, °Sy)— gy |uoll,/hAv by the Breit- 
Rabi formula: 


4 


fu= Ap + 
2 2 g7(H, *S;) ‘£1 


84 (Hi, *S4)/ 87 


With this formula the value of « may be calculated from 
the hydrogen frequency. The helium frequency is given 
by fie= gu (He, 8S) )uoll./A. This formula together with 
the expression for x gives 


gy (He, 45)) fu 81 
I 


ga (H,?S;) xAvl — gs(H, 25;) 

With this formula, gy (He, *S,)/gy(H, Sy) may be calcu 
lated from the helium frequency and the value of x. In 
these calculations the values of Av= 1420.4051+-0.0002 
Mc ‘sec’ 658.2171+0.0006° 


The uncertainties in these values will not affect 


and g7/gy(H, *S4) were 
used 
the accuracy of the calculated g-value ratio. 

The reliability of the ratio of g values calculated 
from a set of data such as that shown in Fig. 10 will 
depend upon the number of points taken, upon their 
average scatter about the corresponding straight lines 
and upon the average time interval between successive 
points. For the purpose of combining ratios of g values 
from different days, a relative weight was assigned to 
the data from each day. 
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Tape | f 
transitions m +1¢ 0 of the Is 
m=1, O«+] 1 of the ground state of atomic hydrogen a 


gy (He, ®S1) 
M mi Tae gH, Sy gy (He, 4S 
0.043 
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1450.297 1029.672 
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1450.246 1029.614 0.999973 OO1101 
1587.679 1148.480 0.999995 001123 
1587.628 1148.444 1.000006 001134) 


for each day are the results of interpola 

etic field strength. For the first five day 

slue f the m ic field strength near 520 gauss were used, and 

for the last two da slue eal »7 gauss were used. The relative weight 
igned to the data | based on the number of individual 


measurements it ‘ ind on their internal consistency 


7. RESULTS 


In Table | listed all the values of the ratio 
gy (He, *S;)/g7 CH, 2S;) calculated from the data taken 
without using the wire stop, together with their relative 
weights. The weighted average of all these values is 
1—1110 ° and the standard deviation is 16 parts in 
10°. It will be noticed, however, that the first five values, 
which were taken at magnetic fields near 520 gauss, all 
are lower than the last two, which were taken at fields 
near 567 gauss. For the low field values the weighted 
average is 1— 27 10~® with a standard deviation of 2.0 
parts in 10° and for the high field values the weighted 
average is 1+410~° with a standard deviation of 1.4 
parts in 10°, Since these averages differ by 31 parts in 
10° or more than 10 times their standard deviations, it 
is evident that there are systematic differences between 
the measurements at the two field strengths. 

The systematic differences are ascribed to the effect 
of different inhomogeneities at the two field strengths. 
Since the hydrogen and helium trajectories are sym- 
metrically distributed about the undeflected path, the 
effect of inhomogeneities cannot be related to differ- 
ences between trajectories for the two gases. The shape 
of a resonance line in an inhomogeneous field, however, 
will depend on the natural width of the line, especially 
when the broadening due to the inhomogeneity is of the 
same order as the natural width. Since the broadening 


are 


of the hydrogen and helium lines is of the same order 
as their natural widths, it is believed that the difference 
in their natural widths caused a relative shift of their 
resonance maxima with the inhomo 
geneity. This effect should be small compared to the 


which varied 
difference between the natural widths, which is 80 
kc/sec or about 6 parts in 10°, 

A difference in the relative distribution of rf power 
for helium and hydrogen in an inhomogeneous field 
could cause a relative shift in their resonance maxima. 
is difficult 


sel ’ 


Phe distribution of rf power in the “hairpin’ 
to determine experimentally ; however, its effect should 
be negligible because the wavelengths are long com- 
pared to the dimensions of the “hairpin.” 
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Results of the measurements of the frequencies of the 
25,45; state of helium and F, 


AND WEINREICH 

Before the systematic error introduced by the use of 
the wire stop was recognized, a series of sixteen deter- 
minations of the ratio of the g values was made with 
the wire stop interposed into the helium beam so as to 
reduce the photon background. These data gave the 
result 

gs (He, 3S,)/gs(H, 2S53)=1+1X 10-°. 

When these data are corrected for the error due to the 
use of the wire stop by employing values for the “C” 
field gradient measured as described in the previous 
section, the result is gy(He, %S,)/g,(H, *S;)=1—12 
x10~*. This result compares well with the weighted 
average of the values taken without the use of the wire 
stop. The measurements using the wire stop were made 
in fields from 465 to 582 gauss, and no variation of the 
result with field strength was observed greater than the 
31 parts in 10° seen in the data taken without the wire 
stop. 

The weighted average of the data of Table I is taken 
as the final result. It is gy(He, *S:)/gy(H, 2S;)=1 

(11+16)10~®, where, in consideration of the dis- 
cussion given above, an uncertainty of 16X10~° is 
stated. This includes the weighted averages at both 


the lower and higher fields. 


8. DISCUSSION OF RESULTS 


The accompanying theoretical paper discusses the 
contributions to g,(He, *S;) to order a’. The predicted 
value is 

a 
2.973 


2dr i 


g,(He, *$1) 2 1+ 
3 mc 6 


2(1+ 1161.4 10-*— 16.0 10-8 


38.7 X 10-6 — 2.3 10~*) 
2(1.0011044). 

is the expectation value for the 
is the ex- 


In this expression (7 
kinetic energy of the electrons, and (e/rjp 
pectation value for the electrostatic interaction be- 
tween the two electrons. The term (a/2r—2.973a?/x*) 
is the quantum-electroydnamic self-radiative correc- 
tion to the spin g value of the free electron and its use 
here predicts the arithmetic additivity of the anomalous 
magnetic moments of the two electrons. The term 

4(T)/mc? is the nonradiative relativistic bound-state 
correction and is analogous to the relativistic bound- 
state correction to the g value of the electron in hy- 
drogen. The term mc? is the mutual radiative 
correction which arises from the Breit interaction be- 
tween the two electrons and may be interpreted classi- 
cally as a diamagnetic correction. The theoretical value 
for gy(H, *S;) is 2(1.0011276). Hence the theoretical 
value for gy (He, *S,)/gy(H, *S;) is 1—23X 10-°, 

The experimental value for gy (He, °S,)/gy(H, *.S;) is 
1— (11+16)X10-°. This result may be combined with 


1 » 
~ 6\E/ 712) 
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the experimental value gy(H, *S;)ex,)= 2(1.001128+ 12 
X10-*) to give gy(He, %S,;)=2(1.001117+20X 10~°). 
Instead of the experimental value for g,(H, *S;), the 
theoretical value may be used, giving g,(He, *S;) 
= 2(1.001117+16X 10~*). 

The experimental and theoretical results agree to 
within the stated uncertainty. This agreement tends to 
substantiate the arithmetic additivity of the anomalous 
magnetic moments of the electrons and the nonradia- 
tive relativistic bound-state correction for the two elec- 
trons in helium. The mutual radiative correction arising 
from the Breit interaction is small compared with the 
experimental uncertainty. 

A measurement of the ratio g,(He, *S,)/g,(H, *Sy) 
to an accuracy of 1/10® would be highly desirable to 
provide a more incisive test of the theory to order a’. 
Such an improved determination should be attainable 
through the use of a more homogeneous magnetic ‘‘C’ 
field, together with some method for eliminating the 
photon background signal as, for example, the use of a 
beam periodically interrupted at the source and de- 
tector so as to block photons but allow slower atoms to 
pass. 

We are indebted to Professors Rabi and Lamb for 
early encouragement to do this experiment and to 
Professor Rabi for helpful discussions during the course 
of the experiment. Mr. Robert Miller provided valuable 
help during the initial stages of the work. We wish to 
thank Mr. Karl Schumann for his superb glass-blowing. 
We are grateful to Mrs. Inge Hughes and Miss Helen 
Harwell for assistance in preparation of the manuscript. 


APPENDIX I: DENSITY OF METASTABLE 3S, 
HELIUM ATOMS IN THE DISCHARGE TUBE 


The equilibrium density of metastable *S, helium 
atoms in the plasma region of the discharge will be 
estimated under the following assumptions: (1) helium 
atoms in the metastable 1s2s, *S, state are formed by 
inelastic collisions between electrons and helium atoms 
in the ground 1s”, \Sy state; (2) the metastable helium 
atoms are destroyed when they diffuse to the walls of 
the discharge tube. 

The equilibrium density, ”’, of metastable helium 
atoms will be determined by equating the rate of 
formation of the atoms to the rate of their destruction: 


nJo=n'/r. 


7 is the lifetime of the metastable atoms in the dis- 
charge tube, is the density of helium atoms in the 
ground state, J is the electron current density passing 
through the discharge tube in electrons per cm? per 
sec, and oa is the cross section for formation of a meta- 
stable helium atom by collision between an electron 
and an atom in the ground state. 

The formation of the metastable atoms by electron 
excitation of ground state atoms to higher-energy 
triplet states followed by radiative decay to the meta- 
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stable state, and also by electron capture by helium 
ions, is disregarded. The destruction of metastable 
atoms by collisions with other helium atoms, electrons, 
or impurities is also disregarded. A careful considera- 
tion cf all factors which determine the density of meta- 
stable atoms in the discharge tube would be a major 
problem and only a rough estimate is sought here. 

The excitation function for the formation of the meta- 
stable state of helium by an exchange inelastic collision 
between an electron and a helium atom in the ground 
state has been measured and calculated.'® The experi- 
mental and theoretical excitation functions are shown 
in Fig. 11. The maximum cross section determined 
experimentally is about one-third of the maximum cross 
section predicted theoretically, and the maximum ex- 
section occurs at 0.5 ev above the 
19.77 ev whereas the maximum 
above the 


perimental cross 
threshold energy of 
theoretical section 3.2 eV 


cross occurs at 
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Fic. 11. Excitation function for the formation of the metastable 
1s2s, 8S, state of helium by collision of an electron with a helium 
atom in the ground state (reference 15). Solid curve: theoretical 
Dashed curve: experimental. a» is the radius of the first Bohr 
orbit 


threshold energy. The experimental excitation function 
will be used in this appendix. 

The velocity distribution of the electrons in the 
plasma region of the discharge will be approximately 
Maxwellian. The electron temperature, 7,, can be 
calculated.’ For a pressure of 0.2 mm of Hg and a tube 
radius of 0.45 cm, 7, is about 300 000°K, so that the 
most probable value for the kinetic energy of the ele 
trons is 4X 107" ergs or 25 ev. 

The determination of the rate of production of meta- 
stable atoms requires the evaluation of the integral 
JS J(v)o(v)dv taken over the Maxwellian velocity dis 
tribution of the electrons. An approximate graphical 
evaluation of the integral using the experimental cross 
section, o(v), and the electron temperature, gives the 


value 3.0 sec”! for a tube current of 100 ma 


274. v. Engel and M 
(Verlag. Julius Springer, Berlin 


Steenbeck, Elekirische Gasentladungen 
1934), Vol. 2, p. 85 
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The lifetime of a metastable atom is the time re 
quired for it to diffuse to the wall of the discharge tube 
The mean time for diffusion to the wall is given by 
r=A?/D,,, hich D,, is the diffusion coefficient for 
the metastable atoms and 


in W 
A is the mean distance to 
which is about 0.4 of the radius of the tube 
D,, is estimated to be 2.6% 10 
cm’/sec for a pressure of 0.2 mm of Hg. Using this value 
of D,,. 1x10 
0.45 cm 

Using these values of 7 and f-/(v)a(v)dv, the ratio 
n’/n is found to be 4.3% 10 
of Hg, n=7.2X 10! 
metastable atoms/cm 

The 


given by 


the wall 


rom experimental data 


ris found to be 1 sec for a tube radius of 


lor a pressure of 0 2mm 


atoms/cm’, so that n’= 3.1 10" 


beam intensity of metastable atoms will be 


(n'aAv/4arR?*)n, 


in which S is the electron current to the collector, @ is 
the area of the source slit, A is the area of the detector 
is the average velocity of helium atoms in the 
R | 


detector, and 7 is the efficiency of the detection process. 


wire, 
discharge, s the distance from the source to the 
For the experimental arrangement discussed in section 
3, a=6.9X 10 L.ixio™ R 

1.27 10 0.24,'7 and the tube current 
was about 70 ma 3.3X 107 elec- 
-amp. The observed metastable 
l 


cm’, A cm’, 35 cm, 


U 
These values give S- 


cm 


Sct. 


trons/sec or 5.3% 10 


beam intensity given in section 3 is 10°? amp 


APPENDIX II: NATURAL LINE SHAPES FOR 
THE HELIUM RESONANCE 


In this appendix the transition probabilities for the 

6, 
state of helium are calculated. Because the energy dif 
ferences between the Zeeman levels m= 1 and m=0 and 
1 are equal, the calculation of 


transitions between the Zeeman levels of the 152s, 


between m=O and m 
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the transition probabilities must involve all three levels. 
The transition probability from a state m to a state m’ 
is given by the Majorana formula: 


\ 


) (14+-m)!(14+-m’)!(1—m)!(1—m’)! 


, 1 
1)"(tanza)*" 


ont(n—m+m’)'(14+m—n)!1—m’—n)! 


The quantity @ is defined by the relation: 


‘ 
sin* 
) 


a 1+ € 
sin’-= 


2 1+6 


(1+6*)! 


The parameters 7 and 6 are given by r=7H,t and 
6= -wy)/yHys in which y= gye/2mc, H,+ is the ampli- 
tude of the rotating magnetic field, ¢ is the time spent 
in the transition region, w is the angular frequency of 
the rotating field, and a, is the angular Bohr frequency 
for the transition between adjacent Zeeman levels in 


(w 


Fic. 13. An experi 
mental helium reso 
nance line having 
two peaks. The wire 
stop is used so that 
only transitions from 
the m=+1 compo 
nent are observed 
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an external field //7,. The quantity ¢ is small compared 
to unity when H/,;<//, and so it may be neglected. 
Evaluation of the transition probabilities gives 


Pi 2 cos?(a/2) sin? (a@/2), 
1 

ga 
Pyi=P_y 


Po = 


Pp’ 1,0 Po 1 


sint(a/2) 


2) 


! cos*(a 
[cos?(a/2)—sin?(a/2) P. 

When no wire stop is used, all three Zeeman com- 
ponents of the beam are refocused on the detector in 
the absence of an rf magnetic field. The observed re- 
duction in beam intensity produced by the rf magnetic 
field is due to transitions from each of the Zeeman 
levels to the two other Zeeman levels. Hence the reduc- 
tion in beam intensity will be proportional to the quan- 


(1 -P, +4(1— Po o)+4U1- P. 1 


Dp 


tity P: 1). 

* FE. Majorana, Nuovo cimento 9, 43 (1932); F. Bitter and J 
Brossel, Massachusetts Institute of Technology, Research Labora 
tory of Electronics Technical Report No. 176, Sept. 12, 1950 
(unpublished); I. I. Rabi, Phys. Rev. 51, 652 (1937). There is a 
misprint in Eq. (17) of this last paper. The factor in the de 


nominator given as (J —m—yv)! should be (J-+m—vp)! 





MAGNE TI( VOMEI 
In the experiment the amplitude of the rf field was 
customarily adjusted to maximize the line intensity at 
the center when the wire stop was interposed so that 
+1 component were ob 
the 


natural width of the line taken without the wire stop 


only transitions from the m 
served. This adjustment made ror. For r= 
is about 1.2 ¢. Fora 1.5-cm “hairpin” and atoms moving 
with a velocity equal to the most probable velocity in a 
source at 300°K the natural width would be 90 kc/se« 

rhe natural width will be slightly greater than this due 
to the velocity distribution in the beam 

Figure 12 shows the theoretical line shapes for three 
values of the rf field intensity for a beam of atoms all 
of which have the same velocity. These three lines are 
symmetrical about the Bohr resonance frequency. The 
line for r= has a minimum at its center. 

Ordinarily the natural shape of a resonance line is 
obscured by broadening due to inhomogeneity of the 
magnetic field. A few times, however, when the wire 
stop was used unusually narrow lines with double peaks 
have been observed. One such line is shown in Fig. 13. 
The use of the wire stop allows only transitions from 
Figure 14 shows the 
+1 for 


the state m=+1 to be observed 


theoretical line shapes for transitions from m 


N 1 He TOM 
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14. Calculated natural line shapes for helium for transitions 


from m= +1 only. r HH ys! 

several values of the rf field intensity and for a beam 
of atoms all of which have the same velocity. The de 
tailed shape of these lines would be modified by the 
distribution of velocities in the beam and by inhomo 
geneities of the field. The curve in Fig. 14 for which 
r=7n/4 resembles the experimental line shown in Fig 
13. 
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Some relativistic contributions of order a’~(137)? to the 
magnetic moment of helium in the lowest-energy triplet state 4S, 
contributions arise from the effect 


wave 


have been calculated. These 
of the electrostatic and Breit interactions in a relativistic 
equation. The purpose of the calculation was to isolate to order 
«? the quantum-electrodynamic radiative contributions to the 
magnetic moment of a bound two-electron system for comparison 
with experiment. The method of calculation was to evaluate the 
sixteen-component form of the matrix element of magnetic 
interaction energy in terms of nonrelativistic wave functions in 
Pauli approximation and to use the angular and spin symmetry 
properties of the 4S; state. This procedure was possible because 
Russell-Saunders coupling in the Pauli approximation could be 
shown to hold rigorously to order a® The result derived was that 


INTRODUCTION 


Hk present perturbation theory of quantum- 
electrodynamics yields finite and unambiguous 
equations of motion for electrons and positrons inter- 
acting with electromagnetic fields. The resulting rela- 
tivistic theoretical predictions of energy levels in 
various arrangements of electric and magnetic fields 
have been experimentally investigated for a single 
bound electron' and for the bound electron-positron 
system of positronium.’ In this paper a bound two- 
electron system is studied. Specifically, some relativistic 
contributions to the magnetic moment of 4S; helium 
will be calculated and, combined with the existing 
radiative contributions to the intrinsic magnetic mo- 
ment of the electron, will be compared with experiment. 
The experiment, described in detail in the preceding 
paper,* yielded the ratio of the g value of helium in the 
metastable *S, state to the g value of hydrogen in the 
ground *S; state. The essential quantities measured 
were the transition frequency between the magnetic 
levels M=+1+«90 of *S,; helium and the transition 
frequency between the levels (F, mr)= (1, 0)>(1, — 1) 
of 2S, hydrogen, both in the same uniform magnetic 
field. The magnetic moment of *S, helium is about two 
Bohr magnetons. The experimental ratio was deter- 
mined to an accuracy of +16X10~*. Inasmuch as the 
theoretical fourth-order radiative contribution to the 
Pennsylvania, Philadelphia, 


*Now at the University of 


Pennsylvania 

'W. FE. Lamb, Jr., and R. C. Retherford, Phys. Rev. 79, 549 
(1950); 81, 222 (1951); and 85, 259 (1952); J. E. Nafe and E. B. 
Nelson, Phys. Rev. 73, 718 (1948); A. G. Prodell and P. Kusch, 
Phys. Rev. 79, 1009 (1950); P. Kusch and H. M. Foley, Phys. 
Rev. 74, 250 (1948); Koenig, Prodell, and Kusch, Phys. Rev. 83, 
687 (1951) 

2M. Deutsch and S. C. Brown, Phys. Rev. 85, 1047 (1952); 
R. Karplus and A. Klein, Phys. Rev. 87, 848 (1952). 

' Hughes, Tucker, Rhoderick, and Weinreich, preceding paper 
[Phys. Rev. 91, 828 (1953) ] 


the g value for two interacting electrons bound in a 45S, state is 
2(1—4(T)— }(e?/ri2)) where (7) is the expectation value of total 
kinetic energy and (e?/ri2) of electrostatic interaction in the 4S, 
state, in units mc*. The contribution —4(7) corresponds to the 
Breit-Margenau result tor one electron and arises 
from the Breit interaction. For *S; helium the preceding g value 
was evaluated numerically as 2[1—(38.7+-2.3)K10~*°]. Com 
parison of theory and experiment tends to substantiate the 
nonradiative contribution — 4(7) and the additivity properties of 
radiative and nonradiative contributions to the magnetic moment 
of 4S, The fourth-order radiative contribution is not 
The Breit interaction contribution is too small to 


1/,2 
= 6\E°/712) 


helium 


contradicted 
be noticed, with the present experimental error 


6 


intrinsic magnetic moment of the electron is 16X10 
Bohr magnetons,‘ an approximate test of fourth-order 
radiative corrections to the magnetic moment of the 
two interacting electrons in *S, helium appears possible. 
To make this test, or rather as part of the over-all 
comparison of theory and experiment, it is necessary 
to calculate that part of the magnetic moment of the 
system yielded by the Dirac equation without internal 
radiation field but with the Coulomb and Breit inter- 
actions. This part is of the same order, a’, as the fourth- 
order contribution of the radiation field. For hydrogen- 
like atoms this well-known calculation has been made 
rigorously by Breit and by Margenau.® The main 
purpose of this paper is to make the corresponding 
calculation for helium-like atoms in the +S, state. 


THE WAVE EQUATION 


The wave equation for the stationary states ¥ of the 
system of two electrons in a given external electro- 
magnetic field is taken as 


O= (E-X)¥ 
a {E+ > [ ep me “Bi ta;: (¢ p.teA,) ] 


i=1,2 
“f oe a" Qy +0." Q)).'" }}W, (1) 
n>1 


in which E£ is the energy eigenvalue including the rest 
energy 2mc® of the two electrons, —e=— |e] the 
observed charge on the electron, m the observed mass 
of the electron, ¢ and A the given scalar and vector 
potentials of the external field, 8 and @ the usual Dirac 
variables, p the momentum operator, a~1/137.037 

‘R. Karplus and N. M. Kroll, Phys. Rev. 77, 536 (1950). 

5G. Breit, Nature 122, 649 (1928); H. Margenau, Phys. Rev 
57, 383 (1940); N. F. Mott and H. S. W. Massey, The Theory of 
Atomic Collistons (Clarendon Press, Oxford, 1949), second edition ; 
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the fine structure constant, and the subscripts 1, 2, 12 
denote dependence respectively on electron 1 with 
spatial coordinate variable r,, electron 2 with spatial 
coordinate variable r2 and ry.=r;—r. The external 
field is taken as the nuclear Coulomb field and a constant 
uniform magnetic field H. 

Reduced mass effects, due to a Hamiltonian for the 
nucleus analogous to that in (1),® are zero in order 
m/M (M=nuclear mass) in the present case because 
the nucleus has zero spin and the total electronic orbital 
angular momentum is zero. Higher-order reduced mass 
effects, apparently first occurring’ in order a’m/M, are 
negligible relative to the retained order a’. 

The summation in (1) over the self- and mutual- 
energy operators 2;'"’, Q\.‘"’ represents the finite cor- 
rections yielded by quantum electrodynamics when 
the internal radiation field variables are eliminated by 
covariant perturbation theory. The operators Q'"’ are 
functions of the electron and external field variables 
r, p, a, A, etc. The first two mutual energy operators 
in (1) are the electrostatic and the Breit interaction,* 


aAQyo" + a Qyo? = — 2 / rot By, (2) 
By=e Kyo (@y* Got Qy*Ti2Qe "Tye P19"). 


The self-energy operators in (1) that contribute 
linearly to the external magnetic interaction energy do 
so in the orders 


[O(a)+O0(a?)+0(a8 loga)+O(a*)+--- |uolf, (4) 


where yo=eh/2mc=Bohr magneton. The [O(a) 
+ O(a’) juofl contributions, corresponding respectively 
to the second-’ and fourth-‘order corrections to the 
magnetic moment of the electron, arise from the 
operator 

Qi = Mo (a 2r— 2.973 1’) > o;’-H,, 


where o’ is the 4X4 Pauli spin matrix. As justified in 
the next section, this operator may be evaluated in the 
2-electron Russell-Saunders *S, state, to yield the self- 
radiative contribution to the g/2 value” of the system, 


(Ag/2),=AEn,/2M oH = a/2x— 2.973 02/9" 
= 0.0011614 —0,0000160 = 0.0011454. (6) 


This evaluation neglects O(a*)uoH contributions. The 
O(a loga)uol? term in (4), which comes from the 
Bethe contribution" to the Lamb shift operator, is 


®W. E. Lamb, Jr., Phys. Rev. 85, 259 (1952). 

7 E. E. Salpeter, Phys. Rev. 87, 328 (1952); G. Breit and G. E 
Brown, Phys. Rev. 74, 1278 (1948); T. Ishidzu, Progr. Theoret 
Phys. (Japan) 6, 48, 154 (1951). 

5G. Breit, Phys. Rev. 34, 553 (1929); 39, 616 (1932). This 
interaction has been discussed by the newer methods by G. FE 
Brown and D. G. Ravenhall, Proc. Roy. Soc. (London) A208, 
552 (1951), and by E. E. Salpeter (reference 7) 

9 J. Schwinger, Phys. Rev. 82, 664 (1951) 

Throughout this paper we shall use one-half the 
which is peau unity 

" Bethe, Brown, and Stehn, Phys. Rev 


value, ¢/2, 


77, 370 (1950) 
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estimated to be completely negligible. Thus the first 
neglected order of magnitude due to self-radiative 
effects of various kinds is a®woff which, inasmuch as 


w= 0.39 10-*, will be considered to introduce an 


uncertainty of +1 X10~° in the final theoretical result. 
The wave equation for the present problem is, then, 


{E-V+ ¥ [me*B,+a;: (cpi+eA,) } 
=|? 
+ By—-Qyyv=0, (7) 
where 
V(r) + Valre)+ Vio(nie) 


=e —Le r,—Ze, rote Tye. 


MAGNETIC INTERACTION ENERGY VIA 
PAULI APPROXIMATION 


The present problem is to evaluate to order a’ the 
external magnetic interaction contribution AE, to the 
energy eigenvalue FE. Inasmuch as quadratically H- 
dependent contributions are negligible at the magnetic 
fields used in the experiment, first-order perturbation 


theory can be used. Hence, from (7), 
AEn = ¢ U 


where Ll’, the 16-component wave function correspond- 
ing to the lowest-energy *5, state of helium, satisfies 


(11) 


e(a,: Ayt+ ae: Av) +2) l (10) 


(E—V+614+824 @) Pita, pot By) (). 


In (11) energies are expressed in units mc* and momenta 
in units me. Equation (10) will be evaluated by first 
expressing the 16-component Ul’ in terms of four 4- 
component (’’s, then eliminating all but the largest 
4-component U by (11), to order a®uol/, and finally 
evaluating the result by means of the nonrelativistic 
(Pauli approximation) properties of the largest 4- 
component LU’, 

Thus, consider l’ as a 4-component column matrix 
with components | k/), each value of R= 1, 2 and /=1, 2 
representing two Pauli spinor components of lL’. Write 


0 1 0 1 
ee | ) i( ). t=1, 2, 
i Of, 1 OF; 


where a; is the 2-component Pauli spin variable for 
electron 7. For i=1, denoting electron 1, the matrix in 
(12) operates on the first subscript & of |k/) keeping 
the second subscript / fixed (a unit matrix for electron 
2 can be understood as operating to keep subscript / 
fixed). Similarly for /=2. Then the @-A terms in (10) 
become 


AE 4 = 


(12) 


e(U | a,-A;+az: A) l 

—e{(11!.A,/21)+ (21) Ay! 11)+ (12 

+ (22].A,'12)+ (11) 42/12)+ (12! Ap 
+ (21) A»! 22)4+ (22! Ay 

Detine 

2+W, 
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Carrying out the matrix operations in (11) yields four relations among the |k/), 


(44+W—V)j11)-+P,|21)+ Po! 12)+Myo|22)=0, 
(24+W—V)|21)4+P,|11)+ P| 22)+My2|12)=0, 
(24+W—V)}12)-+ P;|22)+ P2|11)+ M2|21)=0, 

(W— V){22)-+ P,|12)+ P.!21)+ Myo/11)=0, 


where 


(17) 


M o> (€/1 12) (01° G2+-01° 812° Th2/P12"). 


In the positive energy state here considered, W, the 


eigenvalue minus the rest energy of the two electrons, 
is of order y’= a’®Z*= (2/137). Also V, My~7* and 
P,, Py~y. Hence from (16), the largest component 
wave function is |22) and 


}11)~y?| 22), | 12)~)21)~(y+7*)| 22). (18) 


Higher orders (which go up in powers of y*) than 


11)=}[P1P2—M12]| 22), 


21 —_—o (3P.+} (V—- W) Poth PoP P—h (PM 2+ 2M 12P) | 
12)= —[$Pi+34(V—W)P\+4P,\P2—} (P.M 2+ 2M 2P2) ]| 


The two-electron Schrédinger-Pauli approximation 
equation given by Breit*:’ can be obtained by substi- 
tuting (20) into (16d). This equation will not be needed 
here explicitly.’ Substitution of (20) into (13) yields 
for AE, in terms of the largest component wave function 


AE 4 = $e(22|2(PiAi 4+ AsPit P2A2tA oP) 
t[Pi\V—-W)A\+A,\V—W)P, 
+ P3(V—W)A,+A2V—W)P2] 
tL (PiAr+ AP) P2P+ (P2Agt APs) PY] 
-[M 2(AyP2+ AoP))+ (A: P2+ AoP1)M 2 
+ AM 2P2t+ PM 2A2 


+ AoM yoP\+ P2M A 1 || 22), (21) 


in which the commutation of subscript 1 variables with 
subscript 2 variables has been used. The terms in (21) 
involving My, arise from the Breit interaction Bj». 
Although derived via (20) apparently without regard 
for Breit’s prescription that B,, be used only in a 
first order perturbation expectation value, these terms 
do actually conform with this prescription. For, the 
same terms result from the linearly A-dependent part 
of —(U"’| By| U’), where U’” satisfies, instead of (11), 


[ ob a V +3, + Bot Q) (p; + eA;) 
+ as: (poteA,) JU’=0. (22) 


The same terms also occur in the Schrédinger-Pauli 
approximation Hamiltonian derivable from (7) to 
order a? yyll." 

"HH. Bethe, Handbuch der Physik (Verlag. Julius Springer, 


Berlin, 1933), second edition, Vol. 24/1, p. 354. 
8 W. Perl, following paper [Phys. Rev. 91, 852 (1953) ] 


indicated in (18) will not be needed. Explicit expres- 
sions for the wave function components can therefore be 
obtained by first solving (16b, c) for components | 21) 
and |12) respectively to ~y/ 22), substituting these in 
(16a) to get the first of (18), which is then put back 
into (16b, c) to give the second and third of (18). In 
this way, and expanding 
(2+W—V)*=3+1(V-W) (19) 
to the order needed, we obtain 
(a) | 
2). (b) ¢ 
2). (c) | 


(20) 


2 
2 


RELATIVITY-SPIN CONTRIBUTION 


Equation (21) contains the usual non-relativistic 
magnetic energy AF 40, of order oll, an order a*poll 
contribution AE4; due to the terms containing Mj». 
arising from the Breit interaction (not to be confused 
with the Breit-Margenau effect), and the remaining 
order a’yoff contribution which will be expressed in 
two parts as AF 4; + AE 4. 

The part AE jo2=AEat+AF4:4+AE 42 of (21) is 
evaluated as follows. Using 


o- Ao: B=A-B+io-AXB, (23) 


and, in a Schrédinger representation, 


pV =Vp—ihvl, 
and also 
P.A,+A,P;=h(L,+e,)-H, 
where 
A;= sHxr,, 


div,A,;=0, 


hL.=r,X pi, 
H=curl,A,, 
yields 
AE 4012= 4uo(22|2(L,4+ L.+0:+0,)-H 
+ pi?(L2+a,): H + p.?(Li+eo;)-H 
+ (V—W’)(L,+-L.+¢,+¢,):H 
+o::0,VXA,+o.:92V X Az] 22), 


in which has also been used 


V.V-A.t+Vv.V-A.= ViLVilri)+ V io(riz) |} HX, 2 


+ Vol Vo(r2)+Viel(rie) ]-HX1r2/2=0. (28) 


The wave function |22) has the Russell-Saunders 


angular dependence *S,, to the order required in 
evaluating Eq. (27), The reason is that it satisfies a 
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Schrédinger-Pauli equation (the equation not written 
down above) in which the perturbing terms, of the 
spin-orbit and spin-spin type,*” are of order a’ Ry. 
Hence the wave function | 22) can be expressed as 

(29) 


22)=Wo AS +a? > cnVn('3L1), 


m 


where the ¥,, are Russell-Saunders eigenfunctions of 
the nonrelativistic 2-electron Schrédinger equation 


(W,—-V—-T)V,=09, (30) 
with 


T= }(pi°+ p2”). (31) 


Specifically, only 'P, *P and *D are included in the 
summation in (29).!* The numerical order of magnitude 
of cm in (29) is much less than one because of the 
necessity of combining electrostatic interaction to 
configurations like 2p 3p, 3d 4d, with spin-orbit type 
interaction, to mix in the W,, (see, for example, Ap- 
pendix A). Let the magnetic field be in the z direction, 
H= (0,0, H). The first term in (27) evaluated for the 
state (29) has the diagonal contribution from the 4S, 
eigenstate, 
AE sot AE 41 = poll BS;| (11+ Loto +e,),|%S1) 


= 2N poll, (32) 


where .V is a normalization constant. Additional di- 
agonal contributions from '"/,, of order a‘yofl are 
negligible. There are no cross-product contributions 
between 4S; and '*Z,. The remaining terms in (27) 
have diagonal contributions of order a’yof/ in the 4S; 
state, which will be evaluated, and cross-product 
contributions between 4S, and !'4Z, of order atyof/, 
hence negligible. Thus, to order a*uo//, the wave func- 
tion |22) in Eq. (27) may be considered a Russell- 
Saunders *S; eigenstate of Eq. (30).!° The normalization 
constant .V is necessary in (32) because normalization 
to unity has already been assumed for the 16-compo- 
nent U’ in (10). Thus by (20), 


1=(U| U)=(11| 11)+ (21| 21)+ (12! 12)4+ (22| 22) 


= O(a*)+4(22| p+ po?! 22)+ (22! 22), (33) 


or, to order a’, 


(22|22)=1—3(Wo| pr2+ps|Wo)=1-4(T), (34) 


where now Wo(*S,), the usual Russell-Saunders 4S, 
eigenfunction of (30) normalized to unity may be used 
on the right in (34) and also with the remaining terms 
in (27). Substituting (34) for .V in (32) yields for the 


contribution of the first term in (27) 


AE got AE 41 = 2poH — woH(T). (35) 

'G,. Breit and E. Teller, Astrophys. J. 91, 215 (1940). 

'® More detailed analogous arguments for the heavier atoms 
have been given by M. Phillips, Phys. Rev. 88, 202 (1952), who 
finds non-negligible configuration mixing contributions, despite 
the order a* involved. 
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Because of the symmetrical dependence of a 2-electron 
‘§, eigenfunction on the spin and orbital angular 
momentum variables of the two electrons, the second 
and third terms of (27) cancel, by (30), the fourth 
term [the O(a’) differences between | 22) and Wp» and 
between W and W’y are immaterial for this purpose ]. 
The last two terms AF yo in (27) can be evaluated as 


follows: 


AE a= duo(oi-ViV X Aiton: ¥2V X Ap) 


Mo OV: OVie2 
= (o.-( rit rn) X (HX 
4 ror, 20% j2 


"9 OV ie 
to.-( ro+ ru) x (Hn), (36) 
r,0Pre r20P ie 


The two-electron eigenfunction Wo(8S,) is the product 
of a triplet spin function and an L=0 orbital function. 


Hence 
(37) 


(O12) = (G22) = (O1y) = (O2,) = 0, 


(38) 


(01,)=(02,)= I, 
and (36) becomes 


” 


poll OV; 21 OV, Ms 
AE qo= (, (1- )+r (.- ) 
4 Or; r;, Ors r. 


OV» 212" 

Oris rio 
To evaluate the angular factors in (39), the orbital 
function in Wo is expressed in terms of the “Hylleraas” 
variables” specifying the spatial location of the two 
electrons. These variables are the polar coordinates 
0%, of one radius vector, Mm, say, with respect to an 
arbitrary polar axis fy and the polar coordinates rp. 
of the other radius vector r, with respect to r, as polar 
axis. The variable r,. may replace @ in accordance with 


(40) 


nev=rye+re— Ine cosd. 
Because of the spherical symmetry of an S state, the 
orbital part of Wo(®S,) must be independent of the 
orientation of the polar axis ro; i.e., must depend only 
on the relative dimensions of the triangle formed by r, 
and r2, not on the orientation relative to ro of this 
triangle regarded as a rigid body. Hence the wave 
function is independent of 6, ¢:, and Ye and, letting 
( )» represent averaging over these variables, 


G 
) = (C0S"8; )o 
rt 4 
1 2r 2n 7 
[ [ cos’6, sin8 ,d0,dpidy, - 3 (41) 
Rr, J, Jy 


By a symmetry argument, or substitution of 


C088. = cos8 cos#,-+ sin8 sin8,; cosy 





%46 W. 


in place of cos; in (41), there results 
Jr 762 )0= | 
2” )o COS*O2) y= 3. 
Finally 
| 


219" 1 
) (2; Z»)*)o 
ria ( ro" ae 


I 
(r;*(Ccos’O, > 
yo" 


((r; COSA; — re COSAs)* 5 


2r\ro( COs; COSAs) 

+ 1ro?(cos?62)) = 4, 
by use of (41) to (43). Hence (39) becomes 
AE a2= buoll (r,0V, On +120 V o/ Ore+ 1120 V 12/ Ori). (45) 


The virial theorem!® states that for a discrete state 
satisfying the nonrelativistic Schrédinger Eq. (30). 
(> r,0V(-- +r +)/dr=2UT)=2(Wo—-(V)). (46) 


Hence (45) becomes 


SE 42> Awol (T). (47) 


The non-Breit interaction contribution to the g/2 value 
of the system is thus by (47) and (35) 


(AE 10 + AE 41 +AE 12) Quoll 
1—HT)4MT 
1-H 


(g 2)o12 (48) 


(49) 


(50) 


The result (50) holds for the «8; bound state of two 
electrons in a potential V(r, r2, 712) which depends 
arbitrarily on the three variables 7, ro, riz. In the special 
case of Coulomb interactions (50) can be evaluated 
exactly. In this case V is given by (9).'7 Hence by (46) 
-2(T), 


(V)=2Wo (51) 


and (50) becomes 


(Ag 2) (g 2)ow 1=4Wp. 


The experimental spectroscopic value of W’o is!* 


W's 2a* (1.08765) 2(1.08765)53.3 10~®. (53) 
(Use of the theoretical value of Hylleraas and Undheim"® 
here would make no appreciable difference. Also 
a=1/137 is sufficiently accurate here.) Hence (52) 
vields 

(54) 


(Ag/2),2= — 38.7 10-*, 


To complete the evaluation of the @ A terms of (10) 
there remains the calculation of the Breit interaction 
part of (21), depending on M,,. Also, the evaluation of 


'6®YV. Fock, Z. Physik 63, 855 (1930). 

'? The Coulomb interactions could be independently multiplied 
by 1+0O(a), which might arise from higher order quantum-electro 
dynamic interactions, without affecting the numerical result of 
this evaluation. 

'" Atomic Energy Levels, Natl. Bur. Standards Circ 
(Government Printing Office, Washington, D. C., 1948). 

FE. A. Hylleraas and B. Undheim, Z. Physik 65, 759 (1930) 
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the self-radiative Qy term in (10) via Wo(@S,) to yield 
(6) is now seen to be justified. 


BREIT INTERACTION CONTRIBUTION 


The Breit interaction part AE4; of (21) 
commutators [,] and 


can be 


expressed in terms of anti- 


commutators [, |, as follows: 

-he(Vieol (LS, Ae], Pads 

+-| [ S12, A, L. P, LjJ+[ Pi, V 12 i a ; 
+[ Po, VielESy, - 


AE 43> 


where V jo=e/rj. (in mc? units) and 
S1o= 01° Oo O41) 02° Tyo/712". 


By use of (23) and (24), the various bracket expressions 
in (55) can be evaluated as 


- @)° Tyo 12° Az 
[Sry da]. = 2( 01 Art . ) 
rio 


Ay: Piette" Pi 
[[Sie Aah, Pile 4 Ae prt ) 


ri? 
r2° A, a, AoX rie 
~4ih +2h 


ry" rio" 


(58) 


G) Tie 


(Ps, Vie |=ieh 


(59) 
ry" 
The other bracket expressions in (55) are obtained from 
these by interchanging subscripts 1 and 2. Substituting 
these bracket expressions into (55) yields, after some 


reduction, 


ese 
AEs=— ( (Av pt Ave: 
2 Vi» 


Ay tyotia: pi Ais Piali2: pe 
+ = )) 
ry" ry) 2” 


e 
tuo (ov-riaX Avtas-taX Ay) ), (60) 
ry ' 


which becomes, by (37), (38), and H= (0, 0, #), 


eH se’ 
AErz=-— ( [ (eX pi). + (1X ps). | 
4 


Tie 


e 


+ (rer) rw: (BiB) ) 


2ri.° 
poll e 219" 
- ( (.- )) (61) 
2 rie ny 


The terms containing pj), pe in (61) average to zero for 
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Wo(8S;), as can be verified by expressing Wy as a sum of 
products of one-electron functions and integrating over 
the azimuth angles. Reduction of the last term in (61) 
by (44) yields as the Breit interaction contribution to 
the g/2 value of the system 


(Ag 2)3= SEas Quoi = “ LW c Ti0 Wy). (62) 


Numerical evaluation of (62) analogously to (7°) in 
terms of spectroscopic data cannot be made. However, 
a zero-order representation of VW» was available (from 
an initial attempt to solve the entire problem in this 
way), as 


(63) 


1 o= Don IWn, 
where y,, the product of one-electron hydrogenk 
functions corresponding to electron configuration Isns, 
satisfies 


[ent Ze?/1ry+-Ze/r.— (64) 


b(pi°+ po’) Wr =0, 
with hydrogenic eigenvalue for Z= 2 of 


én= —2e°(1+n-”). (65) 


The mixing coefficients a, for n=2, 3, 4, 5, 6 were 
determined by direct diagonalization of the Hamiltonian 
(30) using calculated values of matrix elements of e/rj» 
in this representation. Configurations such as 253s, 
2p3p, 3d4d were ascertained to contribute negligible 
mixing. Details and results are given in Appendix A 
and Tables II and III. With these mixing coefficients 
(62) was evaluated as follows: The expectation value 
of the Hamiltonian in (30) for Wo(*S,) expanded as in 
(63) and using (9), (64) and (65), yields 


(Vy e Ti2 Vo p = Wo->d Bai ts o Ga 

=Wot2e(1+ (>, a,” 
Substituting the experimental value of binding energy 
Wo, Eq. (53), and the a, of Table III into (66) yields, 
for (62), 


n*)/> , ay? |. (66) 


(Ag/2)3= —2.3X 10~*. (67) 


The value in (67) as derived from (66) is not very 
sensitive to reasonable variations of binding energy or 
of mixing coefficients. Thus use of the theoretical 
binding energy Wo, Table III, in (66) instead of the 
experimental value, or use of arbitrarily altered values 
of a, designed to yield the experimental value of Wy 
rather than the theoretical, or also a direct calculation 
of (62) via (63) and Tables IT and III, do not change 
the value of (67) by more than ~0.1XK10~°. It is 
incidentally concluded that the positive energy con- 
tinuum configurations 1sn’s, « >n’>0O, have no more 
than this effect on (67), if these configurations account 
for the difference between (Wo)theor in Table III and 
(Woexp in (53). 

The g/2-value contributions (6), (52), (54), and (67) 
correspond to magnetic quantum number M=1 [ Eq. 
(38) ]. By (5), (27), and (57) to (61) the linearly 
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H-dependent magnetic energy to order a’ is proportional 


to M. 


BREIT-MARGENAU RESULT WITH 
SCREENING CONSTANTS 


Breit and Margenau’s result for the g/2 value of a 
single s electron moving in a central field, obtained by 
Dirac eigenstate (compare 


evaluating —ea-A in a 


Appendix B) is, to order a’, 


(g 2)aw=AFk, poll = 1 —3(T) (68) 


Let two s electrons move independently of each other 
in the same binding potential V(r). The Breit-Margenau 
g/2 value of this hypothetical system is, by (68) 
(subscripts 1, 2 here denote electrons 1 and 2), 


= 1—3(7;+7;). 


(72) 
(69) 


(g/2) au 


The result (69), being a nonradiative contribution, is to 
be compared with the two-electron nonradiative contri- 
bution (50). This comparison shows that the simple 
sum of the kinetic energies of the two independent 
electrons in the hypothetical case is to be replaced in the 


Pape |. Breit-Margenau result with screening constants 


N 


Me 2)aM 


44.410 


= 


2 2 
2 2 
2 2 
2 2 
3 2 
3 2 


actual case by the kinetic energy of the system of two 
interacting electrons, which is not obviously decom- 
posable into a sum of significant energies for each 
electron. 

If V(r) in the hypothetical case is taken as a Coulomb 
potential with nuclear charge Z, for one electron and Z, 
for the other, then (69) becomes, 


(Ag/2)aw= (g/2)au—1= -hae (Zi? nyv+Z7/n"). (70) 


Various combinations of Z;, Z2, m,; and nz in (70) give 
the numerical results shown in Table I. Cases (a) to 
(d) assume a I1s2s electron configuration. Case (a) 
assumes no screening of nuclear charge. Case (b) 
assumes complete screening by the 1s core electron. 
Case (c) uses the screened nuclear charges derived by 
Hylleraas and Undheim™ in connection with a vari 
ational calculation of the binding energy of 4S; helium. 
In case (d) Z, was adjusted to yield the correct value, 
Eq. (54). Cases (e) and (f) assume a 153s electron 
configuration as possibly more representative of the 
superposition of Iss configurations making up the 4S, 
eigenfunction (Appendix A), with unscreened and 
screened values of nuclear charge. Table I shows that 
reasonable valves of screened nuclear charge or effective 
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quantum number yield results within about two parts 
per million of the correct value (54). 


THE DIAMAGNETIC EFFECT 


This effect” gives a negative a’yo/f contribution to g 
arising from reduction of the external magnetic field 
at a given electron due to the external magnetic field 
(diamagnetically) induced momentum in the other 
electrons. As might have been expected, this contri- 
bution is, for s electrons, just the spin dependent part 
of the Breit interaction contribution (60). This contri- 
bution can also be derived classically” as the cross- 
product A,'-A,* terms of the sum of Hamiltonian 
contributions }(p,+eA,'+eA,*)? for each electron, 
where A,°* is the external vector potential at electron k 
and Ay'=—ypoXryi/re* is the vector potential at 
electron k due to the spin magnetic moment of electron 
l (to be summed over /). A more general diamagnetic 
interpretation is discussed in the following paper.” 


COMPARISON OF THEORY AND EXPERIMENT 
The theoretical g/2 value of 4S, helium is given to 


order a? by (6), (50), (54) and (67) as 


(g/2) tte, theor 
= AEn 2poll =AK sot AEun, +- (AE aye + AE 43) 


(38.7+-2.3)10-* 


(71) 


= 1+ (0.0011614— 16 10~®) (72) 


1.001104+ 1 10~-°. (73) 


The indicated precision of this number, +1X10~, 
stems from the first neglected self-radiative contribu- 
tions of order a*® previously mentioned. The first 
neglected nonradiative contributions are of order a‘Z‘, 
a’?Z*m/M, hence «10~°. 

The experimental result® is the ratio of gy value in 
*§, helium and in 2S; hydrogen, or 


1— (11+. 16)10-*. (74) 


(Lite/ £u)exp 


If the experiment® is considered independently of the 
Koenig, Prodell and Kusch (KPK) hydrogen g-value 
experiment,’ the experimental ratio (74) is to be 


compared with the theoretical ratio 


(1.0011454— 41 10~®) 
(1.0011454— 17.8 107°) 


1— (234+1)10~, 


(Lie! ZH) theor 


(76) 


in which, for hydrogen, the same self-radiative contri- 
bution as for helium and a Breit-Margenau contribution 
of HW’ = — 4a’, Eq. (68), have been used. Alternatively, 
assuming the theory to have been satisfactorily verified 
for hydrogen by the KPK experiment and_ hence 
multiplying the experimental ratio (74) by the denomi- 
nator in (75) gives 


(g/2) 110, exp= 1.001117+16X 10-*, (77) 
~W.E 
aN F 


Lamb, Jr., Phys. Rev. 60, 817 (1941) 
Ramsey, Phys. Rev. 78, 699 (1950). 
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which is to be compared with (73). (Multiplication of 
the ratio (74) by KPK’s experimental result for (g/2)1 
would give the same mean value as (77) but somewhat 
higher limits of error.) 

The agreement between (74) and (76), and between 
(73) and (77), is within the assigned theoretical and 
experimental uncertainty, of which the experimental 
uncertainty is greater than the theoretical by an order 
of magnitude. The agreement between (74) and (76) 
tends to substantiate the additivity properties of the 
radiative and nonradiative corrections in hydrogen and 
in helium and to some extent the magnitude of the 
nonradiative corrections in helium relative to hydrogen. 
The experimental uncertainty is too large by a factor of 
ten to permit any conclusion as to the mutual radiative 
or Breit contribution of — 2.3 10~* to the theoretical 
helium g/2 value. Comparison of (73) and (77) indi- 
cates that the helium experiment’ in combination with 
either the hydrogen theory or experiment! tends to 
substantiate the nonradiative contribution to the 
theoretical helium g/2 value and does not contradict 
the existence of the fourth-order self-radiative contri- 
bution. 

We are particularly grateful to Professor N. M. Kroll 
for many stimulating talks. We also wish to thank 
Professor R. Serber and Professor S. T. Epstein for 
helpful discussions. 

APPENDIX A. MATRIX ELEMENTS AND 
CONFIGURATION MIXING OF e?/r,, 

The nonrelativistic matrix elements of the electro- 
static interaction e?/r;. between nonrelativistic zero- 
order *S, states corresponding to various Isus electron 


configurations are” 


(15,8 | e?/ryo| Isms) 
= $(u,(100)u2(n,00) — v2 (100); (2,00) | (e?/ 42) 
u;(100)u2(n200) — u2 (100); (n00)) 
= (Ze*/a)[ R°(10,0, 100.0) 


~ R°(10n,0, 22010) ], (A.A) 


where ,(nlm,;) is the one electron nonrelativistic 
Coulomb eigenfunction for electron 1 with quantum 
numbers n, /, m,, etc., and a=h?/me?. The direct 
integral can be written as 


R°(10n,0, 1020) 


s f 


- | dpRa eR | Ri" (p)p°dp 


0 0 


+f dpRoyoRosog? f Rio" (p)pdp = (A.2) 


p 


(A.3) 


S(n1, 12) —T (ny, no), 


2 FE. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambribge, 1951), p. 174 
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where, setting 2;=m, n.=n, 


S(m, n= f PR» oR node, (A.4) 


0 


(A.5) 


T(m, n= f (p+ p*)e~??R,, oR .odp. 


0 


R,w(p) is the Coulomb radial eigenfunction with 
p=Zra and quantum numbers n=m, /=0, etc. The 
exchange integral can be written in various ways, of 


which one is 


R° (10,0, 22010) 


£ 


-f dpRwRo oo? f Ry Rn opdp 
+f dpRyRoay* f 


Ry Rnyopdp. (A.6) 


1 n! n-m\"™ n—-m\? 
( ) Fi —m+1,n+1, n—m+1, : 
(n+m)* (n—m)!m!\n+m n+m 


4(mn)*(2mn+n—m)"—?(2mn+m—n)™ | (-™ n 


S(m, n)=4(m/n)} 


T(m, n)= 
(2mn+m+n)™*" 


4dmn 


xe —m,1—n, 2 


, 
4m?n?— (n—m)* 


where 12m and F is the hypergeometric function 


ap a(at+1)8(B+1) 
r+-— 


opP--+. (AS) 
Y y(y+1)2! es 


F(a, B, y, x)=1+ 


The formulas (A.7,8) are for discrete states, n, m, 
positive integral. The formulas for one or both states in 
the continuum are similar but more complicated. 

The direct integral (A.2) was computed by (A.7, 8) 
for 2<n,, nyo<6. The exchange integral (A.6) was 
computed by dire « substitution of the radial eigen- 
functions in (A.6) or the equivalent, for 2<m, ne<4, 
and estimated graphically by extrapolation for , ne 
=5, 6. The difference between direct and exchange 
integrals is by (A.1) the desired matrix element of 
e?/ryo, in units Ze?/a. The results are shown in Table IT. 
Also included in Table II are the matrix elements to 
some 2-electron-excited configurations as follows: 


(1s2s| e/ry.| 2s3s)= (Ze? a)[{ R°(1020, 2030) 


— R°(1020, 3020) }, (A.10) 


(1s2s| €/ry»| 2p3p)= (Ze? /V3a)[ — R#(1020, 2131) 


+ R'(1020, 3121)], (A.11) 
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Pasie Il. Electrostatic interaction matrix elements 
(in units of Ze®/a).” 


R®°(10m0, nO010) K 


0.18793 
0.03930 
0.02161 
0.0142 
0.0106 
0.09372 
0.02517 
0.0150 
0.0095 
0.05529 
0.0166 
0.0103 
0.0362 
0.0116 
0.0256 
0.000222 
0.00719 
0.000146 


R°(10m0, 100) 


lama.lene 


Isms, lysns 


Is2s, 1s2s 0.20688 
3 0.05053 
4 0.02871 
5 0.01927 
0.01441 
0.09949 
0.02884 
0.01774 
0.01170 
0.05763 
0.01842 
0.01190 
0.03752 
0.01273 
0.02652 
0.004158 
0.017057 
0.002413 


0.02195 
0.01122 
0.00710 
0.0051" 
0.0038" 
0.00577 
0.00367 
0.0027" 
0.0022* 
0.00234 
0.0018" 
0.0016" 
0.0013" 
0.00118 
0.0009" 
0.003936 
0.004588 
0.002739 


SU ee ee es we IN 


~ 
= 


Is2s, 2s3s" 
Is2s, 2p3p” 
Is2s, 3d4d" 


* Estimated by graphical extrapolation 
See Eqs. (A.10, 11, 12 


The direct integral (A.2,3) was evaluated by the 


method of Gordon™ as 


)i (2m+-1)?n?— m?+-4min? | 


4mn 


[40m ymnte| 2 m,1—n, 2, |. (A.8&) 
4m?n® — (n—m)* 


(152s) e/ry2! 3d4d) = (Ze? /(4/5)a)[ R?(1020, 3242) 


— R*(1020, 4232)]}. (A.12) 


The direct and exchange integrals for these matrix 
elements were computed by direct substitution of 
Coulomb radial eigenfunctions into formulas” equiva- 
lent to (A.2, 6). 

The mixture of the contigurations of ‘Table I] making 
up the *S; state was determined by solving 


6 


>, Kant. = Wan, m=2,--- (A.13) 


simultaneously for W’, a3, a4, ds, dg With ao=1 (here a,, 
MEANS Ajs2s, 1ems), USING for KH the nonrelativistic two 
electron Schrédinger Hamiltonian with Coulomb inter 
actions. The results, after making a small allowance 
by extrapolation for all m, n>6 are given in Table III 
The calculated binding energy 1.0859 of 4S; helium 
(in units of 4 Ry) may be compared with the experi- 
mental value’® 1.08765 and with that derived by 
Hylleraas and Undheim” by a variational method, 


1.08761. To compare ionization energies (in units 


a Physik 2, 1031 (1929) 


Gordon, Ann 
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4 Ry) subtract one from each of these numbers. Prob- 
ably the continuum states of type Isms account for 
most of the difference of about two percent between 
the present result for ionization energy and the experi- 


mental value 
APPENDIX B. MATRIX ELEMENTS OF ea:-A 


As the result of initial attempts to calculate a@yo/f 
contributions by direct representation of U(*S,) as a 


if Gj 


iL (jA-m+1)/ (274-2) Pfna(n) Vigs, mas 
1(0, p) 
m)/ 27 gnk(r) V y+, m4 (0, ) 


C(j+m)/27 Penk (nr) V j—5, 
-CG 


AND \ 
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sum of products of Dirac one-electron Coulomb wave 
functions, matrix elements of —ea-A were calculated. 
They are presented here for possible usefulness in this 
type of problem. 

To be calculated to order a*u oH is the matrix element 
of —ea-A between two Dirac one-electron Coulomb 
wave functions, where A is the vector potential of a 
uniform magnetic field H in the z direction. The Dirac 


wave functions are”! 


m-+-1) (2j+2) Phna(r) V i4y m (8, p) 


(8, d) 


’ 


il (j+m)/27 fn (rn) V js, m1 (0, d) 


iL (j—m)/27 Mann) V, 


[ (j—m+1)/(27+2) Penn(r) V5, 
[ (j+-m+1)/(2j+ 2) Penn, 


in which the angular functions V,,,(0,@) are the 


normalized surface harmonics, 


V im (0, b) = (24) 4P im (O)e'™®, (B.3) 


and (@Pp,(8@) is the normalized associated Legendre 
polynomial. The radial functions fix(r), gne(r) are the 


regular solutions of 


(B.4) 
(B.5) 


yl dg/dp+ (k+ 1)g pl, 
y| df/dp+ (k—1)f p|, 


where p=Zr/a, a=h?/me’*, y=aZ~Z/137, and E is 
the energy eigenvalue in units mc’, 


~~ Ayn § 
ae 
2n? 2n*\|ki 4 
Specialization to a Coulomb binding potential has been 
made in (B.4, 5). Let u,, vj, i, j=1, 2, 3, 4 denote any 


two Dirac wave functions (subscripts 7, 7 denote spinor 
components here). Then the matrix element to be 


(E+1+-7°/p)/ 


(E-14 y’ pig 


Ene=! (B.6) 


calculated is 
tf 


(uw HXr 2 
) 


ell 


eu a:A i 


ur sind(a, COsp— a, Sing) 1 


) 


ieH ¢ 
J: sind| 1, *e 90 4— Uy *e'Frs 


) 


+4, %e~ '%% 


o— Ug*e'Fr, \dr, (B.7) 
Tas.e IIL. Diagonalization of Schrédinger 
two-electron Hamiltonian. 


LaKmadn = War 
4 Ry) a,’ 14 as as a as ae 


0.049 0.00027 0.0087 0.00014 


WW” (unit, 


1.0859 0.523 0.090 0.052 


! 1 
r 
a MTG 


(0, d) 
1 m—4(9, o) 


+} m+4(8, p) 


where * denotes complex conjugate and the integration 
is over r, 6, . Substitution of the various possible 
combinations of wave function (B.1,2) into (B.7) 
yields (numerical subscripts now denote particular 
values of quantum numbers) 


—e(nykoj=h+z4, my aA) nokejo=h+4, my 
m {2j+1\ eH 

+ bm ym) 192 ) 
7 \2j+27 2 


Zz 


xf ( figotfogi)r'dr, (B.8) 


where m=m,= mb», J) = Ji=J2, fi=fniki(r), ete. 


emi fi=h+s, my aA! nokojo=l,—}, me 


bmyme 


eH (j72?—m*) 
| 2 


) 


a 


1 {f (figet fogi)r°dr. (B.9) 


The radial integrals in (B.8,9) are next evaluated to 
order y* in terms of integrals of nonrelativistic hydro- 
genic radial functions. Thus, multiply (B.4) for f; by 
g2, (B.4) for fe by gi, (B.5) for g,: by fe, (B.5) for gp 
by /, and add the four resulting equations to get 


27" 
(dtr ) hse fa 
p 


d £182 
(gig2—fife)+ (Rit kot+2) 
dp p 
Jise 
+ (ki +k.— 2) | (B.10) 
p 


* Reference 12, p. 311 
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The functions /(p) and g(p) are next written as power 
series in y=aZ. By (B.4,5) g is the “large’’ wave 
function for positive energy states and starts off with 
the zeroth power of y. By (B.4) / starts off with the 
first power of ‘y. Since (B.4, 5) expressed in terms of 
f/y and g contain y only as y’, there are 10 odd powers 
in the series for f/y and g. Hence 


(B.11) 
(B.12) 


f=y(fO+YfO+---), 

gag eye +. 
The zero-order function g“? is the usual Schrédinger 
nonrelativistic hydrogenic radial function 
gar = Rai. (B.13) 


Dividing through in (B.10) by the first factor and 
substitution therein of (B.6, 11, 12) yields, to order y’, 
,.. d (ki +k2+2) 
(figet fogs) = gi 'g2 
Y dp p 
d kitko+2 
+7’ + 
dp p 


d (ki +k2—2) 1 1 1 
— _ [rns +( fe —_ ) 
dp p 4n, 4n p 


ie go) -+ g,) 2, 


d (ki +k2+2) 
x + fx £2 } (B.14) 


dp p 
Integration by p*dp and integration by parts (assuming 
regularity at infinity) yields 


) 


£ 


f (figet foe\)p*dp= (kitke - 1 if gy ” £2 » p'dp 
Yo 0 


£ 


tr] (bth 1) f (gi go +21 go )p*dp 
0 


x 


+ (kitko+1 if fy fo p2dp 
0 


73 oe “ 
+ ( + )ete—v f gigs 0 p'do 
4X\n; nn? : 


ss 


— (hte) f £1" go” pdp 3 


(B.15) 


Further reduction can be made on the assumption 
k, =k, as is usually the case. The orthogonality relations 
for f and g can now be used. Thus, from (B.4, 5) is 
readily derived 

ss 


J (F \F2+G,G2)p*dp = 5)», 


0 


(B.16) 


where the subscripts 1, 2 now denote only m, me 
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(ki =k»=k being understood) and 


F=(a Z)'f, G= (a Z)'g, (B.17) 


are nondimensional wave functions. In case both m, m2 
belong to the continuum, the Kronecker delta in (B.16) 
is to be replaced by the Dirac 6 function. Expanding 
(B.16) to order y” yields 


J [GPG +7 (FOF 
+61 G,+G, Gy) Jp*dp=5y2. (B.18) 


Substitution in (B.15) yields 


£ 


1 
f (f 1Got+ FG) p*dp= (k—4)512 


y/o 
“i (2k-—1)/ 1 1 
& ny? nN" 


J 


Gy 'G2"' pdp |. 


0 


-k | (B.19) 


Further reduction of f;F, to G,;G. can be made. 
Thus, multiply (B.4) for f; by f2 and (B.4) for f. by /; 
and add. Multiply (B.5) for g,; by go and (B.5) for gs 
by g: and add. Subtract the resulting two equations 
from each other and integrate by p*dp. Integrate the 
right-hand side by parts. For k,;= kk» it reduces to zero. 
The left-hand side equated to zero can be written 


P (4+ £2) 7" 
fl +1+ 
0 2 p 


' (4.\+ £2) 5 
fl ~14 
0 2 p 
which yields 


1 1 1 oe 
FOF, p'dp= — ( + ) | G'Gs' p*dp 
8X\nP nZJ oy 
1 
if 
2 


FF op*dp 


GiG:p'dp, (B.20) 


r 


J 


£ 


GiG2pdp.  (B.21) 


Substituting (B.21) into (B.19) yields the desired radial 
integral to order y’ 


1 x 
f (PF \G2t+FG))p'dp 
Y"o 


= (k—$)b+7" 


(kR-1)/ 1 1 
( + 
} ne ne 


+ (4 wf G,"'Ge"’ pdo |. 


0 


av 


(B.22) 
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Equation (B.22) in (B.8) yields the desired matrix 
element for ki=k,=k. Note that by (B.17) and the 
definitions after (B.5) the dimensional] radial integral in 
(B.8) is given in terms of the nondimensional integral 


(B.22) by 


eH” 
fo huge feguir'e 


) 
1 
uoll | 


! 


(FiGot+ FG) p*dp. (B.23) 
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For kiAks, as in (B.9), the more complicated (B.15) 


appears to be necessary. The Breit-Margenau result 
(70) for a Coulomb field is obtained by setting m= 


{ G,*pdp 


and 


(1/p) an= 1/n? (B.24) 


in (B.22). The matrix element (1/p)ny2 on the right 
hand side in (B.22) is given by Eqs. (A.4, 7) in Ap- 
pendix A, 
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INTRODUCTION 
— ‘ISION measurements of the Zeeman effect by 
atomic beam spectroscopy! have yielded deviations 
from unity of the gy values of the heavier alkali atoms 
in their ground state, 28). The relevant experimental 


results are: 
rubidium relative to sodium, 


1+5 10 


cesium relative to sodium, 


gy (Zu) N 1+ 13.4 10 (1b) 


a statistical probable error of approximately 
t 1X 10 The gy of lithium, sodium, and potassium 
were found to be identical to within +2.5 107°. An 
additional measurement is reported by Franken and 
Koenig : 


potassium relative to hydrogen, 


1+ (1.6+0.4) XK 10™. 2) 


with 


(Quy) KK) (kan 


Phe results (1) and (2) have so far not been quanti 


tatively explained (Le., 
nor will they be in this paper. A qualitative interpreta 
tion of at least part of the effects involved will however 


to the experimental accuracy), 


be added to the existing one 
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ulling Hamiltonian contain corresponding a@yo/l and a®Ry (fine structure 


er-Pauli approximation wave equation for an n-electron atom in an external magnetic tield 1 
a Dirac equation by straightforward extension of the procedure for n= 2. The order a terms 


parts. The a®yuoff terms 


a sum of the existing relativistic bound state contributions due to Breit, Margenau, and 
| an additional contribution. The additional contribution is analogous to the spin-orbit contribu 

tructure. In the 2S; ground state of the heavier alkalies it is estimated to yield a positive contri 
value of the order of ten times the aforementioned (negative 


contributions, which 


The deviations from unity in (1) and (2) should be 
attributable to relativistic effects inasmuch as non- 
relativistic theory predicts gy = 1 ina*S; state. Quantum- 
electrodynamic self-radiative effects on a single free 
electron, producing an altered “intrinsic’’ magnetic 
moment of the electron,' would be expected to affect 
similar Zeeman levels of one-electron spectra similarly 
and hence to yield no deviations from unity in the 
ratios (1) and (2). Of the various bound-state relativistic 
effects, i.e., effects arising from the atom obeying a 
relativistic rather than a nonrelativistic wave equation, 
those due to Breit and Margenau® and to Lamb® appear 
too small by a factor of the order of ten.” However 
effects of breakdown of Russell-Saunders coupling by 
a combination of electrostatic interaction and spin- 
orbit coupling mixing states of higher configurations 
into the ground state have been estimated by Phillips’ 
to yield differing amounts to the magnetic moments of 
the alkalis of the right order of magnitude to account 
for at least part of (1) and (2). 


‘J. Schwinger, Phys. Rev. 82, 664 (1951); R. Karplus and N. M 
Kroll, Phys. Rev. 77, 536 (1950 

6. Breit, Nature 122, 649 (1928); H. Margenau, Phys. Rev 
57, 383 (1940); N. F. Mott and H. S. W. Massey, The Theory of 
{tomic Collisions (Clarendon Press, Oxford, 1949), second edition, 
» 72 

®W. E. Lamb, Jr., Phys. Rev. 60, 817 (1941) 

See W. Perl and V. Hughes (preceding paper) [Phys. Rev. 91 
842 (1953) ] for an evaluation of these effects in 45; helium 
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In this paper another possible source of at least part 
of (1) and (2) will be indicated by an examination of 
the a*uof/7 terms in an n-electron Schrédinger-Pauli 
approximation wave equation derived from an n-elec 
tron Dirac-type wave equation (a= tine structure con- 
stant, wo= Bohr magneton, //=external magnetic field 
strength). These terms arise analogously to the usual 
a’Ry, or fine structure, terms (Ry= Rydberg energy), 
and like the latter can be grouped into a “relativistic 
increase of mass’ term (R), a “spin-orbit” term (S 
and a “Breit interaction” term (38). Term (2) contains 
the diamagnetic contribution of Lamb. In application 
to alkali ground states, (R)+(S) can be rearranged to 
give the Breit-Margenau contribution for the valence 
electron in an effective central field together with a 
residual term (+), which is the indicated source in 
question. (+) is analogous to the spin-orbit fine struc 
ture term for one-electron spectra. It yields positive 
increments to atomic g values, in distinction to the 
negative increments given by the Breit-Margenau and 
Lamb contributions. A rough estimate of the magnitude 
of term (+) for the heavier alkalis yields the order of 
magnitude in (1). Some data for */ states will also be 
discussed. 

THE WAVE EQUATION 

The relativistic Hamiltonian for the stationary states 

of an n-electron atom is taken as a sum of ” one-electron 


Dirac Hamiltonians and xn(n—1)/2_ interelectroni 
Coulomb plus Breit interactions. Thus 


{E V+>> [Bi t+ay: (ppt eA) |+ > Bi} l ={(), (3) 
kal =a 


in which E£ is the stationary state energy including the 
rest energy of the electrons, Vis the sum of the 


electrostatic interactions, 


J => Vilrd+ i Viar(Ver 
kel I>k=1 


+. z 
I>k=l Pp) 


p. is the momentum of the &th electron, A, is the given 
vector potential field at the Ath electron, a,, 6; are the 


usual Dirac variables, and /;,; is the Breit interaction” 
between &th and /th electrons, 


the vector distance between &th and 
(3), E, V, eA, and B,; are expressed in 


with rme="%— ft), 
Ith electrons. | 


units mc? and p, in units mc. The stationary state wave 


function LU’ depends on n space coordinates rm and 


Phys. Rey. 34, 553 (1929); 39, 616 (1932 


*G. Breit 
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spinor variables. Each spinor variable takes on four 
values, 1, 1’, 2, 2’, say. Apart from non-Coulombi 
nuclear effects, which will be neglected, and electron 
self-radiative effects, which can be included separately 
if desired,’ and subject to Breit’s prescription for the 
use of Ay, discussed later, Eq. (3) will be considered 
correct to order a’. 

The reduction of (3) to Schrédinger-Pauli form to 
can be accomplished by straightforward ex 
is repre 


order we 
tension of the procedure’ for n= 2. First, 
sented by a “column matrix.”” EKach position in the 
column matrix corresponds to a component of [ 
ly is the component of 
corresponding to the value of either 2 or 2’ 


characterized as follows: 
for all n 
Dirac spinor variables; l, is the component of U cor 
responding to value 1 or 1’ of the &th spinor variable, 
) 


the remaining ”—1 spinor variables having values 


or 2’: Ux 
1 or 1’ of the &th and /th spinor variables, the remaining 
n—2 having values 2 or es ec By operating on the 
with the Dirac matrices 


is the component of ' corresponding to values 


column matrix for l 


1 ) 0) 
(3; ( ’ A ’ j > - (7) 
0 0 


where o, is the usual Pauli spin variable, a series of 
equations relating various components of lis obtained, 
one equation for each position in the column matrix 
rom this series of equations it is seen that for a positive 
energy state the 1,1‘ components of U for any spinor 
variable are small, relative to the 2,2’ components by 
the order of pteA~a(l+ ull Ry). 
Thus, relative to the largest component of 1’, namely 
Uo, we have U,~RU 9, Usi~R'Uy (plus terms in My;, 
see below), etc. To obtain a Schrédinger-Pauli equation 
for 1’) with a Hamiltonian correct to the independent 
orders of magnitude e’Ry and a’yol/, only expressions 
for U, to order R®U’y and for Uy; to order R?Uy are 
needed, and to obtain these, only ( components with 
I: rom 


magnitude R 


up to three subs« ripts l 1 le need be considered 
all but one of the resulting equations for ly, 4, U; 
we obtain the desired expression of small 4° components 


in terms of the largest: 


(2+W—V)"R.—4R, OR, 


tA S/R Mii +2M 1 R)) 


i(R R Mii l 


in which 5°’, denotes a summation over / omitting /= k, 
W=E 


the n electrons, 


n is the state energy minus the rest energy of 


10) 
and 
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Substituting (8) and (9) into the remaining equation 
mentioned above yields, for the largest component, U9: 


l>k=l 


[-W4+V+E RQ+W-V)"Re+d XO RER? 
k=} 


n 
2 
> k 


l 


(RRM pi t+- Mii Ri Rit+ RM Ri + RMR, ) 


M, Mii ll p=0. 


n 
+} 2 (12) 
1>k 

Equation (12) is the same result as for two electrons’ 
except summed over all electrons or pairs of electrons. 
The terms in (12) involving M,, arise from the Breit 
interaction (6). Of these, the last one is quadratic in My, 
(although of order a’Ry with r.~Bohr radius) and 
must be dropped, as being in conflict with experiment 
and with more complete theory taking account of 
higher order electron interactions.** [This term does 
not appear if the Mj, dependent terms in (12) are cal- 
culated in accordance with Breit’s prescription as an 
expectation value of (6) in the state U and using (8) 
and (9). In any event this term does not contain the 
external field and hence would not contribute to the 
external magnetic interaction energy to order a’yo/l. | 
Equation (12) without the last term is still not a 
Schrédinger eigenvalue equation as it contains the 
eigenvalue W in two places. W is therefore eliminated 
in the second term, using the lowest-order, nonrela- 
tivistic, part of (12). Thus, to order a’, 

=4+}(V-W), (13) 


(2+W-—V)" 


and, upon assuming a Schrédinger representation, 
V) O'R. =$R2+4R.(V—-W)R,, 
Re 1 (V W)R,— thor. ¥.V Re, 


ih¥ is expressed in units of mc. The lowest- 
the nonrelativistic Schrédinger 


Ry (2+0 (14) 


(15) 


in which 
order part of (12), Le., 
equation, 


(-W+V+3 > R?)U°=0, (16) 
l=] 

may now be substituted into (15), [the O(a’) difference 

between Uo and U”® is immaterial for this purpose; also, 

the term produced by this substitution can only be used 

as a matrix element ], to give in place of (12), the desired 

Schrédinger-Pauli-approximation equation, 


n ith » 
[-w+v+9y R,? Dd a: (WV YR: 
k=l 


kewl 


_ i 2 (Ri RM, + MyiR.Ri 
I>k~1 


+ RaMukrt RilfuRs) [Uo=0 (17) 


Brown and D. G. Ravenhall, Proc. Roy. Soc. (London) 
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The first three terms in (17) constitute the usual non- 
relativistic Schrédinger Hamiltonian, for, omitting sum- 
mation signs for brevity, 
Rie = ox: (pet eAx)ox> (pet eAx) 
= pi?+ eA " pit eho, ‘ H.+-&A.2, 


(18) 
(19) 


and 


SR? = pi? /2m+ wo (Li+ O;)* H+ Ave 2mc’. (20) 


Equation (19) corresponds to an arbitrary external 
vector potential A,, and (20) to a constant uniform 
external magnetic field. Equation (20) has been made 
dimensional by dividing p by mc, eA by mc? and multi- 
plying through by mc®. The fourth term in (17) is the 
“relativistic increase of mass” (R) term. It becomes, 
upon squaring (19) and retaining only terms linear in 
the constant uniform magnetic field H, (right-hand side 
dimensional) 


(R)=—4R,' 


= — (p4/8mic?) — (uo/2m*c?) (Lk +-ox)-Hp,?. (21) 


The fifth term in (17), the “spin-orbit” (S) term, 
becomes (right-hand side dimensional), 


(S)= — tithe, (V.V)R, 
= (h/4m*c?)(—19EGV- peton: ViV X pe 


+o,:0.V X Ape C), (22) 


in which the term —ieh¥,V-A,/c has been omitted as 
vanishing when summed over & in a constant uniform 
magnetic field. The last set of summed terms (B) in 
(17), arising from the Breit interaction, can be written, 
with 

Ay= ox: Ag, (23) 


R= P,+ Ax, P= Ox" Pr, 


and omitting terms quadratic in A,, A;, as 


(B)=—- 1 PLP My, +M iP PRP + P»MiyiP i+ PUM iP, ] 
— hel (A, P+ A iP,)M yi +- M,.A(A,P1+A iP,) 
+ (A,M,.P i+ P,.M,1A1) 


+ (AM uiPit PM, Ax) |. (24) 


The first bracketed term in (24), an a’Ry or fine struc- 
ture contribution, is reduced explicitly by Breit.§° The 
second bracketed term in (24), the Breit interaction 
contribution to a’uof, is reduced explicitly in the pre- 
ceding paper.’ 

The three terms (21), (22), and (24) are seen to 
contain corresponding a’Ry and auf contributions. 
This correspondence is not surprising, in view of the 
occurrence of A, in the Dirac Hamiltonian (3) only in the 
combination p,+eA,. Inasmuch as this combination 
occurs also in the classical Hamiltonian and equations 
of motion for electrons, the effect of a given external 
vector potential may be regarded classically as inducing 
the diamagnetic momentum eA, in electron k to give 


H. Bethe, Handbuch der Physik (Verlag. Julius Springer, 
Berlin, Germany, 1933), Vol. 24/1, second edition, 377. 
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it the total momentum p,+cA,. A general diamagnetic 
classical interpretation for magnetic interaction energies 
is thus possible. For example, the usual nonrelativistic 
contribution of order poll has the well-known classical 
interpretation of diagmagnetically induced kinetic 
energy due to the product of mechanical momentum p 
and the diamagnetically induced momentum eA (p may 
be taken as the original momentum for A=0 if 
eA/cKp); the (R) contribution (21) to a®uof is due to 
‘relativistic increase of mass” in which one factor of 
the fourth power momentum term is diamagnetically 
induced momentum; the (.S) contribution (22) to ayof 
has the classical spin-orbit energy explanation with eA 
replacing p; Lamb’s diamagnetic contribution is shown 
later to be the “spin k-orbit /” part of the (B) term 
(24) with eA replacing p; etc. Likewise one sees from 
this point of view that spin-spin contributions to fine 
structure have no analogous a’yuo// contributions. 

Equations (20), (21), (22), and (24) yield by first 
order perturbation theory the linear-in-H contribution 
AE, to the energy eigenvalue of an n-electron atom 
governed by (17) as 


AEy=AEn+ AEr+ AEs+AEz, (25) 


where, for a constant uniform magnetic field H the 

nonrelativistic contribution is 
AE wn = pol V H->- (L,+«,;) WV); 

k=l 

the ‘relativistic Increase of mass’’ contribution is 
Mo ” 

AErR= = (WV H- > (Lita) p2|); (27) 
? k=l 


the “spin” contribution is 


(28) 


Mo 8 
AEs= (V > oC; -0.V xX A, VY); 
? k=l 


the Breit interaction contribution is given by Eq. (60) 


of reference 7, 
yeitks 
a 
r; wy 


ska=(w y | nant [a (14 
I>k=I 2 re 
Weil Ki 
+A, (1+ “)-»| 
Nee 


e 
+ 9 (on: TeX Arter: ty xA)| v), (29) 
3 


Vk 


and W satisfies (17). In (28) V is given by (4) and later 
specialized to (5). The unit for p, is mc and for V and 
e?/ rer is me. 

The expectation value AFy, Eqs. (25) to (29), 
results also from a reduction to Schrédinger-Pauli form 
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n-E 


—eU b B a - A, U), (30) 


kel 


in which U satisfies the Dirac equation (3) without Ax. 
This procedure, followed in reference 7 for n=2, 
requires an O(a’) normalization correction for V, neces- 
sitated by the normalization assumption (U’|U)=1 in 
(30). The derivation of the eigenvalue equation (17), 
which is presumably correct to the orders a’Ry, a’yo/f, 
did not however require a normalization assumption. 
Since also an eigenvalue is independent of the normaliza- 
tion of its eigenfunction, AE, as obtained from (17) to 
order a’ /, being the contribution to the eigenvalue of 
(17) to this order, should be and is independent of the 
normalization of ¥. It would thus appear that the use 
by Lamb" of normalization in this connection is an error 
which, however, leads to the right answer because of his 
compensating error of using, in effect, p* instead of R? in 
(16) to yield (17). 

For one bound electron, SEr, in Eq. (21), combines 
with AEs, in Eq. (22), to give the Breit-Margenau 
result,® as noted by Lamb,'' just as the corresponding 
fine structure contributions combine to give the Som- 
merfeld-Dirac fine structure formula. This corre- 
spondence extends also to relative sign of the con- 
tributions. Thus, for hydrogenic S states, contribution 
(R) to fine structure is negative, contribution (S) is 
positive,” the ratio being [(S)/— (R) ]y.=n/(2n— 9) or 
t for n=1 to } for n= in state *S,. Similarly,’ con- 
tribution (R) to a2yofl is negative, contribution (S$) is 
positive, the ratio being [(S)/— (R) ]u=} in state *S, 
independently of principal quantum number. 

In evaluating (26) to (29), the state W should be, by 
first order perturbation theory, an eigenstate of (17) 
without the vector potential A, terms. Hence, ¥ can be 
expressed in the Russell-Saunders scheme as 

V=Vot+a° » CaVeais (31) 
where the W,, and Wy are Russell-Saunders eigenfunc- 
tions of (16) without the vector potential terms, 


(—WatV44EE pn =0, (32) 
kel 


and the order a? arises from the a’Ry terms in (17). 
By the same argument as in the two-electron case’ the 
V,, contribute only in order a‘yo/f in (26) to (29) and 
so the a’ fl contributions are given by (27) to (29) 
with ¥ replaced by Wo. One cannot however conclude 
that the a‘yo/7 contributions are negligible relative to 
the a’y fl contributions. This is true only if c, in (31) 
does not change the order of magnitude by being >1. 


"!W. E. Lamb, Jr., Phys. Rev. 85, 259 (1952). 

'2 See, for example, E. U. Condon and G. H. Shortley, The 
Theory of Atomic Spectra (Cambridge University Press, Cambridge, 
1951), p. 120 and following 
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In light atoms, as in the two-electron case,’ c»~<1. 
However ¢,, increases rapidly with atomic number and 
for the heavier alkalis Phillips* has estimated the 
oc, voll contributions arising from the diagonal product 
terms of (26) using (31) as being of the same order 
as a’yoll. Hence, for the heavier alkalis a’c,?~1 or 
The diagonal product terms in (27) to 

V, will be considered in the next section. 


Cm™1/ a. 

(29) for V 
Lastly, the cross-product terms in (27) to (29) of type 
(Wo! ac yoll | cfc, V,,) are of order atc, poll and hence 
of order o@yofl using Phillips’ result. It may be con 
cluded that the first neglected order for the heavier 
alkalis (aside from self-radiative effects) is a*uof7 (in 
contrast to atoll for light atoms), which is negligible 


in the present problem. 


APPLICATION TO ALKALI GROUND STATES 


Consider the sum of the a®uof// contributions (27) to 
(29) for the Z-electron configuration of one valence 
electron outside closed shells. In (29) and that part 
of (28) involving pairs of electrons, neglect the exchange 
contributions due to the antisymmetry of ¥. Then the 
summations in (27) and (28) reduce to one term, that 
for the valence electron, denoted by subscript 1, and 
the summation in (29) over those 
electron pairs of which the valence electron is a member. 
Thus the a’uo// contributions for a one-valence-electron 


reduces to one 


configuration become approximately 


AE rsp Akr t AKs + Ak K 


SH: (L, toi)pr+jor-ViV XA, 


, é 
| a; rsixXA 
, ri 


( rity, 
A (1+ ):»] v). (3.3) 
Ar, rie d 


where Wy is the relevant Russell-Saunders eigenfunc- 
tion of (32). The second term AEs in (33) is rearranged 
as follows: by (4), 

1 OV, Z 1 OV, 


ry +> Fi. 
r, Or; 271i; Or; 


Zz 
ViV=a—Vitd wil: (34) 


Write 


Vi(ry) V ri +(Vilri)— V(r) |, (35) 


where V,(r,) is to represent an effective central field 
acting on the valence electron 1. Also write 


A, (A,—A +t A (HX ry, Hr). (36) 
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Then (33) becomes 
AErsr= uid ¥o A ™ H.- (L+o)p’+e-9 V-XA F 


Z 
+4[o,-9:1(Vi-—V.)XAit+>d o1-9iV i. (Ai— Ai) | 


e rit: 
A.-(1+ )-r.] ¥). (37) 
hr; nie 


If V.(r;) is taken as a central field potential that gives 
the correct value of (p,*), then the first bracket ex- 
pression in (37) represents the Margenau contribution 
AE y to a’yofl as usually applied.’ In the last bracket 
expression in (37), the p term vanishes for the Wo=*S; 
ground state. The first term is just one-half Lamb’s 
diamagnetic contribution,® i.e., the spin dependent part 
of the Breit interaction contribution in (33) is Lamb’s 
contribution ME,;, which is halved by use of (36) and 
(5) in the spin contribution AF s of (33). The second 
bracket expression in (37), AEZ,, will next be estimated 
roughly for the Wo=*S; ground state. Coulomb poten- 
tials (5) are assumed and for the central field potential 


Le" ry. (38) 


V.(rn)~ 
Then with H= (0,0, /7) and 
(O12 (O14 )> Q), (012) iF (39) 


the expression in question gives a g/2 value increment of 


AF, —Y Z ) 
_ 
poll j < r;? 


9 » 


a Zr 
(1- — )). (40) 
27 rye 


a 


(Ag/2 


where 2;,=2,—2, and ) represents |*.S;). Because of the 


spherical symmetry in the °S; state, 


(21°/113) = (cos*0,/11) = 4(1/n1 (41) 


(z;,°/r1,°) is estimated by considering the classical 
geometry of a point electron at r, outside spherical 
shells of radius r; containing the core electrons uniformly 
distributed. Taking the polar axis along r, and aver- 
aging uniformly with respect to all directions of r; gives 


(— ) = ( [ (r);)~' cos*4), sina to, / { sinfidt,) 
ry 3 J, Jo 
1 Zr; 
= ( (1 ~ )) (42) 
ry) 3 r; 


Using hydrogenic values to estimate (r7) relative to 
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TABLE I. Estimate of a*yof energy contributions in #5; alkali ground states 


Elem 


0 


OS 
3.9 


11.8 


in table are K10 
(37) and ($3) 


* All (Ag/2) entries 
» (Ag/2) =AERSRB woH. Kas 


(r\*), yields 
Z ne[SnP+1—31i(l+1) J 
2 ne[Sne+1 | 


=(Z—-1)C, (43) 


where n,, /; are, respectively, the hydrogenic principal 
and azimuthal quantum numbers of a core electron and 
n, is the hydrogenic principal quantum number of the 
valence electron. The values of C yielded by (43) for the 
alkali elements are given in Table I. Substituting (41) 
to (43) in (40) and taking Z,= 1 in line with the approxi- 
mations in (42), (43), (this also normalizes (Ag/2), to 
zero for hydrogen), gives 


(Ag/2),=}3(Z—-1)1—-C)(e/r; (44) 


= §(Z—1)(1—C)(T—W), (45) 
in which — (e’/r;) is regarded in this approximation as 
the potential energy of the valence electron in an 
equivalent central field with (7) and W the corre- 
sponding kinetic and total energy respectively, in units 
mc*. The Margenau® and Lamb contributions to a’uo// 
in the same central field are 

— 
-2(T) 


(Ag/2) "= (46) 


(Ag/2),= — 43 (T+W). (47) 


Finally, using Lamb’s* approximate expression for (7), 


Wo—2W, (48) 


and 
(49) 


o/2n*?, W=- 


Wo=- 
where Wy is the hydrogenic binding energy, and the 
effective principal quantum number »* for the alkalis 
is taken from experiment," yields 


? 


5.33 3 1 
(Ag/2),=——(1—C)(Z 1 . )x10 % 
12 n® 9? 


(Ag/2) 


$(Ag 2); 


'S Reference 


(Ag/2).* 


hi dg 2)] 


0 

0.1 
0.1 
0.1 
0.1 


and the total a®uo//7 contribution (37), exclusive of self- 
radiative effects, is 
Ag/2= (Ag/2),+ (Ag/2) +4 (Ag/2)7. (53) 
The numerical results for hydrogen and the alkalis 
are shown in Table I. It is seen that [Ag/2— (Ag/2)nz | 
is of the order of magnitude of Kusch and Taub’s 
results (1). On the other hand [(Ag/2)x— (Ag/2)u | 
= 6.7 10~* is about four times larger than Franken and 
Koenig’s results (2). Also a steeper rise with Z might 
have been expected from the analogy with fine structure. 
The large positive contribution of (Ag/2), is seen to 
arise from the low value of C, Eq. (43), which corre- 
sponds to small shielding of the nuclear charge by the 
core electrons in the spin-orbit type term (28) 


*P STATES 


The following measured gy ratios are given by Kusch 
and Foley and by Mann and Kusch:!'® 


gy (Ga *P3)/g7(Ga ?Py)=2(1.0017246K 10), (54) 


gy (In *P;)/gs (In ?Py) = 2(1.00200+6X 10°), (55) 


gy (Na °S;)/gs (Ga *P)=3(1.00242+6X10~"), (56) 


gu (Na 2S))/gy (In 2P) = 3(1.002434 10% 10~). (57) 


rom these by use of (= magnetic quantum number), 


£y>= AEn M woH (AEy t+ AE rs ne ) M wll 


=argrtasest2(Ag/2)rsuc, (58) 


and, subtracting off the theoretical self-radiative con- 
tributions as in reference 14, by 


=1, gs=2(1+6s)=2(1.0011454), 


my yh, & 


: respectively, 
there remains to be explained 


3(Ag/2)(Ga *Ps) Jrsne 
= (0+6)10 


[ 3 (Ag/2)(Ga ?P;) 


(59) 


74, 250 (1948) 


Foley, Phys. Rev 
77, 435 (1950) 


Kusch, Phys, Rev 


P. Kusch and H. M 
\. K. Mann and P 
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[ $(Ag/2) (In ?P,)—3(dg/2) (In *Py) Jrsec 
= (28+6)10-%, 
[ (Ag/2)(Na *$4)—3(Ag/ 2)(Ga *P,) Irsec 
= (13+6)10-5, 
[ (Ag/2)(Na 2S;)—3(Ag/2) (In *P;) Jasac 
= (144+10)10~, 


(60) 
(61) 


(62) 


in which the experimental results on the right are to be 
accounted for in terms of the theoretical contributions 
indicated on the left by subscripts R, S, B, C denoting 
respectively the ‘‘relativistic increase of mass,’’ ‘‘spin,”’ 
“Breit interaction,” and “configuration mixing” con- 
tributions. Contributions R and B are neglected as 
being <1X10~°. (Moreover, as (Ag/2)r is by (27) 
proportional to gy, Eqs. (54) to (62) will contain ap- 
proximately equal and opposite contributions from 
(Ag/2)r on the left-hand sides.) Also, the contributions 
of Na*S, are neglected'*® as being <2X10~*. Contri- 
bution C is considered by Phillips* to be not negligible 
but also probably insufficiently large to account for all 
of (59) to (62). For the present approximate purposes 
it is not considered further. 

Contribution S remains to be discussed. With the 
approximations mentioned, and substituting (61) and 
(62) into (59) and (60), there results: 

(Ag/2)s(Ga 2P,)= (—8.7+6)10™, (63) 
(64) 


(65) 


(Ag 2)s(Ga *P,)= (—4.342)10~-5, 
(Ag/2)s(In ?P;)= (9.348)10~, 


(Ag/2)s(In 2P\)= (—4.7+3)10-, (66) 


the one-electron hydrogenic case Margenau’s® 
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theoretical results give, analogously to fine structure as 
previously mentioned, (Ag/2)s negative in j=/—} 
states, (Ag/2)s positive in j=/+ 4 states, and, inde- 
pendently of principal quantum number n, 


— (Ag/2)s(C@Py)/(4g/2)sCPy)=5S, (67) 


(Ag/2)s(2S))/(Ag/2)s@Py) =5/3. (68) 


Assume that these results apply qualitatively to the 
closed-shell-plus-one-valence-electron *P states under 
consideration, together with the approximately ten 
times greater magnitude of the spin contribution rela- 
tive to that for Z=1, for the same range of atomic 
numbers as previously indicated for *S, states. Then 
the theoretical signs of (Ag/2)s mentioned above agree 
with (64) and (66) and are not definitely contradicted 
by (63) and (65). The experimental and theoretical 
uncertainties are too great to yield a conclusion as 
regards (67). Finally, the factor 5/3 in (68), which 
might be expected to be greater in heavy atoms due to 
increased relative penetration effects (as for fine 
structure splittings), when applied to (63) and (65) 
gives values for (Ag/2)s(2S;) not incompatible with the 
experimental results (1). 

Although no great significance can be attached to 
the present numerical estimates, it may, perhaps, be 
concluded that the present source should not be over- 
looked in a quantitative calculation of g values of 
multi-electron atoms to one part in 10 or 10°. Such a 
calculation would also be interesting as a test of the 


theory of fine structure, in view of the similar theoretical 


origin of a’yoff and a’Ry. 
The author would like to thank Professor V. Hughes 
for many stimulating discussions. 
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Conditions are examined for the resonance transfer of an electron between a metal and an ion or an atom 
in close proximity to the surface. The point of view is that of Franck-Condon crossings of potential energy 
curves of the initial and final states of the system. The effect of ion image forces is found in many cases to 
cause a significant variation of transition probability with distance. As a result, the conditions for neutral 
ization of a rare gas ion toa metastable state and its subsequent de-excitation with the ejection of a secondary 
electron is found to be severely restricted. In particular, the theory of Cobas and Lamb for the ejection of 
electrons by the incidence of He* on a Mo surface are found to be seriously in error. In such cases an Auger 
type de-excitation is believed to be the mechanism for secondary electron emission 


I. INTRODUCTION 


HEN an ion or an atom approaches a metal sur- 

face, neutralization or ionization processes are 
often possible. An electron may tunnel through the 
potential barrier between the metal and a positive ion 
to effect a neutralization. In a similar manner an atom 
may be ionized if an atomic electron tunnels to any 
unoccupied electronic state in the metal. The ion neu- 
tralization process is of particular interest because of the 
role it may play in the process of secondary electron emis- 
sion from a metal surface bombarded by positive ions. 
For the case in which a monatomic helium ion is the 
bombarding particle, it has been proposed'” that the ion 
becomes neutralized to the *S; metastable state a 
short distance from the metal. On closer approach it is 
thought that the metastable de-excites by an exchange 
of electrons, i.e., the outer atomic electron is ejected 
simultaneously with the capture of a metal electron 
into the ground atomic state. The ejected electron ap- 
pears as an ion-induced secondary electron. 

Oliphant and Moon! were the first to suggest that a 
metal electron might tunnel through a potential barrier 
to neutra.ize an approaching positive ion. Quantitative 
quantum:-mechanicai calculations of the transition 
probability were made by Shekhter* for the transition 
of a hydrogen atomic ion near a molybdenum surface 
to the lowest excited state of the atom. Shekhter modi- 
fied the results to represent the approach of He’. 
Similar calculations for the transition of He* to the 
He(*S;) metastable state near a molybdenum surface 
were made by Cobas and Lamb’ who used hydrogenic 
wave functions for the helium atom and ion. 

These explanations were based on the model shown 
in Fig 1. The metal is represented by a potential box 
of depth W,, filled with .V electrons to the Fermi level 


* It has come to the author’s attention during the preparation 
of the manuscript that H. D. Hagstrum has arrived independently 
at some of the conclusions obtained in this paper. 

'H. S. W. Massey, Proc. Cambridge Phil. Soc. 26, 386 (1930) 

2 A. Cobas and W. E. Lamb, Phys. Rev. 65, 327 (1944). 

3M. L. E. Oliphant and P. B. Moon, Proc. Roy. Soc. (London) 
A127, 388 (1930) 

*S. S. Shekhter, J. 
(1937). 
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¢. The work function ¢@ is the minimum energy re- 
quired to raise an electron to the energy continuum. At 
normal temperatures so few electronic states are oc- 
cupied above the Fermi level that they are neglected in 
this explanation. The ion is represented by a potential 
well which may be occupied by an electron at definite 
levels to form an atom. The atom of ionization po- 
tential V, is shown in an excited state of excitation 
potential V,.. In order for the neutralization to take 
place, the energy level of the electron in the metal must 
coincide within narrow limits with that in the atom. 
The two states are then said to be in resonance and a 
tunneling transition may take place. Thus, the transi- 
tion may occur if 


We>Vi—V.>¢. (1) 


For the reverse process, ionization of an atom by a 
metal, it is necessary that the electron from the atom 
undergo a transition to an unoccupied electronic state 
in the metal. This requires that 


@>Vi-—V.. (2) 


The same method of reasoning is applicable to other 
resonance processes. An atom may capture a metal 
electron to form a negative ion or a negative ion may be 
stripped of an electron. Conditions analogous to Eqs. 
(1) and (2) result. 

These results have been based upon a model of two 
independent potential systems. However, not only is 
the potential barrier between the ion and the metal 
lowered at close approach, but the entire shape of the 
ionic potential well is deformed. This deformation 
necessarily alters the energy levels of an electron in the 


Vi ~Ve 





Fic 1. Repre 
sentation of energy 
levels of an electron 
in the field of a metal 
and an ion separated 
by distance 
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lic. 2. Energy levels of system for neutralization of an ion at 
infinite separation. Initial state A: N electrons in metal plus an 
ion at infinity. States @: N-1 electrons in metal plus an ion and an 
electron at infinity. Final states B: N-1 electrons in metal plus an 
excited atom at infinity 


well. These effects can be taken into account by a 
quantum-mechanical determination of the perturbed 
energy levels of an electron in the deformed well. In 
this paper, however, a different approach to the prob 
lem will be employed. The electronic state of the total 
system, including both the atomic and metal systems, 
is specified both before and after transition. In com- 
puting the electronic energy of these total system 
states, use is made of the identity of this electronic 
energy with the nuclear potential energy. With regard 
to the likelihood of electronic transitions between the 
initial total state and the final total state, use is made 
of the Franck-Condon principle. The Franck-Condon 
principle states that an electronic transition can occur 
with appreciable probability only when the position 
and velocity of the approaching particle is unaltered 
by the transition, Conservation of energy then requires 
that the nuclear potential energy (electronic energy) 
be unchanged as a result of transition. 

It is possible to analyze a number of neutralization 
and ionization processes involving both positive and 
negative ions at metal surfaces. Because of their par- 
ticular relevance to secondary electron emission, de- 
tailed analyses will be made of the neutralization of a 
positive ion and the ionization of an atom. 


II. NEUTRALIZATION OF A POSITIVE ION 


A description of the initial state of the system in- 
cludes both the metal and the approaching ion. A final 
state of the system includes the metal less one electron 
and the neutralized atom. The potential energy level 
associated with each of these states of the system is con- 
sidered to be a function of the separation s between 
the metal surface and the approaching particle. When 
the potential energy curve for the initial state of the 
system crosses that for a possible final state of the 
system, a transition may take place according to the 
Franck-Condon principle. The states of the system are 


described as follows: 


Initial state A: .V electrons in the metal plus an ion 
at separation 5. 
Final states B: .V-1 electrons in the metal plus an 


atom at separation s. 


They can be referenced relative to one another by a 
consideration of the levels for infinite separation and 
zero kinetic energy. In Fig. 2 the energy level of initial 
state A at infinity is chosen arbitrarily. It is convenient 
to employ a set of states M describing .V-1 electrons in 
the metal plus an ion and electron at infinity. Each one 
of the states M is constructed by removing to infinity 
one of the electrons in the metal. If an electron at the 
Fermi level is removed to infinity, the potential energy 
of the system is raised an amount ¢. This is shown as 
level xy in the diagram. Correspondingly, if the 
electron removed to infinity is taken from the bottom 
of the band of metallic states, the level is raised by an 
amount HW’, to give state yy. There exist .V possible 
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hic. 3. Energy levels of system as a function of separation for 
neutralization of the He* ion to the He(4S,) metastable state at a 
molybdenum surface. Initial state A: V electrons in metal plus an 
ion at distance s. Final states B: V-1 electrons in metal plus an 
excited atom at distance s 


choices of electrons to be removed giving rise to a 
band of .V states between xy, and yy possessing an in- 
verted Fermi distribution. 

The final set of states B at infinity is constructed by 
allowing the ion and electron of one of the states M to 
recombine at infinity forming an excited atomic state 
of energy V, (V, is zero for the ground state). This 
lowers the energy of a state M by an amount V;—V,. 
Each state M gives rise to a possible final state B, re- 
sulting in a simple displacement of the band of states M. 
The set of states M need be considered no longer. 

The energy changes in the system associated with 
the approach of the atom or ion to the surface are 
shown in Fig. 3. The distance scale is appropriate to 
the neutralization of the monatomic He* ion to the 
He('S;) metastable state on a Mo surface. Because the 
final states B involve a neutral atom, the energy levels 
are expected not to vary with distance at distances 


greater than an atomic ‘‘radius”’ if the small van der 
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Waals contribution is neglected. At closer distances, 
the repulsion between the atom and the surface causes 
the potential curves to rise sharply in a manner similar 
to those describing the collision of two atoms. Because 
the detailed nature of the repulsive part of the curve 
is unknown, only the qualitative behavior is indicated 
by dashed lines. The image force to which the ion is 
subjected lowers the level of the initial state 1 below 
the infinite separation level by the image potential, 


I(s)=—eé/4s. 


As with levels B, the repulsion between the ionic core 
and the metal is indicated qualitatively by dashed 
lines. 

It should be emphasized that the levels of Fig. 3 
are levels associated with the total system. Although 
the final states were derived from the free-electron 
states of the metal, they are to be regarded not as 
states of the metal, but as states of the entire system 
available for occupancy in a transition. 

It is clear from Fig. 3 that Franck-Condon crossings 
of initial state A with possible final states B occur only 
at distances greater than sy for the example chosen 
(Het on Mo). Since the ionic ‘‘radius”’ is smaller than 
that of the atom, the distance at which level rises 
sharply is expected to be smaller than the distance at 
which levels B rise sharply. Hence, on this simple 
picture, a recrossing of potential curves is not expected 
for the case shown. 

In order to obtain a condition similar to Eq. (1), 
but modified to take account of variation in energy 
levels, it is useful to define ¢, the difference in energy 
between initial state A and final state x, of the system. 
It is shown in Fig. 3. State x, corresponds to the re- 
moval of an electron from the Fermi level of the metal. 
The value of € appropriate to infinite separation can be 
obtained by inspection from Fig. 2. The variation of € 
with distance is given by 


e=V,—V,—@+/(s), 


when repulsion effects are neglected. The neutraliza- 
tion transition can take place if the curve representing 
the initial state crosses a curve for a possible final state. 
Such crossings exist if 

t>«>0. 


This equation may be expressed in the form 
Wa>Vi—V.+1(s)>¢, (3) 


for comparison with Eq. (1). It is clear that previous 
treatments have ignored the effect of the image po- 
tential. 

The results above apply rigorously only at absolute 
zero. At a finite temperature a few electrons are excited 
above the Fermi level giving rise to a few final states B 
below level xg. Although the second inequality of Eq. 
(3) implies the absence of such states, no significant 
violation of the condition is expected. 
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Fic. 4. Energy levels of system as a function of separation for 
ionization of the He(®S,) metastable atom at a molybdenum sur 
face. Initial state .1: V-1 electrons in metal plus an excited atom 
at distance s. Final states B: V electrons in metal plus.an ion at 
distance s 


III. IONIZATION OF AN ATOM 


Ionization of an atom near a metal surface is es 
sentially the reverse of the process considered in the 
last section. The intitial and final states are described 
similarly but the roles are reversed (compare Figs. 3 
and 4). As before, these states are referenced at in 
finity. A state M (as in Fig. 2) consisting of .V-1 
electrons in the metal plus an electron and an ion at 
infinity is formed by ionizing the atom of initial state 
A at infinity. This raises the level of the system by an 
amount V,—V,. The electron at infinity is then allowed 
to occupy one of the unfilled levels above the Fermi 
level in the metal potential well. If the electron occupies 
the Fermi level, the final state of the system is lowered 
below level M by the work function of the metal ¢. 
All states above the Fermi level to the top of the po- 
tential well are available giving rise to a band of final 
states of width ¢. There exists a continuum of final 
states above level yg, corresponding to states in which 
an electron is not bound to the metal. 

The dependence of the energy levels as a function of 
s is shown in Fig. 4. The distance scale is appropriate 
to the ionization of the He(*S,) metastable atom on a 
Mo surface. Since the initial state involves an un- 
charged particle, the level is unmodified for the larger 
values of s. The set of final states is modified by the 
image potential. The effect of close-in repulsive forces 
is indicated by the broken curves. 

A transition can occur when the curve for initial 
state A crosses the band of final states B. A condition 
similar to that found in Sec. IIT results, 


@>V;—V.+1(s) (4) 


This expression replaces Eq. (2). It can be seen that 
the inequality is the same as before but modified by 
the image potential. As before these results apply only 
at absolute zero. At finite temperatures a few states 
will exist below level xg in Fig. 4, but are not expected 
to cause a significant violation of Eq. (4) 
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The inclusion of image potential in the present 
theory leads to a number of cases of interest depending 
on the values of V;, V,, and ¢. 

(a) As illustrated in Fig. 4, when V;—V, exceeds @ 
by a small amount, ionization can occur for distances 
such that s<5o, a possibility previously excluded. 

(b) For a highly excited atom, V;—V, is very small. 
The initial state A of Fig. 4 is raised so that at large s 
it lies just below level yg. It can be seen that curve A 
will then cross the continuum of final states at small s. 
Thus the excited atom may be ionized at close approach, 
with the possibility of the electron appearing as a 
secondary electron. 

(c) In certain cases when very slow atoms are 
ionized they possess insufficient kinetic energy to over- 
come the image potential and become trapped. This 
is particularly true for the vapors of the alkali metals. 
The ionization potentials are sufficiently low that 
ionization can occur near most metal surfaces. The 
trapped ions will eventually reach thermal equilibrium 
with the surface and form an adsorbed layer. 

(d) An ion that has become neutralized at distances 
greater than So may be ionized again at closer approach 
and be reflected as an ion. Such an ion loses kinetic 
energy equal to the difference in potential energy at the 
neutralization and ionization distances. Even if the 
direct impact is elastic, such a reflected ion appears 


experimentally to have experienced an inelastic col- 


lision. 


IV. TRANSITIONS INVOLVING NEGATIVE IONS 


For the sake of completeness processes involving 
negative ions are mentioned here. In the vicinity of a 
metal surface, a neutral atom may capture a meta! 
electron to form a negative ion or a negative ion may 
lose its electron to the metal. These resonance transi- 
tions can be treated in the same way as the neutraliza- 
tion and ionization processes already described. Modi- 
fication of existing theory by the inclusion of image 
potential leads to the specification of ranges from the 
surface where transitions may take place. It can be 
shown, for example, that a negative ion may be formed 
near a surface even if the electron affinity of the atom 
is less than the work function of the surface. In such a 
case the negative ion may lose its electron in moving 
farther away from the surface. In so doing, it will lose 
kinetic energy equal to the difference in image potential 
at the two distances. Such a collision with the surface 
appears experimentally to be inelastic. 


V. METASTABLE DE-EXCITATION MECHANISM FOR 
SECONDARY ELECTRON EMISSION (Het ON Mo) 


As already mentioned in Sec. I, the Het ion is as- 
sumed!” to neutralize to the He(S,) metastable state 
while approaching the surface. At closer approach, the 
metastable atom is assumed to de-excite by capturing 
a metal electron into the ground atomic state and 
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ejecting a 2s atomic electron. The analysis of this case 
in this section differs only in detail from those involving 
other singly ionized rare gas ions on many metals. 

Cobas and Lamb?’ have calculated both stages of 
this process for He*+ on Mo. The first stage [Het to 
He(45,) ] will be of principal interest. This calculation 
involves a matrix element which is essentially an 
overlap integral of the initial and final wave functions 
of the system. The transition probability is propor- 
tional to the product of the square of the matrix 
element and the energy density of final states. 

When the image potential involved in the transition 
[Het to He(4S;) | is neglected, V;— V.=4.77 ev exceeds 
o= 4.27 ev by 0.5 ev to satisfy Eq. (1). No other state 
satisfies this condition. Since Cobas and Lamb did not 
take into account the image potential, they took the 
energy density of final states appropriate to infinite 
separation of the ion from the surface. As can be seen 
from Fig. 3 the density of final states becomes zero for 
s<so=7A. Thus the Cobas and Lamb calculation is 
correct only for distances greater than so. If He* has 
not undergone a transition to the metastable state by 
the time it approaches so, it cannot neutralize in its ap- 
proach to closer distances. From Cobas and Lamb’s 
calculation, it can be shown that only a small fraction 
of He* are neutralized in the approach to so even if the 
ions possess thermal velocities. For faster ions, a very 
much smaller fraction will be neutralized in the ap- 
proach to So. 

When the newly formed metastables approach 
closer than so, Fig. 4 shows that the density of final 
states for ionization becomes very large. The matrix 
element for ionization [ He(*S;) to Het] is the same as 
for neutralization [He+ to He (’S,) ] since initial and final 
states are interchanged. Thus Cobas and Lamb’s matrix 
element may be used to calculate the probability for 
ionization of a He(*S,) metastable atom at distances 
less than so. A computation shows that the probability 
of a metastable approaching s=2A without being 
ionized is exceedingly small even for kinetic energies of 
1000 ev. Cobas and Lamb were able to show that if a 
metastable beam is incident on a surface the meta- 
stable de-excitation process occurs with appreciable 
probability only for s<1A. Since metastables are al- 
most completely ionized at distances greater than 2A, 
it is clear that the contribution to secondary electron 
emission by de-excitation of approaching metastables 
in the range greater than 2A is very small. 

What happens at distances less than 2A is more 
difficult to predict with certainity. As noted in Sec. IT, 
a simple consideration of ionic and atomic “radii” 
shows that a recrossing of potential curves is not ex- 
pected. The possibility that a small fraction of the ions 
may be neutralized in a rather limited range cannot be 
excluded as detailed knowledge of the surface repulsive 
potentials is lacking. Any excited atom so formed must 
de-excite very rapidly if it is to give rise to a secondary 
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electron; otherwise the rebounding atom will be 
ionized again after moving away a very short distance. 
The rather severe limitations imposed by this analysis 
lead one to believe that very few secondary electrons 
result from this process and that the main body of 
secondary electrons arise in some other manner. 

If such processes are neglected for the moment, the 
rebounding ion may again become neutralized after it 
has traveled past so. Whether it emerges as an ion or 
metastable depends upon the integrated transition 
probability for neutralization from 5s,» to infinity on its 
outward trip. It thus appears that whether a reflected 
particle is a metastable or ion depends not on what 
happens in an approach to the surface, but on what 
happens when it travels away. It can be seen that if the 
approaching particle had been a metastable, the results 
would be the same since it becomes an ion at close ap- 
proach. Thus, it appears reasonable that the com- 
position of a reflected beam of particles is independent 
of whether the incident particles are ions or meta- 
stables. 

Cobas and Lamb’s’ theory requires that a beam of 
ions be nearly completely transformed to a metastable 
beam on approach. In order to explain Oliphant’s® ob- 
servation of both reflected ions and metastables, Cobas 
and Lamb postulated that a metal electron oscillates 
rapidly between the ion and the metal, the number of 
such oscillations determining the identity of the re- 


flected particle. The present theory eliminates the need 
for this mechanism. 


VI. THE AUGER PROCESS FOR SECONDARY 
ELECTRON EMISSION 


Shekhter* has proposed an alternative process to 
explain secondary electron emission. The system of 
metal plus ion de-excites itself in an Auger type process 
by the simultaneous transition of two metal electrons; 
one to the ground state of the atom and the other to 
the continuum appearing as a secondary electron. 


5 M.L. E. Oliphant, Proc. Roy. Soc. (London) A127, 373 (1930) 
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According to Shekhter’s calculations, the Auger process 
is most important for very close approach (of the order 
of 3A or less). Shekhter calculated the secondary 
electron yield to be 0.10 per incident ion for 20-ev ions. 
The theory requires the yield to be inversely propor- 
tional to ion velocity. This dependence is not borne 
out by experiment. Hagstrum’s* measurements of 
secondary electron yield by Het on atomically clean 
Mo surfaces give a value of 0.25 for secondary electron 
yield relatively independent of ion energies between 
10 and 1000 ev. Although this difficulty exists for the 
Auger process, it appears less subject to criticism than 
does the metastable mechanism. 

It appears likely that a beam of metastable atoms 
will be largely ionized at distances greater than that 
for which the Auger process has an appreciable prob- 
ability. Thus, secondary electron yield by metastable 
atoms should be nearly identical to that by ions. 


VII. CONCLUSION 


A potential curve method has been developed for 
describing resonance transitions involving atoms and 
ions in close proximity to metal surfaces. The effect of 
image potential on the energy levels of the system 
limits transitions to definite ranges of separation from 
the surface. It is found that Cobas and Lamb’s? calcu- 
lations of the ion to metastable [Het—»He(*S,) at a Mo 
surface | process are seriously in error. Further, it has 
been shown that any contribution to secondary electron 
emission by the de-excitation of metastable atoms is 
very small. It is believed that an Auger type process is 
is responsible for most of the secondary electrons. 

The author wishes to thank the members of the 
Physics Department of the Westinghouse Research 
Laboratories for many interesting discussions, sug- 
gestions, and criticism of this work. The author is 
particularly indebted to T. Holstein, who showed how 
the potential diagrams should be constructed and con- 
tributed many valuable suggestions. 


®°H. D. Hagstrum, Phys. Rev. 89, 244 (1953) 
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The specific probable ionization of electrons has been measured for the energy range in which it is a rapidly 


varying function of velocity by counting the droplets along cloud-chamber tracks 


The electron momenta 


have been determined by the use of a magnetic field perpendicular to the direction of photography, per 


mitting counting along appreciable lengths of the helical tracks of slow electrons 


The dependence of the 


measured specific ionization upon velocity agrees within the experimental uncertainty with that predicted 


by the Bethe-Bloch theory. 


The ionization in the 


vapor has been determined experimentally, | 


yermitting the determination of the 


minimum ionization in the dry gases at standard conditions as 46.142.2 ions per cm in air, 6.48+0.34 in 
hydrogen, 8.13+0.51 in helium, and 53.1+2.8 in argon, where the statistical probable errors are indicated 


Chese values 


ire compared with the average ionization found for cosmic-ray mesons by Hazen and Skolil. 


The theoretical minimum rates of energy loss divided by these values give values of the average energy loss 


per ion pair of 31.241.5 ev for air, 37.242.0 for hydrogen, 


I. INTRODUCTION 


HE modern theory of energy loss by charged 

particles through ionization and excitation! 
is in agreement with many direct measurements of the 
range and energy loss of energetic particles; however, 
many cloud-chamber measurements of specific ioniza- 
tion show poor agreement with the theory. In particular, 
there have been no adequate cloud-chamber data on 
the specific probable ionization of particles in the low- 
momentum range in which the velocity and _ specific 
ionization vary rapidly. This paper reports measure- 
ments of the specific ionization of electrons with energies 
of several thousand to several hundred thousand elec- 
tron volts, made to obtain information for improving 
the accuracy of cloud-chamber measurements of particle 
velocity. 
measurements are of the “specific probable 
made by counting droplets along diffuse 
with clusters 
Thus the 


These 
ionization” 
tracks,” omitting droplets associated 
larger than a certain arbitrarily chosen size. 
probable ionization is related to the energy loss in the 
energetic only. Measurements of the 
specific probable ionization of cosmic-ray particles 
(with high momenta where the specific ionization does 
not change rapidly with momentum) have been made 
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26.04-1.6 for helium, and 27.9 +1.5 for argon. 


either limited in scope or show disagreement with the 
theory and other work. 

Cloud-chamber measurement of ionization requires 
not only counting the droplets but also knowing the 
efficiency with which ions are represented by droplets 
along each particle track. Separating positive and nega- 
tive ions permits determining this condensation effi- 
ciency from measurements” of the manner in which 
its dependence on expansion ratio and vapor composi- 
tion differs for positive and negative ions. The technique 
of separating the positive and negative ions for this 
purpose was implicit in the original work of Wilson and 
has been used in the measurements of specific probable 
ionization by Hazen and his co-workers.°~? The present 
work includes an experimental determination of the 
ionization in the water-alcohol vapor used. This gives 
directly the value of vapor correction required to obtain 
the ionization in dry air, hydrogen, helium, and argon. 


II. EXPERIMENTAL METHOD 
Measurement of Momentum 


The momentum of each electron was determined 
from the radius of curvature of the track due to a 
magnetic field. This radius must be small compared 
with the scattering “radius of curvature’? due to the 
multiple collisions of the electrons with the molecules 
of the gas. Decrease of this scattering radius of curva- 
ture with decreasing electron velocity requires that very 
small magnetic radii of curvature be used in measuring 
the momenta of low-energy electrons. It follows that 
scattering and the required magnetic field together 
so bend slow electron tracks that they appear in the 
usual photographs with camera axis parallel to magnetic 
field as a confusion of overlapping small arcs. 

To facilitate accurate curvature measurement 
to provide adequate lengths of track free from over- 
—s for droplet counting, the electrons were intro- 
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SPECIFIC PROBABLE ION 
duced with a component of momentum parallel to the 
field, and the tracks were photographed from a direction 
perpendicular to the magnetic field. This method!! 
permitted each turn of the helical track to be seen and 
counted separately, the projection in the plane of the 
picture being sinusoidal. The components of momentum 
parallel and perpendicular to the field are both obtain- 
able from the one picture. 

The magnet™ consisted of two water-cooled coils 
spaced to permit illumination and photography be- 
tween them, with properly proportioned iron rings 
inside each coil and iron bars outside parallel to the 
coil axis. This iron slightly increased the strength of 
the field and greatly improved its uniformity. As used 
at about 1300 gauss, the field was uniform to within 
one percent throughout most of the volume. 

The radius of curvature p that the track would have 
if it were perpendicular to the field was calculated 
separately for each half-loop of the track from the 
radius of the helix and the axial length of the half-turn. 
Thus it was possible to obtain a larger number of deter- 
minations of the momentum of each of the slower tracks 
to offset the greater errors entering from scattering. 


2. Measurement of Ionization 


The cloud chamber designed for use with this magnet 
expanded axially in the direction of the horizontal 
magnetic field, as indicated in Fig. 1. To permit un- 
distorted photography from above, the working volume 
was hexagonally shaped with alternate sides of plate 
glass; the two lower windows were used to illuminate 
the chamber. The source of illumination was a single 
900-watt incandescent projection lamp flashed momen- 
tarily when taking the picture at a voltage 23 percent 
above its rated value. Panes of heat-absorbing glass 
were placed in the light paths, and the hot air from the 
lamp was removed with a small blower. A continuous 
sheet of water was circulated between the lower chamber 
windows and outer panes of glass. The chamber was 
further protected from the heat generated in the magnet 
by water cooling of all the metal sides and the end. 

The chamber operation was controlled entirely by a 
mechanical cam system which also rotated a sample 
of radioactive phosphorous past a thin aluminum 
window in the end wall of the chamber opposite the 
diaphragm. The source was opposite the window ap- 
proximately 0.02 second before the resulting ions along 
the electron tracks were immobilized by the formation 
of drops, thus allowing the necessary diffusion of the 
ions to permit counting of the drop images. The positive 
and negative ions were separated by a small residual 
electrical clearing field perpendicular to the axis of the 
magnetic field and in the plane of view, so that the drops 
formed on the positive and negative ions formed two 
parallel but distinct tracks. All tracks containing less 
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IZATION OF .ECTRONS 865 
than one-fifth the number of positive track drops in 
the negative track were discarded. Measurements 
made" of the dependence of condensation efficiency for 
positive and negative ions upon vapor composition 
show that, even for a vapor composition differing con- 
siderably from that in equilibrium with the water and 
75 percent ethanol liquid used, this should ensure that 
essentially all of the positive ions will be represented 
by drops. 

The tracks were measured directly from the original 
negative, using a microscope equipped with a stage 
movable in any two perpendicular directions by mi- 
crometer screws. The drops were counted with the aid 
of a key and message register, and the coordinates of 
each peak of the sinusoidal projection of the track 
were recorded as it was reached. An arbitrary length of 
track was included in each cluster count. The largest 
clusters included in the track count contain 25 drops 
in addition to the average ionization found along ad- 
jacent sections of track. This selection corresponds to 
the exclusion of ionization events in which the energy 
transferred is greater than 600 to 800 electron volts, 
the exact value depending upon the energy expended 
in producing one ion pair in the particular gas and 
vapor mixture. 


3. Elongation Correction 


The axial distances measured required correction 
for the distortion of the track produced by the ex- 
pansion of the chamber. This expansion stretched the 
helix of ions, increasing the apparent momentum of the 
track and reducing the apparent ionization. With low 
operating pressures, tracks entered the chamber after 
the beginning of the expansion, necessitating measure- 
ments of track age and expansion rate to permit deter- 
mination of the amount of elongation. The ages of the 
tracks were obtained from measurements of the separa- 
tion of the positive and negative ion tracks together 
with data on the mobilities of the ions in the gas-vapor 
mixture used obtained with a pulsed x-ray source. 
Measurements of the rate of expansion of the chamber 
were made for each pressure used by fitting one of the 
small windows in the wall of the chamber opposite the 
diaphragm with a pressure-sensitive switch 


4. Vapor Correction ie 


Pictures were taken with widely varying pressures 
of hydrogen in the chamber, permitting determination 
of the ionization in the hydrogen and the vapor sepa- 
rately on the assumption that there is no interaction 
between the gases in the chamber. An interaction such 
as the ionization of vapor molecules by metastable 
excited states such as are known to exist in helium 
should increase the apparent ionization in the gas by 


‘an amount proportional to the pressure of the gas 


only, if the vapor correction is made as indicated below. 
The present results would then be directly applicable 
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Fic. 1. Arrangement of magnet and cloud chamber. A, camera; 
B, magnet coil; C, working volume of chamber; D, clearing field 
electrode (grid of fine wires); E, incident illumination; F, mirror; 
G, lamp; H, thin window for admitting electrons; J, expansion 
diaphragm, ete 


to cloud-chamber experiments involving other pres- 
sures of the same gases and vapor, even if they should 
not be applicable to the ionization in dry gases. 


5. Miscellaneous Corrections 
(a) Temperature 
Since the water-alcohol vapor was in equilibrium with 
its liquid phase, its pressure was very sensitive to 
changes in the temperature of the chamber, requiring 
corrections of as much as three percent per degree C 
in the total ionization. The estimated probable error in 
measurements of the chamber temperature was 0.2°C. 


(b) Background 
Counts were made of arbitrarily chosen areas of the 
pictures that did not contain tracks to correct for the 


general drop background. 
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(c) Resolution of Drop Images 


A correction for the superposition of drop images has 
been estimated on the assumption that two drops will 
be counted as one if the distance between their centers 
is not greater than their radius. The projected distri- 
bution of drops about the track axis was considered 
as that given by the normal error curve, neglecting the 
bunching effect of clusters. With this assumption the 
correction to the number of drops per cm on the photo- 
graphic negative may be shown to be 0.60 r°7,?/6, where 
io is the observed number of drop images per cm, 7 is 
the radius of the images, and 6 is the breadth of the part 
of the track that includes just half of the drops. Meas- 
urements of this breadth and of the drop diameter, 
usually 0.003 cm, were made for each track. In view of 
the small size of the correction (usually less than three 
percent) the bunching effect was not considered im- 
portant, although in a few cases the correction for large 
clusters was calculated separately. 


III. RESULTS 
1. Ionic Mobilities in the Cloud Chamber 


Approximate values found for the sum of the mobili- 
ties of the positive and negative ions in the gas and 
vapor mixture of the chamber are 5 cm* sec™! v~™ in air 
at 13-cm pressure, 3.5 in helium at 47 cm, 25 and 9 in 
hydrogen at 14 cm and 43 cm, and 11 in argon at 13 cm. 
These values are intermediate between values to be 
expected for the respective gases and for the alcohol 


vapor. 
2. Dependence of Ionization upon Velocity 


The results of the measurements of ionization are 
summarized in Figs. 2, 3, 4, and 5, in which the specific 
probable ionization / is plotted as a function of the 
velocity 8 in units of the velocity of light. For this 
purpose the tracks have been grouped together so that 
each point represents from one to five tracks. The values 
for / and 8 have been averaged with weights chosen on 
the assumption that the chief uncertainty is due to the 
statistical error in the counting. The vertical lines 
through the points in the figures are the probable errors 
estimated from the number of drops counted. For this 
purpose the number of randomly occurring events is 
assumed to be 30 percent of the number of ion pairs in 
the tracks, which corresponds approximately to the 
actual statistical probable error observed in ionization 
measurements on a group of tracks for which the ioniza- 
tion was calculated separately for each half-turn. The 
probable error shown for 8 on a few of the points has 
been calculated from the scatter of the values obtained 
from successive half-turns of each track. 

The solid curves shown in these figures represent the 
dependence of specific probable ionization on velocity 

J. J. Thomson, Conduction of Electricity through Gases (Cam 
bridge University Press, Cambridge, 1928), third edition, Vol. 1, 
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SPECIFIC PROBABLE 
given by the Bethe-Bloch theory.' The theory gives the 
“probable” rate of energy loss by a charged particle 
excluding the larger energy transfers. This energy 
loss divided by the average energy loss per ion pair 
w gives the number of ions per cm / not associated with 
energy transfers greater than mw, when m is the largest 
number (net) of ions in a cluster included in a drup 
count. For a gas the expression may be written 


1=C/B8*(k+|n{s?/(1—p")} — 87), 


where the constants are C=24.5(nZ/w)(p/T) and 
k=|n{10°mw/1?(Z)}, in which nZ is the number of 
electrons per molecule, w is the mean energy loss per 
ion pair in electron volts, p is the pressure of the gas 
in cm of mercury, 7 is the temperature in degrees 
Kelvin, and /(Z) is the average ionization potential 
in electron volts. The values used here for /(Z) are 17.5 
electron volts for hydrogen,'* 44 for helium,'® and 11.5 
Z for the other elements.'* The values used for w are 
given in the first line of Table I with the addition of 
values of 31 for carbon dioxide and 30 for oxygen 
(thence 34 for carbon with the assumption indicated 
below). These values appeared the best available when 
the curves were plotted; the values of w for hydrogen, 
helium, and argon agree with the values of Gurney"’ 
as revised by Gray'* and with the values of Stetter;'® 
the other values are from Eisl” and Gerbes.”! 

For plotting this function, it has been assumed that 
the contributions to the ionization of the elements 
present in the vapor are simply additive, without regard 
to any effect of chemical binding. Gray'* has presented 
some evidence that the stopping powers of water and 
ethanol may be calculated with a similar assumption. 
The ionization of a mixture may be represented by an 
equation of the same form, where C=2,C; and k= 
(X.Cik)/(2.C,), where C,; and k, represent the values 
appropriate for each constituent. This is equivalent 
to assuming a mean value of w given by 1/w= (2,pin,Z, 

w;)/(Z:pm,Z;), which has been used to obtain the 
value for carbon above. 

In comparing the experimental points with the 
experimental curve, it should be noted that the in- 
dicated ‘‘probable errors” in the ionization are not true 
probable errors in the sense of describing the width of 
a normal distribution, since the tail of the actual 
distribution is increased by the production of energetic 
secondaries. The suggestion at a few points of a lower 
specific ionization than that predicted for slow electrons 
in air and argon is probably not significant because of 
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Fic. 2. Specific ionization in air and vapor at a pressure of 13.6 
cm and a temperature of 14°C. 


the much greater scattering of slow electrons in these 
heavier gases. In particular, the point indicated for 
air by a cross represents the slowest electron in the 
group, since it was observed to stop in the gas of the 
cloud chamber. In contrast, with the lowest pressure 
of hydrogen used in the chamber, a somewhat higher- 
than-predicted ionization is found for an electron with 
an energy of only 14 kilovolts and a measured ioniza- 
tion of 16 times the minimum, and other slow electrons 
in hydrogen and helium show an ionization in good 
agreement with the theory. There is thus no significant 
difference between observed and theoretical velocity 
dependence of ionization. Agreement in ordinate in- 
dicates that, except perhaps for helium, the values of 
w used in plotting the curves are close to those implied 
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by the data. 
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Fic. 3. Specific ionization in helium and vapor at a pressure 
of 51.0 cm and a temperature of 14°C. Crosses represent points 
obtained with commercial (96 percent guaranteed purity) helium; 
other points obtained with purified“Welium furnished hy Depart 
ment of Chemistry, University of California 
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3. Ionization in the Vapor 


The ionization in the water and ethanol vapor used 
in the cloud chamber was found from the data obtained 
with hydrogen in the chamber at total pressures of 
14.3 cm, 46 cm, and 72.4 cm. To reduce the data taken 
at different velocities, the values of ionization have been 
reduced to the ionization to be expected at the minimum 
of the curve for the pressures and temperatures used, 
on the assumption that the ionization varies with veloc- 
ity as predicted by the theoretical equation. This 
reduction is not very sensitive to the values chosen for 
w and /(Z). The hydrogen data reduced in this way 
are shown in Fig. 6 in which the minimum ionization is 
plotted as a function of the partial pressure of hydrogen. 
The vertical lines through the points indicate the 
statistical probable errors in the weighted mean values 
of the ionization at each pressure, and the straight 
line has been fitted to the three points by the method 


60 


a 
°o 


~\ 
o 


= 
rs) 
a 
rm) 
a 
” 
ie 
< 
a 
z 
o 





ic, 4 


Specie ionization in argon and vapor at a pressure ol 
13.5 cm and a temperature of 14°C 


of least The intercept of the line with the 
ionization axis gives a value for the minimum ionization 
in the saturated vapor in equilibrium with the 75 per- 
cent ethanol and water liquid at 14°C of 2.36+0.15 
ion pairs per cm. The value calculated from the theory 
as indicated above is 2.46 ion pairs per cm, in which 
the greatest uncertainty should be in the choice of 


squares. 


values for w. 

This agreement may be contrasted with the result of 
Beekman,’ which indicated a specific ionization in the 
vapor, over 60 percent alcohol and water, of about two 
and one-half times the expected value, while he found 
an ionization in air of only about two-thirds of the 
values found by Hazen and ourselves. Beekman’s work 
was done by a similar method but with a much smaller 
part of the total ionization occurring in the vapor, 
and apparently without a rigorous criterion for the con- 
densation efficiency of his chamber. Examination of 
his published data suggests that drops in his denser 
tracks may not have been adequately resolved for 
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counting, and this would reduce the apparent fraction 
of the ionization occurring in the gas. 


4. Minimum Ionization in the Dry Gases 


The minimum ionization in hydrogen obtained from 
the slope of the line in Fig. 6, reduced to 76-cm pressure 
and 0°C, is 6.48+0.34 ion pairs per cm. For the other 
gases subtraction of the experimental value for the 
ionization in the vapor from experimental values 
similarly reduced to minimum ionization by means of 
the theoretical equation gives values for the dry gases 
which, when corrected to 76-cm pressure and 0°C, are 
46.142.2 ion pairs per cm for air, 8.13+0.51 for helium, 
and 53.1+2.8 for argon. 


5. Average Energy Loss per Ion Pair 


The ratios between the theoretical minimum rate of 
energy loss and the observed minimum specific ioniza- 
tion are shown in the second line of Table I. These may 
be regarded as experimental determinations of the 
average energy loss per ion pair w if one assumes the 
correctness of the theoretical velocity dependence used 
in making the reduction to minimum ionization. (This 
is not appreciably affected by the choice of w because 
of the insensitivity of the curve to changes in the argu- 
ment of the logarithm.) Recent electrically measured 
values”:* of w are presented in the third and fourth 
lines of Table I for comparison. A considerable variety 
of values for w appears in the literature, but some of the 
inconsistencies have been explained by measurements of 
the dependence of w upon the velocity of the particle 
producing the ionization, especially in air,'* and of the 
dependence of w on the purity of the gas." Thus the 
low value for helium in the present work may result 
from the ionization of vapor molecules by a metastable 
excited state in helium as suggested by Skolil,® but could 
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Fic. 5. Specific ionization in hydrogen and vapor at a 
temperature of 14°C 
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result from experimental error caused by the contamina- 
tion of the helium-vapor mixture with a small amount 
of a more heavily ionizing gas, despite precautions to 
avoid such contamination. 

The present values for w are influenced only slightly 
by the uncertainty in the value of the mean ionization 
potential /(Z). A comparison of these values used with 
more recent values®® shows a maximum resulting dif- 
ference of three percent in the case of helium, the later 
values resulting in a larger value for w. 


6. Comparison with Previous Work 


Cloud-chamber measurements of specific probable 
ionization have been made at the minimum of the 
ionization curve for both electrons and mesons by Sen 
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Gupta* and Hazen.’ The results of Sen Gupta were 
obtained with 90 percent argon and 10 percent oxygen 
in the chamber, but apparently the data have been 


reduced to the corresponding expected ionization 
in air or nitrogen so that his results cannot be closely 
compared with other work. His values of 40 and 37 
ion pairs per cm for the minimum ionization of mesons 
and electrons, respectively, are slightly lower than 
Hazen’s values for air. 

The discrepancy between the present value of 46 
ion pairs per cm in air with Hazen’s meson value of 42 
is about equal to the sum of the estimated probable 
errors in the two measurements, but the disagreement 
with his electron value of 39 is about twice as great. 
Hazen states that the largest uncertainty in obtaining 
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ras.e I. Average energy to produce one ion pair (ev.) 


\u Hydrogen Helium Argon 


Older values used 32 36 31 28 
for plotting curves 


Values giving best 31.24-1.5 26.0+1.6 27.94+1.5 


fit to our experi 

mental results 

Bakker and Segré* 3 
Valentine and 35.0 
Curran” 


* See reterence 22 
See reference 23 


absolute values from his data is probably in the rela- 
tively large resolution correction of about seven per- 
cent. His correction of eight percent for ionization in 
the vapor appears too large by the results of the present 
work. Hazen’s meson and electron values correspond to 
values of w of 34 and 37 ev, respectively, suggesting that 
his meson value is the better of the two. 

Measurements of the specific probable ionization in 
hydrogen, helium, and argon have been made by Skolil® 
who measured the ionization of cosmic-ray mesons of 
unknown (in general, higher) energies. His results are 
shown in Table II together with the ratios of this meson 
ionization to the values of the minimum electron ioniza- 
tion found in the present work. The probable errors in 
these ratios are about percent. 
Hazen has predicted a ratio of 1.18 and has experi- 
mentally measured a value 1.12 for air. 

An additional value of the average meson ionization 
in helium has been obtained by Hayward? which is in 
disagreement with these values, 25 percent higher than 
Skolil’s result, corresponding to a ratio of 1.49. The 
disagreement is in the direction which might be pro- 
duced by a slight contamination of the helium gas 
used by Hayward with more heavily ionizing gases. 


estimated as eight 


Iv. CONCLUSION 


The measured specific probable ionization has been 
found to vary with velocity as predicted by the Bethe- 
Bloch theory within the experimental uncertainty for 
electrons in hydrogen, helium, and air, with ionizations 
up to six or eight times the minimum ionization, and 
in argon with ionization up to two and one-half times 
the minimum. For air, hydragen, and argon the ab- 
solute magnitude of the specific ionization agrees within 
the statistical probable error of about five percent with 
the value predicted by the theory using the best directly 
measured values for the average energy loss per ion 
pair. For helium the discrepancy is about three times 
the probable error. However, the magnitude of the 
specific ionization in helium, as well as that in hydrogen 
and argon, is in satisfactory agreement with Skolil’s 
measurements of the specific probable ionization of 
cosmic-ray mesons. The magnitude of the specific 
ionization in air is ten percent higher than Hazen’s 
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Comparison of cloud-chamber results for hydrogen, 
helium, and argon.* 


TABLE II 


Average 
meson 
ionization 
(Skolil) 


Electron 
minimum 
ionization 


6.48 


8.13 
53.1 


Ratio 
1.23 
1.19 
1.23 


8.00 
9.67 
65.5 


Hydrogen 
Helium 
Argon 


* Values are for ion pairs per cm at standard conditions for maximum 
energy transfer corresponding to formation of 25 ion pairs per primary 
ionization event 


meson minimum ionization value, the present electron 
value corresponding to the lower accepted value for w. 

These results suggest that the largest uncertainty in 
careful cloud-chamber measurements of specific prob- 
able ionization should be statistical. In measurements 
on single tracks this statistical uncertainty will, in 
general, be somewhat high and more serious because 
of the non-normal distribution of ionization associated 
with large clusters. The maximum number of drops 
along a single track is limited by the maximum gas 
pressure that can be used without resulting in high 
resolution losses or requiring the use of too diffuse 
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tracks. In the present work the largest number of drops 
in a single track was about 500, corresponding to a 
probable error as estimated above of about eight-per- 
cent, and with heavier particles considerably longer 
lengths of such heavily ionizing track may be used. 

In order to make absolute measurements it is neces- 
sary to be especially careful with respect to the con- 
densation efficiency and in making corrections for the 
background, drop image resolution, and gas composi- 
tion. With the light gases a small amount of more 
heavily ionizing gas may produce an appreciable part 
of the total ionization, and if the chamber is operated 
with a saturated vapor, it is necessary to control and 
measure the temperature accurately if the vapor cor- 
rection is to be made adequately. For comparative 
measurements such as those of Hazen and Hayward 
these sources of systematic error are less important 
but must still be considered if the operating conditions 
or density of ionization are not similar for all the tracks 
used. With such precautions it should be possible to 
measure the rate of probable energy loss of particles 
within a few percent from cloud-chamber droplet counts. 

We wish to express appreciation to Professor Robert 
B. Brode for helpful discussions and suggestions. 
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A method for the calculation of the energy levels of an atom in terms of the experimentally observed 
energy levels of ions of higher ionization is developed. This method can be applied to a system-of non 
equivalent electrons, as well as equivalent electrons. The notion of fractional parentage is extended to 
systems of nonequivalent electrons. Tables of fractional parentage coefficients are calculated for p*s, p's, and 
d*p configurations. Application is made by a least-squares calculation of the 3d*4p configuration of Ti in 
terms of the experimentally observed energies of the 3d? and 3d4p configurations of Ti ut. As a result, the 
root-mean-square deviation of our calculated values from the experimental energies is reduced to +249 cm™ 


I. INTRODUCTION 


N this paper we shall consider the efficacy of trying 
to express the energies of any ion or atom in terms 
of the experimentally observed energies of ions of higher 
ionization. This approach was first taken by Goudsmit 
and Bacher! using a method based on a diagonal sum 
procedure, and restricting themselves to configurations 
involving s and p electrons. Their method expresses 
the energy of an atom in terms of the observed energies 
of the ions of higher ionization. The accuracy of their 
results increases with the amount of experimental data 
available. For best results, the observed energies of all 
ionizations must be used. In our method, knowledge of 
only the next higher ion energies is necessary. It should 
be noted that if the energies of only the next lower ion 
are known, our method is still valid. In Sec. I, we shall 
make use of the tensor operator methods developed by 
Racah** and shall not restrict ourselves to s and p 
electrons. 

Inasmuch as we would like to treat configurations 
involving nonequivalent electrons as well as those 
involving equivalent electrons, we shall in Sec. III 
extend the idea of fractional parentage, which was also 
first introduced by Goudsmit and Bacher,’ and was 
developed by Racah.* Racah calculated fractional 
parentage only for equivalent electron configurations. 
We shall show that the method of calculation can be 
extended to include nonequivalent electrons as well. 
We shall calculate coefficients for p’s, p’s, and dp 
configurations. In Sec. IV, a d*p calculation involving 
the metheds of Secs. If and III will be discussed in 
detail inasmuch as it is a prototype for other calcula- 
tions of this type. Since Racah has derived the expres- 
sions for the matrices of the d*p configuration for Ti 1 
and has also made a calculation of the predicted energy 
levels, we have a good check available on the proposed 
method. Our method leads to better agreement with 


* Part of a dissertation in physics presented to the Faculty of 
the Graduate School of the University of Pennsylvania in partial 
fulfilment of the requirements for the degree of Doctor of Phi- 
losophy. 
1S, Goudsmit and R. F. Bacher, Phys. Rev. 46, 948 (1934). 
2G. Racah, Phys. Rev. 62, 438 (1942), referred to as R-II. 
3G. Racah, Phys. Rev. 63, 367 (1943), referred to as R-III. 
‘G. Racah, Phys. Rev. 76, 1352 (1949), referred to as R-IV. 


experiment in the calculation of the energy levels since 
the root-mean-square deviation of the calculated 
energies from the experimental ones is +249 cm™ as 
compared to the +332 cm obtained by Racah. 
Although our method improves upon the results ob- 
tained by Racah, it should be noted that his method 
involves the use of only four parameters instead of the 
five used here, and the use of the experimental energies 
of @ only. 


II. ENERGIES OF ATOMS IN TERMS OF OBSERVED 
ENERGIES OF HIGHER IONS 


In treating complex spectra it is customary to express 
the energy of a term as a function of various Fy, and G, 
radial integrals.*-* These integrals are usually treated as 
parameters which can be calculated from the observed 
values of energies. Of course, any one integral, say Fo 
or F;, varies from configuration to configuration. 

We assume that the F',’s and G,’s of any configuration 
can be written in terms of the F,’s and G,’s of the next 
higher configuration as follows: 

F,(l*)=F,(l"")+AF;,, G,(l") 

Let us consider the d? and d* configurations. From 
TAS® we can write W(d*), the energy of any term of 
the d@ configuration as a function of the radial integrals 
F,. We assume that the F,’s of the d* configuration 
can be written in terms of the F,’s of the d configuration 
as follows: 


G,(l"")+AG,. (1) 


F,(d*) =F, (d*)+AF;,, 
F(d*) = Fo(d*)+ AF», 
F,(d*) = F,(d*)+AF2, 
F ,(d*) = F4(d*)+ AF 4. 
Therefore, the energy of the d ;‘P term is 
W (d* 4P) = 3F o(d*) — 147F 4 (d*) 
= 3F y(d*)—147F 4(d?)+ 3A4Fo— 147 AF 4. (2) 


We should like to express 3F9(d*)—147F,(d*) in terms 


5 J.C. Slater, Phys. Rev. 34, 1293 (1929). 

6 FE. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1951), referred 
to as TAS. 
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of experimental observations for d*. Equation (1) of 
R-IV is 
(iaSL)G' la’ SL 
n 
n 2 aay’ SL 


x (rr laS;L11/G had Very’SyL4) 
* (l" (ay’SL,)LSLY"a' SL), 


(aS L{l Mo 19, L,)LSL) 


(3) 


where we can consider G to be the electrostatic inter 
action. The above equation expresses the energies of 
an n-electron configuration as a linear combination of 
energies of an (n—1) electron configuration. 

Using Table II of R-III for the values of the fractional 
parentage coefficients for the calculation of the ;‘P 
term of d*, and noting that n/(n—2)=3, (3) gives 


W (d® ¢P) = (3/15)[8W(2P)+7W(8F)], (4) 


where W(.°P) and W(.3F) are energies of the two- 
Expressing 8H’(.2P)+7W (.'F) 


electron configuration 


in terms of F,’s.' 


W (d* fP)=3Fo—147F,, (5) 
where Io and Fy that are written here are the F’s of 
(d*) because all of the electrons we are considering here 
are d* electrons. We have really expressed the energy 
of ;'P as a linear combination of the energies of pairs of 
d® electrons. We can therefore write (5) in the form of 
If we now write (3/15)[8W(@ 3P)+7W(@& ¥F) | 
in terms of the F’s of d®, we find that 


SW (d? YP) +7W (@ BF) ]=3F (ad) —147F(@). 


(2). 


(6) 


So it is possible to write W(d* ;‘P) in terms of the 
experimentally observed energies of d* plus a linear 
combination of parameters which represents the change 


TABLE I. Coefficients of fractional parentage for d*p. 


d? 
N 


6 

3 
90 
15 
3 

6 
150 
75 
6 
16) 
90) 
400 
$600 
600 
120 
150 
210 
60 
420 


“owen ee eewre--eoewee-ee we 


7 R-II, Eqs. (77) and (78 
* * denotes diagonal element 
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in value of the radial integrals as we go from one 
configuration to the next lower configuration, 
W (a? AP) = (8/5)W (ad 3 P)+(7/5)W(e FF) 
+3AFo—147AFy. (7) 
To calculate the energy levels of d* in terms of the 
experimentally observed energies of d?, the equations are 
W(d3 2 P)= (1/10)(7W (ae 2 P)+15W (eo! D 
+8 (d? JF) |4+3AFo—6AF2,—12AF,, 
W (d* ;*P) P)+7W(@ SF) | 
+ 3AFo—147AF 4, 
W (d* 2F) = (3/70) 28W (& 2 P)+10W (& 2'D) 
+7W (a? FF)+25W (@ o'G) }+34Fo+9AF2.—87AF 4, 
W (@ AF) = (3/5)[W(@ 2P)+4W (& SF) | 
+3AFo—154F,—72AF,, 
W (d* 2G) = (1/14) [10W (@ .'D)+21W (& SF) 
+ 11W (da? o'G) |4+ 3AFo-—- AF .+ 13AF,, 
W(d? 2H) = (3/2), W (a? FF )+W (a GC) | 
+3AFy—O6AF,—12AF 4, 
W (d® 2D) *8= (1/20)[ 16W (a? o'S)+9W (@ AP) 
+ SW (d? o'D)+21W (@ FF)+9W (# IG) } 
+ 3AFo+7AF,+ 63AF 4, 


(1/5)[8W (ae? 


W (d° 2 D)*= (3/140)[49W (a@ 2 P)+45W (@ oD) 
+21W (d? °F )+-25W (d? 2'G) | 
+ 3AF 9+ 3AF2—S57AF 4. 
To find the off-diagonal element, we apply (3), 
W (d® , 2D) = (3/(60-140)4)[21W (& 3 P) 
15W (d? 1D) —21W (@ 3F)+15W (a 2'G) | 
+3(21)§[AF,—SAF, J. 
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II]. FRACTIONAL PARENTAGE FOR NONEQUIVALENT 
ELECTRONS 


A. Theoretical Foundation 


In R-III, Racah develops a formalism to obtain 
antisymmetric eigenfunctions when coupling equivalent 
electrons only. We want to couple » electrons, none of 
which are equivalent, or more important, two or more 
of which are equivalent, in such a way as to yield 
antisymmetric eigenfunctions. 

Let us build a wave function for a three-electron 
configuration. This can be done by coupling electron 1 
with electron 2 and then coupling the system (1+ 2) 
with electron 3. This process must yield the same 
result as coupling electron 2 with electron 3 and then 
coupling the system (2+3) with electron 1, 

WU le(S’L’)1,SL) = Zz Wh, lols (S"L”), SL) 
SL! 


xX (h, ELS Cy), SL | Lils (S’L')IZSL), (10) 


where the transformation matrix is given by 


(silSolo(S’L’) salgSL Syl, Solos l3(S LL" ), SL) 
=[ (28’+1)(28"+1)(2L’+1)(2L"+1) }} 


KW (sys0Ss3; SSW (belly; L'L"). (11) 


We obtain in general in (10) both allowed and forbidden 
values of S’’L’’. Those values of S’’L”’ that are forbidden 
are the ones denoting states represented by symmetric 
eigenfunctions. Therefore 

Wle(S’L’ ISL) 
is not always an eigenfunction of d;lo/;. ‘The proper 
eigenfunction of /,//; is a linear combination, 


W(dildsaSL)= Yo While(S’L’)1,SL) 


S’L’ 


x (L112 (S’L')lySLMylelsaS L) 


in which the coefficients of W(h, /o/,(8”L’), SL) vanish 
for all forbidden S’L” after application of (10). We 
call (ile(S’LI;SLilolsaSL) coefficients of fractional 


parentage. These coefficients must satisfy the system 


(12) 


of equations: 


(hs, lel (SL), SL Lyle(S’L)gSL) 
S’°L’ 


X(hile(S’LlgSLVileljaSL)=0, (13) 


for all forbidden S’’L”’, ie., if /2 and /; are equivalent 
electrons, S’’+ 1” must be odd. 

We can extend this method to configurations /,lo: - - 
/,, al, if fractional parentages of /,/---/,-; are known. 


W(l,---l,aSL) 
DS Whe: -l, 


a’ S'L’ 
X(h- +, 
ees 


a’S’L‘'a’'S’'I 
XGi> + Inala” SL’ MesS' L's 
x (1: : ‘1, ia’ SL’), SLY: 


(S'L’)l,SL) 


a’S’L LL, SLY, l,aSL) 
a’ SVL ly ASL’ pS) 


ie ia’ S’L’) 


laSL), (14) 


SPECTRA 


TABLE II. Coefficients of fractional parentage for p*s. 


where the coefficients of fractional parentage, 
(/,---l,, (a SL’), SLY: --LaSL), 
must satisfy the system of equations: 


5 (S°L", jd (SL, SUS Lh alSENSD 
a’ S'L’ 
(hie + -dn2(a"S”L Vig S' LY» sbyra’'S’L') 
x (1 es ‘L, ila’ SL’), SLYy . ‘lLaSL) = 0, 


(15) 


for all forbidden S’’L’”’; 1.e., for 2,1, /, equivalent, 
S’’+L'" must be equal to 0. 

We can write an equation similar to (3) for the energy 
of a term of a configuration of nonequivalent electrons, 


(ty: + bya SL|G] y+ + Igor’ SL 


n 
= ( ) a (/;: _ LoS LL: ° ‘ly, (apS Ll aSL) 
n—-2F ava'Sihs 


X (Ly: + ly 19111 Glly- +l, aS L4) 


x (1: ‘ “Ee (ay SiLyl»SL: : ‘Lyra’ SL). (16) 


B. Calculation of Coefficients of Fractional 
Parentage of d’p 


To illustrate the method, let us calculate the eigen 
function of @p 2S, 
V(d'p?S) =O Wd ¥P)p?S)+y7 WC dp 'D)d 48) 

trAw(dp*D)d?S), (17) 

where @;, y:, Ai are coefficients of fractional parentage 
to be determined. Applying (13)* and using dd('P) as 
the unallowed state, with 
s;=}, P. }, S'= 
l; = hy L = 0, 
Syithv3a, =(). 


y1=V3A, 


1 
53= 2, 
1 


ls 


, 


we find that 


Since our eigenfunction is to be normalized 


6, +¥7P+rA?= 1 =6;° } 4° (20) 


It then becomes necessary to fix the contribution of the 
the terms in d’ and in dp to the energy of the 7S state 
of d*p. Since the three electrons d, d, p can be grouped 
into d*, dp, dp we say that the dp states contribute 

*The W functions are mostly taken from L. C. Biedenharn, 


Oak Ridge National Laboratory Report ORNL-1098 (unpub 
lished) 
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TABLE IIT. Coefficients of fractional parentage for p’s. 


pr ps 


1p 


ho N 


OC me & tO DO 
~_—_—<—-~ * 


ho 


state. Therefore 
6°=} 


6,=3 hAi=674, 
(3-§)y(d? BP) p?S)+ (2-)W((dp 'D)d 2S) 
+ (6-4 )\W((dp*D)d*S). (23) 


It should be noted that when calculating the coeffi- 
cients in the case of, say V(d’p?D), where we have a 
3X3 matrix, each diagonal element is characterized by 
having a particular d* term among its parents. Consider 
the element having d*(.'P) among its parents. In 
addition to having dd('P), dd(@D), and dd('F) as 
unallowed states, where the two d electrons are equiva- 
lent, we also consider d*(,'D) and d?(3F) (both being 
parents of the other two diagonal elements) as unallowed 
states. For the element having d*(:'D) among its 
parents, in addition to having dd('P), dd(8D), and 
dd('F) as unallowed states, we also consider d?(.'P) 
and d*(.°F) as unallowed states. For the element having 
d*(.*F) among its parents, the unallowed states are 


twice as much as the @ 


+ y= 2-4, 


W(d?p 2S) 


N 


amide” as cs ORD 
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dd('P), dd(@D), dd('F), d@(2P), and d*(.'D). Our 
formalism will then yield the proper number of equa- 
tions to evaluate all of the coefficients. In general, when 
treating states with two or more diagonal elements, the 
unallowed states are those arising from the symmetric 
states of the higher ion plus the equivalent electron 
sources of the diagonal elements different from the one 
at hand. Table I lists all of the coefficients of fractional 
parentage for the d’p configuration. Table II lists the 
coefficients for the p’s configuration. 
C. Calculation of Coefficients of Fractional 
Parentage of p’s 
To illustrate a calculation involving more than three 
electrons, consider the calculation of W(p*s*S). We 
shall make use of the coefficients of fractional parentage 
of p’s listed in Table IT. 
WV (p's 8S) = ap? (4S)s °S)+ BY(p?s (AP) p 8S) 
+yh(p?s ?P) p 4S), 
a, 8, y are coefficients of fractional parentage to be 
determined. We expand the eigenfunctions of y(p’ 4S), 
¥ (p's *P), Y(p’s 2P). 
WV (p's 8S) =a-1-W(p?(@P) p(As)s 8S) 
+ B(V2/v3)W(ps FP) pCAP) p 8S) 
+B(1/v3)Y(ppCP)s (AP) p 3S) 
+¥(1/v2)Y(ps('P) p CP) p *S) 
+>(1/65)W(ps FP) p?PP) p 3S) 
+y(1/v3)W(ppCP)s AP) p 3s). 


(24) 


(25) 


TABLE IV. The elements of the energy matrices of the configuration d*p. The use of this table is illustrated by writing the energy of 
the d*p 2S term. W (d*('P) 2S) = W (d? 8P)+43W (dp 'D) +4W (dp *D) +A4A +7AB — 14A4F2—3AG,+214G3. 


dp 
"p ip 
W (dP) 0 
W(@2OP) 
W(ateP 
Wd? (4h) 
Wd? (41 
WO2CG) 
W2CP 
Wel 
W (dP, 3 
W(dar) 
W(d2('G) 
W(@OCP 1G 
W(d2(\S) 
W(d?(4P) 
W(d?('D 
W(20S, 
Wd 
W(a2P 
W(a@OP) 
W(a2CD 
W(d22 AF) 
W(2OP 
WCEP, 
W (aD, 
W(d2('D 
W(d?*@F) 
WORUG 
W(dtCD 
W(d?('D 
Wat r 


28) 
4S) 


is 


a} 
G 
G 


—3 


a 


0 
0 


2 
0 
0 


3 
9 


21 


3 

3 
9 
21 
7 


3/ 


1 
a 


3 
1 
81 
1 
3 
3 


‘20 


/25 


Core 


P AB AF: AG; (cm™!) 


21 
42 
63 
—48 


162 084 
165 168 
169 080 
156 597 
155 736 
172 725 
166 503 
158 977 

1853 
161 811 
168 685 
—2365 
193 618 
174 410 
165 739 
—1697 

3474 

553 
170 231 
167 355 
160 420 
—2255 

5137 

1063 
165 559 
158 270 
175 582 

2559 

1949 

1240 


5 


nN 


10 
40 
40 


20 
20 
200 
40 


40 
10 
10 
70 
10 
70 
10 
10 
5 


t 


el a a. eee ee? ee 


° 


NNN N &® 


~ 
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Our condition on 6 and y¥ is 


B(v2 v3) ps@P), ppCP) 3S ps@P)p 'P) ps] 
+y(6-4)[ps(@P), pp(LP) 3S| ps?PP)pCP)p 8S J=0. (26 


From (15) we obtain (26), the brackets of which may 
be put in the form of ‘11), where 


Therefore 


and, as before, 


a+ B+ y* = 1=a°+ 96". 29) 
To hx the relative contributions of p* and p’s to p’s, 
we consider the four electrons ppps. There are three 
ways to get p’s out of the four electrons, as opposed to 
one way to get p*. We therefore say that the p’s states 


FABLE V. Values of parameters. All parameters have units of cm 


Final 


126 716 
36.2 
148.4 
158.5 
83.5 

8.17 


AA 126 989 
AB 35. 
my 76 
Al 177 
AG, 108. 
\G 12.32 


* Final value is the sum of the appro nd the perturbation 


make three times the contribution of the p* state. There 


fore 


B=1/(2v3), y=v2/N3, 30) 


)y(p* (48) °S)+[1/ (2v3) Wp'’s(4P) p ‘S) 
+ (V2/v3)\W(p?s?P)p 4s). (31) 


lable III lists the coethcients of fractional parentage 
ol p's 


IV. CALCULATION OF THE 3d’*4p CONFIGURATION 
OF Till 


We shall calculate the term values for the 3d°4p 
configuration of Tim in terms of the experimentally 
observed energies of 3d* and 3d 4p of Tiinm. To find 
the energy of any element we apply (16). We arrive 
at equations which, when written in terms of F’;’s and 
Gs, are similar to those of R-II, except that our 
coefficient of G3 is three times that of Racah’s, since 
we used the G; of TAS. However, if we wish to write 
the terms in terms of experimentally observed energies 
of 3d* and 3d 4p, and in terms of F,’s and G,’s, we 
obtain equations like 


HW (a? p H)=W (ad .'G)+ 
+AA+4AB+ 2AC+4AF 


SW (dp'F)+3Widp*F) 
6AG,—3AG;, (32) 


SPECTRA 


Energies of the 3d*4p contiguration of Ti 1 
\ll numbers are in units of cm! 


rasie VI 


Racah 43 Calculated 


37 413 18 
10 260 +233 
$2 O18 109 
31123 + 15 
30 O01 + 65 
$5 459 343 
40 506 106 
32711 + 21 
34.175 482 
$3 721 42 
44 897 10 
39 OI8 + 548 
32 003 + &5 
39 662 349 
$1 387 + 18 
$7 8O1 + 206 
66 OOU 
45 814 


39 321 


37 628 197 
$0 237 +210 
42 100 27 
31125 + 17 
29 823 113 
$5 184 O18 
40 441 171 
32 890 200 
34 109 548 
43 675 SS 

$4 907 44 737 170 

39 380 10 000 +620 
AF’) 2 31918 $2 251 333 
(ID)? 10011 39 507 504 
(3f) 2 $1 369 31471 +102 
IG) ? 47 48 O78 543 
GS) 2p 64 465 ; 
(*P) *7P 45 673 +149 
(DD) 2P 39 496 131 
rms deviatior 332 


37 431 
$0 027 
$2 127 
31 108 
29 936 
45 802 
40 612 
32 690 
34 657 
43 763 


5345 


+ 200 
306 
+ 249 


$5 524 


39 627 


il calculated 


ilue calculated in this paper fr 


riment 
m experiment 


value from expe 


where MA includes the change in the A of the d con 
figuration and the change in the Fy of the dp configur- 
ation; AB and AC refer to changes in the B and C of 
the @ configuration ; and AF’s, AG,, AG, refer to changes 
in the Fs, Gi, and G; of the dp contiguration. All of 
the levels written in this form are listed in Table IV. 
The terms of dp and @ are taken from the U.S. Tables."° 
rhe sums of the observed energies, or the “experimental 
cores,’ are also listed in Table IV. 

A least-squares calculation to determine the value of 
parameters AA, AB, AC, AF, AG,, and AG; is carried 
out using the equations in Table IV. At this stage in 
the calculation, the @’p°P matrix is not included due 
to the uncertainty of W(d* oS). The parameters ob 
tained as a result of this calculation are listed in Table 
V. In order to bring into the calculation the effect of 
each of the separate terms of the *D, *G, *D, and *F 
matrices, we use a perturbation procedure given by 
Many Rohrlich.” 
obtained in this way are listed in Table V, 
The eigenvalues, 


and The changes in parameters 
as are the 
tinal values of these parameters. 
obtained using the parameters listed in Table V, are 
listed, together with the results obtained by Racah, in 
lable VI. Our values for the ?P terms are calculated 
using the parameters of Table V and using a value of 
W'(d? o'S) computed from the parameters of Cady." 
rhe value of W'(d? 94S) listed in the U. S. 


used, since in a calculation for Tiid*® from the ob- 


Tables is not 


served energies of Ti 11d’, large discrepancies occurred 


due to its use 


 C, E. Moore, “Atomic Energy Levels,” Natl. Bur. Standards 
U.S. Cire. 467 (1949). 

1! A, Many, Phys. Rev. 70, 511 (1946). 

2 F, Rohrlich, Phys. Rev. 74, 1381 (1948) 

3 W. M. Cady, Phys. Rev. 43, 322 (1933). 





876 SYDNEY MESHKO\ 


The results obtained show a root-mean-square devi- An error in the calculation of the *P terms occurs 
ation of +249 cm™ compared to Racah’s +332 cm™'. because of the uncertainty in the value of W (d? o'S). 
Certainly, one more application of the perturbation The writer wishes to express his sincere gratitude to 
method and the inclusion of the ?P matrix in obtaining Dr. C. W. Ufford for suggesting this topic and for 
our normal equations would yield still better values. guiding him in all phases of the work. 
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Me electrostatic energy matrices of the configuration f* are computed by the Racah method, which 
separates terms of the same kind. The diagonal sums of these matrices are checked by the Slater diagonal sum 
rule. Three of the matrices are checked by a method developed by Innes 


ACAH has developed a method for computing the of reference 1, and serve to distinguish terms of the 

electrostatic energy matrices of the configuration same L, S, and v. 
f*. This method enables one to separate terms of the The parameters 2°, E', E*, and E* are detined in 
same kind which occur in a given configuration, whereas _ terms of Slater’s F’s in reference 1, Eq. (66) as follows: 
Slater’s method? finds only the sum, or average, of the 
terms of the same kind. Hence, the latter method is a 
partial check on the former. Both methods have been FE! = (70/9) Fo+ (231/9)F 44+ (2002/9) F¢, 
applied to the /‘ configuration and the results of Racah’s F?= (1/9)Fo— (1/3)F +. (7/9) Fe, 
method are given in Table I. The eigenvalues of the 
two-by-two matrices are given in Table II. The multi- 


BY = Fy—10F .— 33F -— 286F 6, 
(1) 
F8 = (5/3)F y+ 2F,— (91/3) Fs. 


plicity of the term r is the left superscript, the seniority As a further check on the interpretation of the Racah 
number v is the left subscript, and in place of J, the method, matrix elements for three typical matrices 
right subscript, the quantum numbers U have been (!.8, a two-by-two matrix, *P?, a three-by-three matrix, 
inserted, These quantum numbers are found in Table | and *F, a four-by-four matrix) have been checked by a 


TABLE I. Electrostatic energy matrices of the configuration /* 


bFo, =6F+6E'— 198 F2+33F 
HK =62+6EF —129F*—-11F 
Jb No =6F+6F!+60F — 114 
O12, =62+4E'—85F —19F 
My =6E+-4E!+ 50F —19F 
OSoo= 6F 

YD» =6P+33F 

OF >= 6 

PGo= OF + 1lE 


Plo =6E 


0 Son Soe 


22)1F3 
+ 390 F2+-66E 


6F°+18E! 12( 


12(22)!E") 64+6EF! 


'G. Racah, Phys. Rev. 76, 1352 (1949 
> 1. C, Slater, Phys. Rev. 34, 1293 (1929) 





MATRICES OF f* 


ELECTROSTATIC ENERGY 


TABLE I|.—(Continued) 


JH JH 
36(78)1 FE 


‘Ho 6F°+6E'+183F—24F 
69 +6E'+156F+33F 


JH 36(78)1F 
Le HL 
24(95)1#? 


6F°+6E'+ 15-3 
6b +6F! — 54 — 30k 


24(95)tk? 
PDe ’D 
PD» 6F°+4E'— (1144/7) F?+ (11/7) 8 (4/7) (66)' (394? +465) 
PDs, (4/7) (660)4(39F? +468 619 +4EF! + (1781/7) F2+ (164/7) FE 
P10 el 
$(3):(30F +E 


6F°+4E' —40F — EF 
6 +4F'+50F+174k 


4$(3))(30F2+ 

OK 2 eh 
(8/3) (17)8(342 — 2°) 

6 +4E! —188F?— (40/3) F 


alae 


PK. 64°4+4EF'4+219F— (17/HE 
PKs (8/3) (17)48(3F2 —2F3) 
7 ET Jl 
3(SIIEY 
$(119)4(30F2+ EB) 
6h +6F! — 543/2F*+75/4F 


R(21)F 
OF + 6E'+15/24?+81/ 208 
1(119)4 (3042+ 8 


64+ 11E'+70F — (49/5) F 
2(21)4F 
(S51): 
YP i &P i; PP x 
6(11)4F 
4(11)4(39042+ EF) 


6 E+ 4F! —1WO4AE*+ (152/3) BE 


(66/5) E8 
6F°+4E! — (154/15) FE 
4(11)4(390F2+ FS 


YP;, 64°+9E'+ (33/5) F* 
PP; (66/5) 
PP 30 6(11)4R8 
FG YG ! PCy 
(4/3) (15)#(394? —2F*) 
2k (4/3) (143) 4(12F?+ FB) 
64°+4F! —104F*+ (62/3) F 


3) 


(8/21) (2145)4(6#?7—E 
6F°+4E! — (1089/7) B+ (121 
(4/3) (143)4(12#2+ BF 


'D 


6F°+-4F! + (1040/7) F?+ (4/7) F 
(8/21) (2145)4(6E?— EF’) 


(4/3) (15)4(39F? — 2 
'Dz 


HD 


(9/5) (715) 4k 
(3/140) (15015)4(3042+-7 FS) 
(135/7) (546)tF? 
64° +6E! — (75/2) F2#+ (177/4) 


(24/35) (2310)4# 
(3/35) (110)4(195F? — 16E*) 
6° +-6E! — (2535/7) + (12/7) 
(135/7) (546)4F? 


' Do 644+ 11 E+ 286F2+77/5k (33/35) (21) + 
Fb Dao (33/35) (21)4E OF +6E!+-429/14F? — (891/140) F 
Dao, (24/35) (2310) (3/35) (110)4(195 2 — 164") 

(9/5) (715)4F3 (3/140) (15015)4(3072+7F8 
"Geo Gro Ga 8G 

4(39)'k 
7) (91)8(285F? —7 EF?) 
(36/7) 77)4 


6F9+6F'+ 1412? —17F 


(4/7) (3003) FE 

(4/7) (143)4(15F?#+-2F) (1 

61° + 6E! + (2211/7) E?+ (187/7) 
(36/7) 77)§}F? 


(12/35) (21) 4B 

6F9+6F!— (195/7) F2— (81/35) F 
(4/7) (143) 9152429 
7) (91)4(285E2—7E 


6F°+11F'—260F?+-28/5F 
(12/35) (21) 48 
(4/7) (3003)4F8 
4(39)4F3 (1 
°F yo PF yo WF 2) 
PF 6F°+9F! 0 (12/5) (165)4k 
6F°+4EF! 8/15) (165) te? 


PF io 0 
PF 2 (12/5) (165)4F* (8/15) (165)#E*  649+4E'+65F°+9F 


PF x 


0 
20(143)42 
4(195)4(72F2?—4 5) 
PF, 0 20(143)4 #2 1(195)4(72F?—4F3 6F)4+-4F'+76F—6F 


YH, OH, 


GH @Hw 


6(39)4F3 
1 (39)4 (3082 — B®) 
4(42)8(33F +4 
62°+4F' +176 +4E 


5H,;, 6F°+9EF'!—9/5F° 18/5 0 
eH (18/5) F8 OF +4E! + (14/5) FE 10(182)4#? 
CH 0 10(182)4#? 64° +4E'! — 197 F?+ 16k 


FH x 6(39)4E }(39)4(30F* — B 4 (42)4(33F?+4E*) 





EBReiTA Ff 


Pasce IT. Eigenvalues of the two-by-two electrostatic energy matrices of the configuration f' 


62 +12E!'4-1951? 4-33 E+ [144 (22+ 152100 (£2)? +- 17028 (£3)? — 9360212 — 1584 F'F34+-51480FE |! 


= 619 +-6E! + (339/2) F*+ (9/2) E54: $[ 405081 (E2)?— 3078 E28 + 3249 (E3)? }! 
62 +6F! — (39/2) F?—33/2F§44[223641 (E*)?+3726F2F3+-729(F3)? } 
91/2) F?+ (25/2) F8446305721 (E*)?+-451620A FS 4- 1857 (F 
14.5 #?+4-8F3+ $[ 180900 (£2)?+ 14760F2E 4-516 (2%)? } 


14 (31/2) E®— (19/2) F8+-4[ 170001 (£2)?2+- 43822 B+ 1993 (3)? 


formula developed by Innes:3 The second part of (2) involves the coefficients of 

fractional parentage’ for the configuration /*. These are 

computed by Racah,' Eq. (34) and checked by the use 

(2L+1) of Racah,’ Eq. (13). The Is are tabulated by Bieden- 
harn.® 


RUN COU? 


USLIU™||l90”U" SL”) K. S. Rao? has given term values for the configura 
tion f{', which he computed by the Slater method.’ 
1D n(LiC |) Many of his results do not agree with those in Table I 
2 W+1 (computed by two independent methods, as stated 
above). 

Kd(w’)6(UU"), (2) I wish to express my gratitude to Dr. C. W. Ufford 
for suggesting this problem to me and for his helpful 

discussion of the problem. 


[?v’U'SL) 


where 


(aU SLU || le” USL”) 
‘ The coefficients of fractional parentage for the configurations 
LT (2L+1)(2L/"+1) }} f?, f*, and f* are in the physics dissertation of E. F. Reilly, which 
‘ is in the Math-Physics Library of the University of Pennsylvania. 
a Tin—1/e T) © Tr) 5G. Racah, Phys. Rev. 63, 367 (1943). 
yMr(Lnvl SLI (UU SLi lSL) ®Qak Ridge National Laboratory Report ORNL-1098, 1952 
(unpublished). 
F Reto aA * 7K. S. Rao, Indian J. Phys. 26, 427 (1952). 
K (l(a US LylSL” rw" USL’) W (LLIL”; Lit). ®K.S. Rao, Indian J. Phys. 24, 51 (1950); V. R. Rao, Current 
Sci. (India) 19, 8 (1950); G. Racah, Current Sci. (India) 21, 67 
I. R. Innes, Phys. Rev. 91, 31 (1953), Eq. (13). (1952), 
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Che B"(p,a) Be® reaction has been used as a source of Be* for the measurement of the Q for Be*-2a 


) 


Protons of several Mev energy were used to bombard various thin boron targets and the breakup alphas 


were observed at ~135° to the proton heam 


of the alpha energy 


I. INTRODUCTION 


RELIABLE and precise value of the Be® breakup 

energy would be of considerable aid in improving 
the accuracy of the atomic masses of light nuclei, as 
calculated from reaction cycles.’ 

Earlier experimental information about Be* energy 
release is summarized in Table I, where it will be noted 
that the previous measurement with the highest claimed 
precision is in considerable disagreement with several 
of the other measurements. 

The present experiment was undertaken to investi- 
gate this disagreement and, if possible, to improve 
substantially the precision of the measurement. 


II. EXPERIMENTAL PROCEDURE 


The B!'(p,a) Be’ reaction was chosen as the source of 
Be* for intensity reasons and because the high energy 
release (O~8.6 Mev) of this reaction and the favorable 
mass ratio give a large laboratory velocity to the alphas 
resulting from the breakup of the recoiling Be’. The 
large laboratory velocity of the alphas is advantageous 
in reducing in importance the effect of possible thin 
contamination layers on the target. 

The breakup alpha-energy distribution was meas 
ured at ~135 degrees to the incident proton beam by 
means of a spherical electrostatic analyzer previously 
described.2 The calculation of the Q value for the Be® 
breakup from this data is somewhat different than the 
procedure described in our previous communications,*~* 
because we are dealing here with a two-step reaction, 


BU+ poBe'+a+O,, 


Be*- »2a+ Ono. 


The breakup alphas are therefore not monoergic but 
have a continuous distribution in energy from about 
0.9 Mev to 1.9 Mev for the present experimental 


t Work supported by the U. S. Atomic Energy Commissior 
and the Wisconsin Alumni Research Foundation. 

* Now at General Electric Company, Richland, Washington 

1 Li, Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 
(1951) 

2 Browne, Williamson, and Craig, Rev. Sci. Instr 

3 Williamson, Browne, Craig, and Donahue, 
731 (1951). 

‘Craig, Donahue, and Jones, Phys. Rev. 88, 808 (1952). 

5’ Donahue, Jones, McEllistrem, and Richards, Phys. Rev. 89 
824 (1953 : 


\ spherical electrostatic analyzer was used for measurement 
A value of 94.5+1.4 kev was found for the breakup energy. 


conditions. Since all laminas of a thin target contribute 
particles with this energy spread, the vield curve reaches 
a flat 
thickness of the target for the outgoing alphas. When 


maximum in an energy interval equal to the 
the finite resolution of our spherical analyzer is included, 
analysis shows that it is the extrapolated cutoff of the 
alphas which must be compared to the half yield point 
of the calibration particles scattered from a thick target. 
(The analysis is similar to that discussed in detail by 
Carlson.*®) Our experimental situation corresponds to 
the target thickness greater than resolution width.) 
Figure 1 shows experimental data for three different 
target thicknesses.’ In each case, the measured target 
thickness* 
Since the extrapolated cutoff is more accurately deter 


was in agreement with the rise interval. 


mined if the slope is steep, a thin target has some 
For simplicity of analysis, however, the 
thicker than the 


advantage 


target must be resolution of the 


rasie I. Energy release in Be® breakup 


Value (kes Reference 

Be’ + /v—>Be' + 
Be'— la 
pulse height 

Be’ + p Bet +d 


5 ) 
se°-> la 


103+10 


89+ 5 


magnetic detlection 
Angle between close alpha 85+ 10 
ray star 


s+ 77.5+4 


prongs ot cosmic 


electrostatic detlection 
Reaction cycles 95+9 kev 

Li®( pia He 7 Be*( pva Li®: 

Be®( p,d Be’; l( pn He 

H?(d,p)H®; H?(y,n)H 
B+ p—»Be®-+a 


se5—> la 


94.54 1.4 kev 


electrostatic deflection 


Phys. Re 75, 1267 (1949 
ind Lauritsen, Phy Rev. 76, 428 
1950 


mendinger 
ip, Fowle 1949 


ture 166, 825 
*h Re 84, 749 (1951 


See rele 
{ Prese 


® Richard R. Carlson, Phys. Rev. $4, 749 (1951 

’ Targets were of normal boron metal evaporated from a 
wolfram boat onto thin (~1000A) nickel foils 

* Target thicknesses were measured by observing the energy 
spread of protons and alphas elastically scattered by the B" 
target nuclei 
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2a 
120-KEV TARGET 


AVERAGE max 
AY. &KGO 


al] 
254753 
x 
] ! 
4 i i Aj 
1375 1400 1.425 1.450 1475 


| 
40-KEV TARGET | 


OULOMBS 


AV 8KGO 


Bu 


~ ee 
LPS Bt 


+ 
x 


COUNTS 


++ 


9 + i 
1350 = 1.360 


a 


i A A 4 4 = 
1370 «1380 «(1390 «1400 «1410 1.420 


POTENTIOMETER SETTING 


Fic. 1. Typical data from boron targets of three different 
thicknesses, showing the high-energy limit of the distribution in 
energy of the breakup alphas from the recoiling Be® nuclei 
produced in the B"+- p-»>Be*+a+8.579-Mev reaction. The angle 
of observation was ~135° and the alpha-energy in Mev is approxi 
mately 4/3 the potentiometer setting. The “background” alphas 
beyond the extrapolated cutoff result from excited states of Be’. 
Note that the abscissa scale is different for the 120-kev target data. 


detecting analyzer. In the present experiment, the 
resolution (AEE) of the detecting analyzer was about 
0.24 percent. 
III. RESULTS 

Five careful determinations of the breakup energy 
have been made. Typical results are shown in Fig. 1 
for the three different target thicknesses employed. 
Table II summarizes all the data. Between the first 
two and the last three runs (March to September) the 
spherical analyzer was disassembled and hand lapped 
to improve the vacuum breakdown characteristics of 
the gap. After reassembly, the angle of observation was 
12 minutes less than it previously had been. The 
measurement of the angle (good to +5 min) was 
achieved by comparing the energy of the alphas elasti- 
cally scattered by carbon to the incident alpha energy. 


McELLISTREM, 


DOUGLAS, AND RICHARDS 
The earlier angle measurement had been checked in a 


similar manner.?*4 


IV. CALCULATION OF BREAKUP ENERGY 

The maximum laboratory alpha velocity at a tixed 
laboratory angle will correspond to the situation in 
center-of-mass coordinates where the alpha velocity V,’ 
resulting from the Be* breakup is in the same direction 
as the recoiling Be® velocity V»,. Therefore, the relation 
between the maximum laboratory alpha velocity V. 
and the center-of-mass velocities is that illustrated in 
the vector diagram of Fig. 2 which is drawn for the 
present experimental laboratory angle of ~135°. Since 
Va, Ve.m., Vee, and 6 are known quantities, V4’ (and 
hence Qs) is determined. If these velocities are expressed 
in terms of the directly measured alpha cutoff energy 
T,, the incident proton energy 7, the known energy 
release of the first stage reaction Q;, and the masses of 
the participating particles, then the Be* breakup energy 

()» 1S 
aT 


2M »T > 
Q.=M, | + 


M, (Mot+M,)? 
4 cosé (==)| 
(M+M,)\ Mm, J | 


| 2M. ( 
Oi+ 
| f.(Mot+M,)\ 


M)T', )} P 
M+M,/} 1° 


where Mo, M,, Ma, My are the masses of B"', Ht, 
He't+, and Be’, respectively. Relativistic correction 
terms to the above expression for Q2 amount to ~0.1 
kev for the experimental data here reported and are 
included in the results shown in Table II. 


V. ERROR ASSIGNMENTS 


Table II includes a summary of the error assignments. 
These have been divided between those uncertainties 


B"+ p—— (Cc?) — Bes a +0, 
Be—e20+0, 


DIRECTION 


Fic. 2. Vector diagram illustrating the relationship between 
the maximum laboratory velocity Vg of the alphas from the Be’ 
breakup to the maximum alpha velocity in the c.m. system 
which is |Vpe| +] VQ’!. The c.m. velocity of the recoiling Be ion 
is Ve, and V,’ is the additional c.m. velocity resulting from the 
breakup of the Be*. The velocity of the center of mass is Ve.m.. 
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Paste Il. Summary of 
BU + p 
Be® 


Random errors Approx target thickness 


tor outgoing alphas 
(kev) 


Run 


March, 1952 120 
40 
40 
40) 

6 


K valuation of systematic errors 


Quantity (X,) 
affected 


Absolute voltage scale la 
[ Li?(p,n) Be? threshold = 1.8814+0.03% ] T > 


Source ot error 


Angle of observation 6 
Runs 1 and 2— 134° 3343’ 
Runs 3, 4, 5— 134° 2145’ 


Assumed energy release in first stage 
reaction = 8.579 Mev 


which are systematic and hence common to all five 
runs (for example, the uncertainty on the absolute 
voltage scale) and those which are random or statistical 
in nature (for example, the uncertainty in the determi- 
nation of the extrapolated cutoff of each individual 
run). If only the effect of the latter errors is considered, 
the error in the weighted mean () value is considerably 
reduced over that which it is necessary to assign to any 
one individual run. Since 0Q2/d7T,=-—0.0144, our 
approximate 1-kev random uncertainty in the initial 
proton bombarding energy has negligible effects on the 
VQ» value. However, 002/0T.=+0.32, so the uncer- 
tainty in the final value of (V2 is sensitive to both random 
and systematic errors in 7,. The random errors in 7, 
(part A of Table I]) are almost wholly determined by 
the latitude which statistics permit in the determination 
of the point where a line from the flat maximum of 
the breakup alpha distribution intersects the average 
“background” alpha counting rate (for example, see 
Fig. 1).° For three of the runs with the thinner targets, 
some contamination buildup was observed as a result 
of the very long data-taking period. This contamination 
buildup was measured by observing the elastic scat- 
tering of protons from carbon and, in the worst case, 
necessitated a correction of 1.2+0.6 kev in 7, and is 
included in the A7,,’s of Part A of Table II. 

The largest systematic error in QV» results from the 
uncertainty in the energy release (, of the first stage 
reaction, B! + p-+Be*+a. The most prec ise measure- 
ment of this value is the recent work of Collins, M« 
Kenzie, and Ramm." However, their value is in 
, 9 The slope of the line is fixed by the target thic kness. 

Collins, McKenzie, and Ramm, Proc. Roy. Soc 
A216, 242 (1953). 


(London) 


NE 


RGY OF Be’ 


results and error assignments 
*Be'+a+Q, 
ey + V2 


> 


Data uncertainties neglected 
LAT, 


Mev) 


systematic 


tAly Ve 


] QO 
Mev 


kev) 


90.1+6.4 
94.4-4+2.8 
94.64+3.0 
96.64 2.5 


861+0.020 
.867+0,009 
877+40,009 
883+0.008 
1.873+0.007 93.4+2.1 
Weighted mean 94.5+1.24 key 
(nonsystematic errors only) 


2.686+ 0.001 
2.498+-9.001 
2.685+0.001 
2.684+0.001 
2 683+0.001 


dU: 


OX; AX, 


+-0.32 
0.0144 


+0.5 kev 
+ 0.75 key -O.011 
t 0.154 


+ 204 kev t+ 0.00107 t- 0.22 


+ 0.54 
Y50.7}! = 0.00 
QO» =94.5+ 1.4 kev 


systematic errors included) 


t9O key 


disagreement with an earlier Massachusetts Institute 
of Technology value, so we have considered it safer to 
take a weighted mean of all the precise independent 
values which have been reported or which we could 
calculate by means of other reaction cycles. The data 
on (); are summarized in Table III, and the uncertainty 
which we quote on the weighted mean is the standard 
deviation of the four independent measurements. This 
standard deviation error is about twice the uncertainty 
claimed for the most precise of the reported measure- 
ments, but until the discrepancy between the Massa 
chusetts Institute of Technology and Birmingham 
values is resolved, this larger systematic error will have 
to be assumed. 

The next most important systematic error is that 
associated with the angle of observation @. Since the 
angle (and its measurement) for the first two runs is 
completely independent of that of the last three runs, 
we feel that a possible systematic error of 5 minutes is 


a conservative estimate. 
TABLE III. Summary of data on the Q value of B+ p—Be'+a 


VQ (Mev Reterence 


.567+0.011 
.574+0.014 

589+-0.005 
576+0.007 


579+0.009 Mev Weighted mean (Y and standard deviation 


* Strait, Van Patter, Sperduto, and Buechner, Phys. Rev. 81, 747 (1951) 
© See relerence | 
See reference 10 
. Rea tion cy le B ° 
Strait, and Buechner, Phys 


Craig, and Donahue, Phys 


1a) Be®; Be*(p,d) Be*. Van Patter, Sperduto, Huang. 
Rev. 81, 233 (1951); and Williamson, Browne 
Rev. 84, 731 (1951 
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\ systematic error in the absolute voltage scale 
affects both 7, and 7,. In the present experiment, both 
cylindrical and spherical analyzers were calibrated in 
‘erms of the Li’(p,7)Be? threshold energy. A value of 
1.8814 Mev+0.03 percent was assumed for this thres- 
hold 


past absolute determinations plus a recent unpublished 


Au! 


This value comes from taking a weighted mean of 
measurement!! of chis threshold in terms of the 
yamma ray 

rhe final value 0, =94.5+1.4 kev has a quoted error 
resulting from a root-mean-square combination of the 
systematic and nonsystematic errors. 

4 Jones, McEllistrem, Douglas, and Richards, Bull. Am. Physe 
Son 28. No. 3, 58 (1953) 


M, DOUGLAS, AND RICHARDS 


VI. DISCUSSION OF RESULTS 
In Table I, our value is compared with the best 
previous measurements. There is satisfactory agreement 
with all but one of the older measurements. Subsequent 
to the present experiment, the Chicago group has 
believe” that their 
value is spurious, possibly because of interference of 


reconsidered their data and now 
scattered incident particles 

The small (1.4-kev) absolute value of the error in 
this breakup energy should help materially in im- 
proving the light atomic masses as calculated from 
disintegration data 
Allison in this 


2 (Private communication.) See also note by 
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Ke-examination of the energy spectrum of the scattered protons and the disintegration particles from 
beryllium under bombardment with protons of approximately 400-kev energy has shown that a particle 
group previously thought to be the breakup alpha particles from Be* was in fact a low-energy group of 
scattered protons from the impact and breakup of unfocused H,* on the target. A value of the breakup 


energy of Be® (77.5 kev 

N the preceding paper,' a group of investigators at 

the University of Wisconsin report a value of 
94.5+1.4 kev for the breakup energy of Be’. Other 
investigators, cited by them, have found values ranging 
between 85 and 103 kev. A discordant value of 77.5+-4 
kev published by our group.” It 
obtained by measuring the upper energy limit of what 
we supposed were doubly charged alpha particles from 
the breakup of Be* formed in the Be*(p,d) reaction. 
Other energy measurements carried out in our group, 


was recently was 


such as the thresholds* for (p,y) reactions in B and F 
and the Q values’ of Be’(p,a)Li® and Be*(p,d) Be® have 
agreed well with those of other laboratories, so that 
the explanation must lie elsewhere than in an error in 
calibration of our equipment 

In the experiments leading to the questionable value, 
we used an 800A nickel foil, coated on one side with a 
very thin layer of evaporated beryllium. This was 
placed in the proton beam and the scattered protons 
and disintegration particles from it were analyzed at 
90° from the beam in a cylindrical electrostatic energy 
analyzer. The energy continuum of breakup alphas 
from the reaction in question has an upper limit of 
about 254 kev with 380-kev proton bombardment, and 
the doubly charged alphas would pass through the 
analyzer when its plates were charged to pass 127-kev 
protons. A very weak group of particles (1/1000 of the 


' Jones, Donahue, McEllistrem, Douglas, and Richards, pre- 
ceding paper [Phys. Rev. 91, 879 (1953) ] 

?R. R. Carlson, Phys. Rev. 84, 749 (1951) 

‘A. H. Morrish, Phys. Rev. 76, 1651 (1949). 


based on this mistaken identification 


is withdrawn 


scattered proton intensity) was found not far from the 
expected region and ascribed to alphas from Be’. 

After some curves had been run, the entire installation 
was dismantled and, after a delay of about eight 
months, reassembled in a new building. Using a new 
spherical electrostatic analyzer of about 100 times the 
collecting power of the older, cylindrical one, the experi- 
ment was repeated under similar but not identical 
conditions and no evidence for such a particle group 
could be found. 

Re-examination of the data (published and unpub- 
lished) of the earlier experiment disclosed that the 
presence of the anomalous particle group could be 
quantitatively explained as follows. In the older instal 
lation the sorting magnet deflected the proton con- 
stituent of our beam only 15°, and the foil target was 
placed only 75 cm from the magnet. Under these 
conditions, a very weak flux of unfocused H.* and H;* 
molecule-ions fell on the target in addition to the 1000 
times more intense focused protons. Scattered protons 
of slightly less than half the bombarding energy from 
the breakup ef H,* are visible on our old curves, and 
the breakup protons from H,* molecule-ions formed 
the group which we attributed to alpha particles from 
Be*. 

Our value for the breakup energy of Be* must be 
withdrawn, but our error does not vitiate the 0 values 
published in the same paper from the beryllium-proton 
reactions. The disintegration particles from these were 
more energetic than the primary protons and could not 
be confused with any scattered groups. 
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An upper limit of 1X 1073 is determined for the ratio of A electron capture to negative beta emission in the 
decay of 19.5-day Rb**. The one-minute Rb* isomez is shown to decay by isomeric transition, probably F4 
or perhaps £3, with the emission of 500-kev gamma rays 


HE 19.5-day Rb** is known to decay to stable 

Sr**, emitting 1.76-Mev negative beta particles 
to the ground state and betas of about 0.67-Mev energy 
in coincidence with 1.08-Mev gamma rays. The in- 
tensity ratio of the beta groups is about 4:1, the 
ground-state transition being the more probable.' An 
upper limit of 1.6X10~° has been established for the 
ratio of positron to negative beta decay. From the 
measured masses’ of Kr** and Sr*® and the energy of the 
Rb** beta-decay process, the energy release in the 
electron-capture decay of Rb** should be 630+460 kev. 
This communication reports a search for electron- 
capture decay of the 19.5-day activity; experiments 
were done also to investigate the radiations of the one- 
minute RKb** isomer, recently reported to decay by 
emission of 780-kev gamma rays and of x-rays.‘ 


Rb** 19.5 Day 


The 19.5-day Rb** was produced by a three-day 
irradiation of rubidium carbonate in the Brookhaven 
nuclear reactor. After sodium and potassium impurity 
activities had decayed for about one week, the rubidium 
carbonate was dissolved; and cesium activity was 
removed® by two precipitations of added carrier 
cesium as Cs;Bizl9. Finally, about ten milligrams of 
potassium as salt and then (NH,4).Sif’s solution were 
added; the precipitate, a mixture of K,Sik’s and 
Rb 2Sik’s, was filtered onto a small paper disk and 
washed. 

For the measurements on the 19.5-day activity two 
such samples were prepared. The counting rate of one 
of these was suitable for measurement of its absolute 
beta-disintegration rate in a G-M counter of known 
geometry, with appropriate corrections for absorptions, 
coincidence loss, and backscattering; the activity of 

t Work carried out under the auspices of the U. 
Energy Commission. 

* Present address: Sloane Physics Laboratory, Yale University, 
New Haven, Connecticut. 

1 Nuclear Data, National Bureau of Standards, Circular No 
499 (U.S. Government Printing Office, Washington, D. C., 1951). 

2W. Mims and H. Halban, Proc. Phys. Soc. (London) A64, 311 
(1951) 

3C. L. Kegley and H. E. Duckworth, Nature 167, 1025 (1951); 
H. E. Duckworth and R. S. Preston, Phys. Rev. 82, 468 (1951). 

4A. Flammersfeld, Z. Naturforsch. 6a, 559 (1951). 

5H. B. Evans, Radio Chemical Studies: The Fission Products 
(McGraw-Hill Book Company, Inc., New York, 1951), Paper No 
284, National Nuclear Energy Series, Plutonium Project Record, 
Vol. 9, Div. IV. 
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this sample was found to decay with the expected 
half-life. The second sample, about 50 times more 
active, was used in the search for krypton x-rays, which 
would accompany A capture in rubidium. Both samples 
were counted in a fixed geometry with a proportional 
counter in order to determine their activity ratio and 
thus the beta-disintegration rate of the stronger source. 

A search for x-rays was made with a four-inch 
diameter proportional counter filled with 2 atmospheres 
of argon and 0.1 atmosphere of methane. A beryllium 
absorber, 794 mg/cm’, was used to prevent beta- 
particles from entering the counter; a selenium critical 
absorber, 14 mg/cm’, which transmits 72 percent of 
krypton A radiation but only 9 percent of rubidium K 
radiation, was used between the beryllium and the 
counter window to remove rubidium fluorescence. 
The pulse-height spectrum from the counter, as ob- 
served with a single-channel analyzer, is shown in 
Fig. 1, curve A. For comparison curve B shows the 
selenium fluorescence spectrum observed from one of 
the absorbers when it was irradiated with the silver K 
x-rays from a Cd™ source. The two curves appear to 
be the same except for a sloping bremsstrahlung 
background, which has been subtracted from A to give 
curve C. There is no evidence for krypton A x-rays, 
which should have been observable if present at as little 
as one-fourth the selenium intensity. An upper limit 
for the A electron capture disintegration rate was 
calculated by a method previously described ;° and from 
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Fic. 1. Proportional counter pulse-height distribution for 
19.5-day Rb*® (Be and Se absorbers) and for Se fluorescence 


® Friedlander, Perlman, Alburger, and Sunyar, Phys. Rev. 80, 
40 (1950) 
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884 SCHWARTZ, 
this rate and the beta-disintegration rate an upper limit 
1X10-* was established for the ratio of the electron 
capture probability to the beta-decay probability. 


Rb** 1.02 Minute 


Thin samples of Rb2Sik’s bound with small amounts 
of plastic were irradiated for one minute in the reactor 
to produce the one-minute activity described by 
Flammersfeld.* ‘Tests made with similarly prepared 
samples of KSiFs eliminated the possibility that the 
activity is not with neutron capture in 
rubidium. The energy of the gamma radiation as- 
sociated with the one-minute activity was found to be 
0.56+0.03 Mev as determined with a scintillation 
spectrometer by comparison with the gamma rays of 
Cs'*7 (0.661 Mev) and Au'* (0.411 Mev). The count- 
rate decay observed with a single-channel analyzer set 
to register at the 560-kev photoelectric peak is shown 
2. The gamma ray decays with the half-life 


associated 


in Fig. 


5 6 
MINUTES 


bic. 2. Decay of the 560-kev gamma-ray of Rb*™, 
1.02+0.03 minutes; a small amount of longer-lived 
activity probably represents degraded radiations of 
18-minute Rb**. 

In order to confirm the assignment of the one-minute 
activity to Rb*®, comparison measurements were made 
with two irradiated rubidium chloride samples of the 
same weight, one of normal isotopic constitution and 
the other’ depleted in Rb*®. The Rb*® content ratio was 
approximately 7. The observed ratio of the one-minute 
activities in the two samples was 6.4. If the one-minute 
activity were Rb**, the ratio observed should have 
been approximately 0.3 

’ Supplied by the Y-12 plant, Carbide & Carbon Corporation, 
through the Isotopes Division, U. S. Atomic Energy Commission, 


Oak Ridge, Tennessee 
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With a gray-wedge pulse analyzer® and the pro 
portional counter described above, which has 62 percent 
efficiency for Kr K x-rays, the short-lived Kr or Rb 
x-rays reported by Flammersfeld could not be observed 
in the one-minute-irradiated thin Rb.Sik’s samples. The 
apparatus was sufficiently sensitive to detect the 
fluorescence radiations from the brass counter and from 
the rubidium sample, neither of which decayed per- 
ceptibly (<~20 percent) in a few minutes. Identifica- 
tion of the higher energy x-rays as those of rubidium was 
made by the use of a selenium absorber, which caused 
the rubidium peak to be replaced by the lower-energy 
selenium fluorescence peak; a peak representing 
krypton A’ radiations emitted in electron capture 
would have been unchanged in position; and the brass 
fluorescence peak was unchanged. If the 560-key 
gamma radiation is converted to the extent of several 
percent, the intensity of rubidium A x-rays to be 
expected could be masked by the nondecaying rubidium 
fluorescence. 

The conclusion that the 1.02-minute activity decays 
by isomeric transition to the ground state of Rb‘ 
rather than by electron capture to Kr*® is supported 
by the fact that an energy in the neighborhood of 1.5 
Mev is to be expected? for the first excited state of the 
singly magic nucleus Kr*®. From its lifetime and energy, 
the Rb* isomeric transition appears to be £4 or perhaps 
E3; M4 would seem to be excluded.'! For a 560-kev 
E4 transition the half-life should be of the order of 600 
seconds ; for £3 roughly 0.02 second. Rb* in the ground 
state has spin 2 and negative parity.” For the first 
excited state of Rb**, shell theory permits no unique 
spin-parity prediction; both 6— and 5+ would be 
possible, corresponding to E4 and £3 transitions, 
respectively. The A conversion coefficients calculated" 
for these transitions are 1.7 10~° (#4) and 6.5X10™% 
(E3). The magnitude of these coefficients is consistent 
with the fact that no one-minute decay was observed 
in the intensity of the rubidium A x-radiation. 

One of the authors (RBS) would like to express his 
gratitude to the Chemistry Department of Brookhaven 
National Laboratory for providing the opportunity for 


carrying out this work 
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Proton bombardment at energies up to 100 Mev have been carried out in the Harvard University cyclo 
tron using targets of Cu*O and Cu®0O. Absolute cross sections of the (p,m), (p, 2). (p, pm), and (p, p2n 
reactions of Cu® and the (p, 3m), (p, 4n), (p, pn), (p, p3n), and (p, p4n) reactions of Cu® have been deter 
mined using the C#(p, pn)C™ and Al*’(p, 3pn)Na™ reactions to monitor the proton beam. An estimate of 
the ratio of level densities for odd-odd and even-even nuclei is made 


I. INTRODUCTION 


SERIES of bombardments of the separated 

isotopes of copper’ with 100-Mev protons has 
been carried out in the internal scattered beam of the 
Harvard cyclotron for the purpose of studying the cross 
section for formation of various isotopes of copper and 
zinc as a function of energy. The experimental results 
show fair agreement with the predictions of the statis- 
tical model* at low energies and are in qualitative 
agreement with the predictions of the Serber trans- 
parency model’ at high energies. 


II. EXPERIMENTAL TECHNIQUES 
A. Target Makeup 


A modification of the stacked foil technique was used 
to determine the excitation functions. The separated 
copper isotopes were received in the form of the oxide.' 
About 25 milligrams of the oxide powder was packed 
into a thin, flat aluminum capsule having an inside 
diameter of ;°s inch and a depth of about 0.01 inch. 
Four to eight of these capsules were interspaced with 
absorbers and bombarded at initial energies of 100 and 
75 Mev. The bombardment periods were short com- 
pared to the half-lives of the isotopes investigated. As a 
check on this method the results obtained using such 
targets made with ordinary copper oxide were com- 
pared with those obtained using 0.001-inch copper foil. 
No significant differences were noted. 

The bombardments were made in the 
scattered beam of the Harvard cyclotron with 180° 
focusing in the cyclotron magnetic field. The details of 
this method have been discussed by Hintz and Ramsey.‘ 
The energy resolution of this method is determined 
chiefly by the diameter of the target and can be approxi- 
mated at any energy by 


internal 


AE~ AEo: Eo/E, 

* Assisted by the joint program of the U. S. Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1 Obtained from Oak Ridge National Laboratory, Oak Ridge, 
Tennessee. 

2]. M. Blatt and V. F. Weisskopf, Massachusetts Institute of 
Technology Technical Report No. 42, May 1, 1950 (unpublished) 

3R. Serber, Phys. Rev. 72, 1114 (1947). 

‘'N. M. Hintz and N. F. Ramsey, Phys. Rev. 88, 19 (1952) 


where Ep refers to the initial energy. If Fo is 70 Mev, 
AE is about 1 Mev. 


B. Determination of Cross Sections 


Absolute cross sections were estimated for all re- 
actions, except those involving Cu®, by placing alumi- 
num foils in the target stacks and using the Al*’(p, 3pmn)- 
Na™ reaction to monitor the proton beam. The cross 
section for this reaction was measured by comparing 
it with the C?(p, pn)C" reaction.§ 

No chemical separations were made for the 10.5- 
minute Cu® activity. The copper oxide was counted 
through a 370 milligram per square centimeter alumi- 
num absorber to stop ‘any 20-minute C" activity 
formed from the oxygen, and the relative yield of 
10-minute activity was determined from the decay 
curve. When the target was CuO this activity should 
be almost entirely due to Cu® below 55 Mev. Above 
this energy there is some contamination by the 10- 
minute Cu activity. The slight peak in the Cu®(p, pn)- 
Cu® excitation curve (Fig. 1) at about 80 Mev is prob 
ably caused by the Cu®(p, p4n)Cu™ reaction. Its 
cross section is probably less than the corresponding 
reaction for Cu® because of its higher threshold, but 
its effect on the (p, pu) excitation curve cannot, be 
estimated since it decays by emitting a positron of 
unknown energy and all counting was done through 


Fic. 1. Cu® and Cu® from Cu™ 


’ Aamodt, Peterson, and Phillips, Phys. Rev. 88, 739 (1952) 
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Fic. 2. Zn® and Zn®™ from Cu®. 


an absorber. The cross section for the Cu®(p, pn)Cu® 
reaction was obtained by comparing it with the Cu®- 
(p, 2n)Zn™ reaction at 26 Mev. The 9.5-hour Zn® 
decays to Cu® by electron capture (~90 percent) and 
by a 0.65-Mev positron. Because of the low efficiency 
of a Geiger tube for x-rays, the observed activity of 
Zn® when counted through a 370 milligram per square 
centimeter aluminum absorber consists primarily of 
the 3-Mev positron of Cu®. At 26 Mev the only other 
activity observed through the absorber was the 2.4-Mev 
positron from the 38-minute Zn®, but its activity was 
very weak compared to the Cu® and Zn® activities. 
Since these two activities can be counted by the same 
radiation, a very good estimate of their relative yields 
can be made from the decay curve. The Cu®*(p, p3n)- 
Cu® cross section was then estimated by comparing it 
directly with the Cu®(p, pa)Cu® cross section. 


C. Counting Techniques 


The counting samples were mounted on platinum, 
the active area having about the same diameter as the 
monitor foils. After drying these were counted by an 
end window Tracerlab type TGC-d Geiger tube. The 
monitor foils were mounted in a similar fashion and 
counted in the same geometry. The observed counting 
rates were then subjected to the following corrections: 
(1) counts loss due to counter dead time; (2) back- 
ground activity; (3) absorption by air and counter 
window; (4) self-absorption and scattering in the 
sample material; (5) & capture to electron ratios in the 
various isotopes; (6) decay of the sample from the 
bombardment period to the counting period. 

No correction was made for backscattering from the 
sample mounting. Since the targets and monitors were 
always mounted on the same backing material and since 
the saturation backscattering is largely independent of 
energy® this effect should cancel in calculating the cross 


6B. P. Burtt, Nucleonics 5, 2, 28 (1949). 
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section. Recent work’ has shown that there may be 
some difference in the backscattering coefficient for 
electrons and positrons. This correction was not in- 
cluded here. Since C"', a positron emitter, was used to 
determine the cross section for Na™, an electron 
emitter, which was used to determine the cross section 
of a number of positron emitters, this effect should be 
largely compensated for. However, owing to differences 
in backing materials the inclusion of such corrections 
may increase the values presented here by about 5 
percent. 
D. Chemical Separations 


Copper: The copper oxide was dissolved in a minimum 
of HNO;, boiled to remove any oxides of nitrogen, 
diluted to about 20 ml and transferred to an electrolysis 
cell. Two drops of concentrated HNO, and eight drops 
of concentrated H».SO, were added and the solution 
plated to exhaustion in about } hour with a current of 


Fic. 3. Cu®, Cu®, and Cu® from Cu®, 
25 to 30 milliamperes. The plates were removed, 
washed in alcohol, dried in air and were ready to count. 
Zinc: The copper oxide was dissolved in a minimum 
amount of concentrated HCl and H.O, to which 10 
mg of Zn carrier had been added. The solution was 
boiled to remove the excess H.O., then made 1.V with 
HCl, and the copper precipitated with H.S. The 
filtrate was boiled to remove excess H.S, and scavanged 
with ferric hydroxide. The pH was adjusted to 3 and 
the Zn precipitated with H.S. The precipitate was 
washed with 0.01.V acid saturated with H.S, dried 
under a lamp and counted. To obtain the chemical 
yield it was ignited to the oxide and weighed. 


III. DISCUSSION 


The cross section of the reactions studied are plotted 
as a function of the proton energy in Figs. 1 through 4. 
At low energies (E~30 Mev) nuclear reactions are 
believed to proceed by the capture of the incident 


7H. H. Seliger, Phys. Rev. 88, 408 (1952). 





EXCITATION FUNCTIONS 
particle to form a compound nucleus in an excited state 
and then evaporate nucleons according to the statistical 
theory.? At high energies (E~100 Mev) nuclear 
reactions may be explained by Serber’s theory’ of 
nuclear transparency. According to this theory the 
mean free path of the bombarding particle is large 
compared to the nuclear radius and the particle 
interacts with the target nucleus by individuai nucleon- 
nucleon collisions inside the nucleus. The average 
transfer of energy for a 100-Mevy incident particle is 
about 25 Mev per collision. Because of the large mean 
free path there is a large probability that the incident 
particle may make only one or two collisions before 
the particle escapes with a large part of its initial energy. 
The net results of the process are these: A high-energy 
nucleon enters the nucleus. One or more neutrons and 
protons with relatively high energies emerge leaving a 
residual nucleus in an excited state. This excited nucleus 
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Fic. 4. Zn® and Zn® from Cu®™, 


then other nucleons according to the 
statistical theory. 

Considering the rather wide energy spread inherent 
in the bombardment method below 20 Mev, the Cu®- 
(p, n)Zn®™ reaction agrees very well with the statistical 
theory (Fig. 2, Table I). At 100 Mev the (p, ) cross 
section is 8 millibarns. According to the Serber model 
for high energy nuclear reactions, this required that 
about one percent of the protons entering the nucleus 
knock out high-energy neutrons leaving the residual 
nucleus with insufficient excitation energy to evaporate 
another nucleon. For Zn® this excitation energy must 
be less than 6 Mev. 

At 26 Mev the experimental value for the Cu®(p, pm)- 
Cu® reaction is about four times that for the Cu®- 
(p, 2n)Zn® reaction (Figs. 1 and 2). This ratio agrees 
with that observed by Ghoshal* although our values for 
the cross sections are somewhat lower. If the statistical 


evaporates 


5S. N. Ghoshal, Phys. Rev. 80, 939 (1950). 


FOR REACTIONS WITH Cu 887 
model is valid at this energy, the unusually low yield 
of the (p, 2m) reaction indicates a relatively low level 
density for the even-even Zn® nucleus. This appears to 
be confirmed by the unusually low cross section for the 
(p, 4n) reaction for Cu® as compared to the (p, 3m) 
reaction (Fig. 4). 

It is not possible to obtain the ratio of the (p, pn) 
to (p, 2m) reactions for Cu® since Zn™ is a stable 
nucleus. However, the excitation function for the Cu®- 
(p, pn)Cu®™ reaction is very similar to the corresponding 
reaction for Cu® having a peak value of 540 millibarns 
at 26 Mev (Fig. 3). By analogy to the Cu™ reactions 
the Cu®(p, 2)Zn™ reaction would be expected to have 
a cross section of about 150 millibarns at this energy. 
It could not be greater than 250 millibarns or the total 
cross section including only the observable reactions 
will be greater than the cross section for the formation 
of the compound nucleus. In view of this the level 
density of Zn®™ must be low compared to that of C®. 

Since the Cu®(p, 32)Zn™ reaction must involve the 
formation of an excited Zn™ nucleus, a_ low-level 
density for this nucleus would mean a correspondingly 
low cross section for the (p, 3) reaction. Experi- 
mentally, the (p, 32) reaction has a peak value of 170 
millibarns (Fig. 4) which is about the same as that 
expected for the (p, 2”) reaction. This is contradictory 
to the previous conclusion concerning the Zn™ level 
density. 

Very little is known about the level densities of the 
even mass nuclei. According to Harris ef al.° and Hur- 
witz and Bethe,'® odd-odd and even-even nuclei have 
comparable level densities at excitation energies of the 
order of their neutron binding energies. The level 
densities are not determined from the ground state 
but from some characteristic higher state. If the level 
density then increases according to the formula given 
by Blatt and Weisskopf,’ the ratio of the level densities 
of the two nuclei for high excitation will be given by 
€o0)4— (E— €,)* |, 


Woo/ Wee™ exp2a4{ (E 


where w,, and w,, are the level densities of the odd-odd 
and even-even nuclei, respectively, E is the excitation 
energy, and ¢ is the energy of the characteristic level 
above the gound state. If we approximate the difference 


TABLE I. Reaction cross sections calculated using constants 
given by Blatt and Weisskopf—R= (1.3 10"")Atem. 


@ in millibarn 


Protot 
energy 
‘u®(p, n)Zn™ 12 Mev 
‘u%(p, 2n)Zn™ 26 
‘u®(p, pn)Cu® 26 
‘u"®(p, pn)Cu® 26 


Reaction 


* Calculated using woe =we 
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Taste II. Y Values for two reactions which 
may proceed by triton emission 


Reaction O, Mey 


18.8 
p, dn) 


Cu®(p, p2n)Cu® 
(p, dn) 
(p, Hi) 
Cu®( p,p3n)Cu® 
(p,d2n 


(p, H®n 


in the characteristic levels of the even-even and odd-odd 
nuclei by the difference in their neutron binding 
energies (~5 Mev for Cu” and Zn®), it can be seen that 
the ratio of level densities is large for low excitation 
energies and small for higher ones. For energies of about 
10 Mev, the ratio is of the order of 10. Such an energy 
dependence would provide a possible explanation for 
the high cross section for the (p, 3m) reaction as well 
as the low cross section for the (p, 2m) reaction. In the 
(p, 2n) reaction the even-even nucleus is the final one 
and must have an excitation energy of less than about 
8 Mev or it will evaporate additional nucleons. This 
means a relatively low-level density compared to the 
odd-odd nucleus and consequently a low yield for the 
(p, 2n) reaction. In the (p, 3m) reaction the even-even 
nucleus is an intermediate one and must have an 
excitation energy of more than 12 Mev if it is to evapo- 
rate another neutron. This higher excitation energy 
means that the level density is relatively high and 
consequently there will be a relatively higher yield of 
this excited nucleus. The next step involves competition 
between an odd-even and an even-odd nucleus which 
have approximately the same level densities.? In this 
situation the emission of a neutron will be the preferred 
process resulting in a high yield for the (p, 3) reaction. 

These reactions are also dependent on the level 
density of Ni® and Ni®™ since the (p, 2p) reaction is a 
competing one in each case. Since these nickel isotopes 
are even-even as well as magic number nuclei, their 
level density should be quite low. Actually, these 
reactions are not very sensitive to the level density of 
these nuclei, as the probability of evaporating two 
protons is small. 

It is possible to use the experimental values of the 
(p, pn) and (p, 2m) reactions to obtain an approximation 
of the average ratio of level densities for the odd-odd 
and even-even nuclei below the nucleon binding energy. 
The values appearing in Table I were calculated accord- 
ing to the statistical model using the following three 
assumptions. First, it was assumed that neutrons and 
protons were the only particles involved. The inclusion 
of alpha particles would decrease the values by a small 
amount but would have little effect on the ratio of the 
(p, pn) to (p, 2) reactions. The evaporation of deu- 
terons would increase the (p, pu) reaction but this type 
of process appears to be negligible." Second, it was 
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assumed that woe was equal to w,,. The agreement 
between the observed and calculated cross sections for 
the (p,) reaction seems to justify this assumption. 
Third, it was assumed that there was a constant ratio 
between woo and wee. This is certainly not correct 
according to the previous agrument, but it does give an 
indication of the level density ratio at low excitation 
energies. The cross sections for the (p, pn) and (p, 2) 
reactions are calculated using three values of woo/Wee. 
A value slightly larger than 28 will give the observed 
ratio of (p, pn) to (p, 2m) reactions. The calculated 
values for the cross sections are then in fair agreement 
with the experimental results. 

The observed ratio of the (p, pn) and (p, 2n) reactions 
at low energies makes the even higher ratio at 100 more 
understandable. At high energies the reaction should 
occur primarily by an initial knockout process whereby 
the incident particle makes only one or two collisions 
inside the nucleus, resulting in the ejection of one high- 
energy neutron or proton and leaving a_ residual 
nucleus with a few Mev of excitation energy which 
permits it to evaporate one more nucleon. Since the 
incident particles are protons, a high-energy neutron can 
only be produced by a proton-neutron collision inside 
the nucleus while a high-energy proton can be produced 
by either a proton-neutron or a proton-proton collision. 
Therefore the ratio of protons to neutrons in the initial 
step should be about 2 to 1. Then, if the two residual 
nuclei (Cu® and Zn®) evaporate secondary neutrons 
and protons in the same ratio as at lower energies, the 
(p, pn) reaction should be favored over the (p, 2n) 
reaction by roughly a factor of 10. The experimental 
value is about 15. However, this is high due to the 
contribution of Cu®* at this energy. 

The previous discussion has neglected competing 
reactions involving the emission of deuterons and 
tritons. The ratio of these particles to single nucleons 
should be small because of their greater difficulty in 
penetrating the Coulomb barrier and their small 
probability of existence at the nuclear surface. In 
general, this appears to be true for elements of inter- 
mediate and heavier atomic weight and for fairly high 
excitation energies.'' However, below the threshold for 
the individual nucleon reaction the corresponding 
processes of this type must account for the total yield 
of a particular reaction. 

The energy resolution of this bombardment method is 
not sufficiently narrow to distinguish between the 
threshold of such reactions as (p,d) and (p, pn). 
However, reactions involving tritons have thresholds 
about 6 Mev below the corresponding reaction involving 
a deuteron and a neutron. Thus, there is a narrow 
region where a particular reaction can proceed only by 
the emission of a triton. The Q values calculated from 
mass” and radioactivity" data for two reactions which 

2 Collins, Nier, and Johnson, Phys. Rev. 86, 408 (1952). 


13 Nuclear Data, National Bureau of Standards Circular 499 
(Government Printing Office, Washington, D. C., 1950) 
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may proceed by emission of tritons are given in Table LI. 
The Cu® targets did show a yield of Cu® below 25 
Mev, but this can be largely accounted for by the Cu® 
contamination. The maximum yield of the (p, H*n) 
reaction in this region is of the order of 1 millibarn. 
The Cu® targets have a cross section of 1.2 millibarns 
for the production of Cu® at 15 Mev. The energy 
uncertainty here is +2.5 Mev so this may be partly 
due to the (p, dn) reaction. At 10 Mey the cross section 
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is about 0.1 millibarn and should be entirely due to the 
(p, H*) reaction. 

The author wishes to thank Mrs. A. M. Dean and 
Miss Margaret Heineman for their assistance in per 
forming these experiments and Mr. Richard C. Wharton 
and the cyclotron crew for their cooperation during 
the bombardments. Dr. Richard Diamond and Dr. 
Karl Strauch are responsible for some very helpful 
discussion and criticism in preparing this report. 
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The Radiations of U**® and Np**’} 


J. D. Knicut, M. E. Bunker, B. WARREN, AND J. W. STARNER 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received April 21, 1953 


I'he beta and gamma radiations of U*" and Np*” have been examined with magnetic lens and scintillation 
spectrometers. U?"(4;=14.1+40.2 hours) emits a single beta-ray group of maximum energy 0.36 Mey 
No gamma rays were observed. Np*®(4;=7.3240.3 minutes) emits four beta-ray groups with maximum 
energies of 2.156, 1.59, 1.26, and 0.76 Mev and relative intensities of 52, 31, 11, and 5.4 percent, respectively 
Gamma rays having energies of 1.40, 0.90, and 0.56 Mev were observed. These data can be fitted into a 
simple decay scheme. On the basis of cycles involving the total decay energies of these isotopes, plus pub 
lished data on alpha- and beta-transition energies and photoneutron thresholds of related nuclides, the 
binding energy of the last neutron in U®” is calculated to be 5.92+0.15 Mev, and that of the last neutron 


in Np*® to be 4.98+0.15 Mev. 


INTRODUCTION 


HE isotopes U*” and Np*” were found by Hyde 
and Studier' in uranium which had been ir- 
radiated at high neutron flux in a pile, the U” having 
been produced by the neutron capture 
U5 (ny) U9 (n,y) UU. The U and its daughter Np™, 
both found to be beta emitters, were identified by 
standard radiochemical techniques. ‘The half-lives were 
reported as 14+2 hours and 7.3+0.3 minutes, respec- 
tively. A later report® from the same laboratory gave a 
revised U* half-life of 17 hours. Further characteriza- 
tion of these isotopes was limited by the low attainable 
specific activity of the U™ and by the presence of a 
relatively large amount of U*? which was also produced 
during the irradiation by the reaction U**(n,2n)U™", 
With the availability at this laboratory of high- 
neutron-flux devices and of the means of retrieving 
portions of target materials placed in or near them, it 
™” sources of sufficient 


sequence 


has been possible to obtain | 
strength for beta-ray spectrometry and without serious 
U7 interference. This report describes the results of an 
investigation of the radiations of the U*”’-Np*’ chain, 


conducted on a series of such sources. 


tf Work done under the auspices of the U. S. Atomic Energy 
Commission. 

' FE. K. Hyde and M. H. Studier, Argonne National Laboratory 
Reports ANL-4143, April 15, 1948, and ANL-4182, August 4, 
1948 (unpublished). 

2 Studier, Magnusson, Siddall, and Huizenga, Argonne National 
Laboratory Report ANL-4667, May 1, 1951 (unpublished) 


APPARATUS AND SOURCE PREPARATION 


The beta counting for measurement of half-life and 
for verification of parent-daughter relationship of the 
observed uranium and neptunium activities was done 
with continuous-flow methane gas proportional counters. 
These counters have a dead-time about 1 
percent at 10° counts per minute so that sample decay 
can be followed through factors of the order of 10° in 


loss of 


counting rate. 

The beta-ray spectrum of the U-Np™ equilibrium 
mixture was measured with a magnetic lens spectrom- 
eter * The baffles were adjusted to give a resolution of 
3.5 percent. The electron detector was an end-window 
Geiger tube with a 0.5-in. diameter aperture and a 
2.4 mg/cm? mica window having a low energy cutoff at 
about 31 kev. 

The gamma-ray data were obtained with a scintilla 
tion spectrometer consisting of a NalI(Tl) crystal 
attached to an RCA type 5819 photomultiplier. A 
l-in. aperture lead collimator was placed between 
the source and the crystal. Two different scintillation 
crystals were used: a large one, 2 in. in diameter and 
2 in. high, for examination of high-energy gamma rays 
and general coverage of the entire spectrum, and a 
thick, for more detailed 
examination of the low-energy portion of the spectrum. 
The pulses were sorted with a ten-channel analyzer. 

The uranium activity was isolated from the irradiated 


smaller one, about 0.25 in. 


L M. Langer Phys. Rev. 77, 50 (1950 
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hic. 1. Decay curve of U*-Np* in secular equilibrium. @, original 
points; A, activity after subtraction of 6.75-day component 


source material, which contained Np** and _ fission 
products as the principal beta-emitting contaminants, 
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Fic. 2. Decay curve of Np*. The 14-hour background is due to 
a trace of uranium carried along with the neptunium fraction in 
the rapid chemical separation. O, original points; A, activity after 
subtraction of 14-hour component. 





by a standard chemical analysis using uranium carrier 
and a series of product and by-product precipitations. 
Although the use of uranium carrier in the isolation 
procedure meant that the final sources were rather 
heavy for beta spectrometry (up to 1 mg), this approach 
was chosen in preference to a carrier-free extraction in 
the interests of reliabie beta decontamination combined 
with good chemical yield. 

For beta-ray spectrometry, the U*” source (with 
Np*” grown into secular equilibrium) was mounted as 
~1 mg of (NH,4),U,0;, spread over an area of 1 cm? 
on a backing of rubber hydrochloride (0.5 mg/cm*) 
and covered with a thin Zapon film (~0.02 mg/cm’). 
Similar sources were used in most of the scintillation 
work. For scintillation examination of the Np* alone, 
a series of neptunium fractions were isolated from the 
parent uranium solution by a rapid chemical procedure 
which involved complexing the uranium with NH,OH 
and co-precipitating the neptunium with LaFs. 








Fic. 3. Beta spectra of U?-Np*” in secular equilibrium. 


EXPERIMENTAL RESULTS 


Typical beta-decay curves of the U*”-Np* equili- 
brium mixture and of the neptunium fraction separated 
from the mixture, as followed on a beta proportional 
counter, are shown in Figs. 1 and 2, respectively. The 
equilibrium mixture was counted through 86 mg/cm? of 
aluminum absorber to suppress the contribution of 
the U*? activity unavoidably present in the sample. 
Under these conditions practically all of the U™” 
beta rays are suppressed also, and the bulk of the 
observed counts come from the hard beta rays of the 
neptunium daughter; however, because of the short 
half-life of Np*”, the observed rate of decay is that of 
the U*” parent. These measurements yielded a U** 
half-life of 14.1+0.2 hours, and a Np’ half-life of 
7.3+0.3 minutes. 

Because of the contribution of U*? to the low-energy 
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regions of the beta and gamma spectra, it was necessary 
to make two sets of measurements on each source, 
the first as soon as possible after preparation of the 
source, when the U“’/U*? ratio was most favorable, 
and the second about a week later, when only the 
U*? remained. The U*’ spectra were corrected back to 
the time of the original measurement and subtracted 
from the composite data to give the net spectra of the 
U*’.Np*” equilibrium mixture. The observed U*”’-Np*®’ 
electron momentum distribution, corrected for U*’, is 
plotted in Fig. 3. The high-energy portion of the momen- 
tum distribution, which was found to belong to Np*’, 
is re-plotted in Fig. 4. A Fermi analysis of the data 
(Figs. 5 and 6) resolved the spectrum shown in Fig. 3 
into five groups with end-point energies of 2.156+0.01, 
1.59+0.01, 1.26+0.01, 0.76+0.02, and 0.36+0.02 Mev. 
The calculated relative intensities and log ff values of 
these groups are listed in Table I. The Fermi plot of 
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lic. 4. Beta spectrum of Np?”. The partial spectra were deter 
mined from the Fermi plot analysis. The upturn below Hp= 2800 
is the start of the U® spectrum 


the 0.36-Mev group (Fig. 6) exhibits a slight upward 
curvature. Such behavior is expected of a low-energy 
spectrum obtained from a source as thick as 1 mg/cm*. 
The drop-off below W = 1.25 is due to counter-window 
absorption. The relative scarcity of experimental 
points on this group is a consequence of the interference 
of the U*? spectrum. The U*’ conversion lines were 
so strong that data taking had to be confined to the 
valleys between the peaks. 

The scintillation spectrum of the gamma rays of a 
sample containing U*”, Np™°, and U7, taken with the 
2-in. NaI(Tl) crystal, is plotted in Fig. 7. The lower 
curve shows the three prominent U*’ peaks at 0.060, 
0.096, and 0.206 Mev, plus a U’-Np™” peak at 0.560 
Mev. Data taken with the same crystal and phototube 
but with lower amplifier gain, shown in the inset, 
indicate additional peaks at 0.90 and 1.40 Mev. When 
the photopeak areas were corrected for crystal sensi 
tivity, the relative intensities of the 0.56-,0.90-, and 1.40- 
Mev gamma rays were found to be, respectively, 


OF 


\ND Np? 


Fic, 5. Np Fermi plot. The break below W=2 is due to U2” 


63:26:10. A similar examination of the radiations from 
the neptunium fraction, obtained by rapid milking 
from a solution of the U“’-Np*”-U7 mixture, revealed 
peaks at 0.56 and 0.90 Mev which decayed with a 
half-life of a few minutes. Counts were also observed 
above 1 Mev, but the sources were too weak to permit 
resolution of a meaningful peak (or peaks) in this energy 
region. Subtraction of the U*’ background from the 
gamma-ray spectrum of the U*’-Np*’-U"? mixture 
revealed no evidence of gamma peaks from 0.5 Mev 
down to approximately 10 kev, the practical low-energy 
detection limit of the scintillation apparatus 
Following the the three 
mentioned gamma rays, the beta spectrum was re- 
to find conversion lines corre 


observation of above 
examined in an effort 
sponding to them. No conversion lines were found in the 
high-energy region, and none in the low-energy region 
which were not attributable to U*’. On the basis of 
counting statistics for the portions of the momentum 
spectrum involved, it is estimated that for each of 
these gamma rays, the number of conversion electrons 
per beta disintegration is less than 0.003 
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DISCUSSION 

Since beta-spectrum measurements were performed 
only on the U”-Np* equilibrium mixture, assignment 
of the beta components to the individual nuclides 
has to be made partly on the basis of other data. 
It was known from aluminum absorption measure- 
ments performed one the neptunium fraction sepa- 
rated from the equilibrium mixture that Np* has a 
beta-ray end point of approximately 2 Mev. Therefore, 
the 2.156-Mev group almost certainly belongs to Np’. 
Also, when 0.56 and 0.90 Mev, the energies of the 
gamma rays observed to belong to the neptunium 
fraction, are subtracted from the maximum beta- 
energy, the remainder energies correspond to the next 
two lower beta groups indicated by the Fermi analysis. 
By the same subtraction process, the 1.40-Mev gamma 
ray evidently follows the 0.76-Mev beta component. 
Thus, it appears that the four beta groups with end- 
point energies of 2.156, 1.59, 1.26, and 0.76 Mev all 
belong to Np*”’. Furthermore, the fact that the sum of 
the intensities of these four groups, reconstructed from 
the Fermi plot analysis, is equal (within experimental 
error) to the intensity of the 0.36-Mev beta-ray group 
is a fairly strong argument that (1) the 0.36-Mev 
group belongs to U™, and (2) the 0.36-Mev group is 
the only beta group associated with U*. The assign- 
ment of only the 0.36-Mev beta group to U™ is sup- 
ported also by the following negative evidence: if the 
intense 0.36-Mey transition led to an excited state of 
Np”, a correspondingly strong gamma ray and/or 
x-rays resulting from its internal conversion would be 
emitted. Such a strong gamma ray could not have 
escaped detection, and, although the scintillation data 
indicate the presence of neptunium A and L x-rays, 
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their intensity and decay rate suggest that they are due 
entirely to the U*’ in the sources. Therefore, it appears 
that the 0.36-Mev beta group represents a ground-state 
transition, although the experimental data do not 
exclude the possibility that U*” decays to a level of 
Np” which has a lower excitation energy than the L 
binding energy of neptunium, or ~20 kev. The above 
conclusions are summarized in the form of the decay 
scheme shown in Fig. 8. It is possible that in the decay 
of both U and Np™, there are weak radiations which 
went unobserved. For example, it is known from the 
decay of Cm™ that there is a 41-kev excited state in 
Pu*”,* and there may be some branching to this level 
from the higher Pu™ levels which become excited 
through the decay of Np”. Therefore, it is proposed 
only that the decay scheme of Fig. 8 represents the 
main decay branches of the two nuclides. 

There is little that can be said about spin and parity 
assignments. The ground states of U* and Pu are, 
of course, assumed to be (0,+-). The log ft value of the 
2.156-Mev beta group is 6.5, which suggests that this 


rasBie I. The beta-ray groups of U and Np™ 
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energy 


(Mev) 


Isotopic 
assignment 


Relative 
intensity 


52 5 Np?” 
31 Np™ 
1 Np 
54 5 Np 
104 : Ohad 
Phys. Rev 


® Determined from the curves given by S. A. Moszkowski 


82, 35 (1951) 


transition is once forbidden, AJ =0,1. The assignment 
of odd parity to the ground state of Np*” is in agreement 
with shell-model predictions. One might expect the 
U”.Np*” ground-state transition to have the same ff 
value as the Np*”-Pu*” ground-state transition, since 
identical spin and parity changes are involved. However, 
log ft of the U“°-Np* transition is only 5.6. This 
apparent discrepancy is not considered to be a reliable 
indication of whether or not the 0.36-Mev beta group 
is a ground-state transition, particularly since similar 


ft anomalies are to be found in the literature, e.g., 


Ce!44-Pr'4#_-N qd! 5 

On the basis of the ground-state decay energies of 
0.36 Mev and 2.156 Mev assigned to U“’ and Np*™’, 
respectively, it is possible to fit these nuclides into 
cycles from which their last-neutron binding energies 
may be obtained. The cycles and transition energies 
which were used are diagrammed in Fig. 9. From the 
cycle U-Np*-Pu®-Pu*”-Np*”-U™, the binding en- 
ergy of the last neutron in U™ is calculated to be 
5.92+0.15 Mev, and that of the last neutron in Np” 
to be 4.98+0.15 Mev. The last-neutron binding energy 


4 F. Asaro and I. Perlman, Phys. Rev. 87, 393 (1952). 
5 F. T. Porter and C. S. Cook, Phys. Rev. 87, 464 (1952) 
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of U™ can also be obtained, although with less accuracy, 
from the cycle U*-U*-U*7-U**-Pu-Np*®-U™. The 
value obtained in this manner is 6.32 Mev. The dis 
crepancy between these two numbers is probably due to 
inaccuracy in the reported last-neutron binding energies 
of U7, U88, and U™*. Since the last-neutron binding 
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Fic. 8. Proposed decay scheme of U2®-Np™. 


energy of U*” might be expected to be several hundred 
kilovolts less than that of U*** (5.97 Mev), the value 
6.32 Mev appears to be definitely out of line and even 
5.92 Mev is disturbingly high. 

A possible reason for the high value of the U™ 
one-neutron binding energy is that 148 neutrons form a 
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lic. 9. Cycles used to determine the last-neutron binding 
energies of U™ and Np™. Calculated values are in parentheses; 
directly observed values are not. References are as follows: 
Huizenga, Fields, Studier, and Duffield, Phys. Rev. 84 
Rev. 82, 979 (1951) 
Hirsch, and Mech, Phys. Rev. 84, 785 
Perlman, Phys. Rev. 88, 828 (1952) 
Perlman, cited by Hollander, Perlman 
Report 


Magnusson 
166 (1951) 
A. Ghiorso, Phys 
Jaffey, Diamond 
F Asaro and I 
F. Asaro and I 
University of California Radiation Laboratory 
August, 1952 (unpublished) 

Tomlinson, Fulbright, and Howland, Phys. Rev. 83 
Huizenga, Magnusson, Freedman, and Wagner, Phys 
(1951) 
Huizenga 
561 (1951) 
J. A. Harvey, Phys 


1951 


and Seaborg, 
UCRL.1928 


223 (1951) 


Rey. 84, 1264 


Magnusson, Fields, Studier, and Duffield, Phys. Rev. 82 


Rey. 81, 353 (1951 
closed shell. Dunlavey, in a study of nuclear radii 
calculated from alpha decay energies and alpha half 
lives,® finds some indication for closed shell structure at 
Cm*™*, a 148-neutron nucleus. Although there are few 
known nuclear spins on which to base definite assign- 
ments of single-particle levels in this region, an examin 
ation of the levels available beyond the 126-particle 
shell would suggest that a 148-particle shell could be 
achieved by the configuration 


(Liy12)'?(2go/2)". 


6}). C. Dunlavey, University of California Radiation Labora 
tory Report UCRL-1911, August, 1952 (unpublished). 
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Dipolar Broadening of the Quadrupole Resonance Line Width in Zero Applied Field 


A. ABRAGAM AND K. KAmBI 
Harvard University, Cambridge, Massachusett 
(Received May 13, 1953 


A formula has been derived for the contribution of the dipolar broadening to the second moment of the 


resonance 
The following assumptions have been made 
pin 1 or 3 


broadening 


No restriction has been set on the spins of ‘‘nonresonant”’ nuclei contri 
he electric field gradients at all nuclear sites have axial symmetry and common directions 


ine in pure quadrupole resonance expe riments 
The nuclear spins undergoing the resonant transitions have 


buting to the dipolar 


A comparison is made with Van Vleck’s formula for straight magnetic resonance 


INTRODUCTION 


AN Vleck! has shown that the second moment of a 
magnetic resonance line is given by the formula 


Trl H, S,}/Tr(S,)°. (1) 


H is the Hamiltonian of a system of spins including 
their mutual dipole-dipole interaction, and S, is the 
component along the direction of the applied rf field, 
of the total spin of the resonant system. 

As Van Vleck points out, there are certain precau- 
tions to be taken in using Eq. (1). The Hamiltonian // 
can be broken up into two parts, Ho which is the sum 
of the energies of the individual spins, neglecting their 
mutual interactions, and #7, which is the sum of these 
interactions and is generally much smaller than Hp. 
H, in turn can be split into two parts H,=Hy'+H," in 
the following way. //,’ is the part of 17, which commutes 
with //). In a representation where Ho is diagonal, /7,’ 
has no off-diagonal elements. //,’’ is defined by the 
condition that in the same representation it has no 


th yy” Ay 


diagonal matrix elements. The effect of 17,’ is to broaden 
the sharp resonance line which would ebtain in the 
absence of interactions. On the other hand, /,’’ pro- 
duces weak satellite lines by mixing together eigenstates 
of /7, of different energy. 

In a resonance experiment the satellite lines are of 
no interest and only the so-called “truncated”? Hamil- 
tonian ff =H +H,’ should be used in Eq. (1), instead 
of H7, to calculate the second moment of the main line. 
The same caution must be exercised in the use of S, in 
order to insure that only transitions corresponding to 
the main line are considered. Matrix elements of S, 
corresponding to other transitions should be discarded 
and a “truncated” operator S. used in Eq. (1) instead 
of S,. The breakup of the interaction //,; in its two 
components /7,’ and /7,"", and thence the value of the 
second moment, depends on the form of Ho. Different 
cases have been considered by several authors. 

Van Vleck! has applied Eq. (1) to the case of straight 
magnetic resonance in a magnetic field. Van Vleck and 
Ollom, Ishiguro, Kambe, and Usui,’ and Stevens‘ have 
H. Van Vleck, Phys. Rev. 74, 1168 (1948). 

H. Van Vleck and J. F. Ollom, Physica 17, 205 (1951). 
J. F. Ollom, thesis, Harvard University, 1952 (unpublished) 


3 Ishiguro, Kambe, and Usui, Physica 17, 310 (1951) 
‘K. W.H. Stevens, Proc. Roy. Soc. (London) A214, 237 (1952). 
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considered the case of a crystalline electric field super- 
imposed on the external magnetic field. They have con- 
sidered a paramagnetic ion of spin one, but the treat- 
ment is the same as for a nucleus of spin one with a 
quadrupole moment. Bersohn® has considered the case 
where the Stark or quadrupole splittings are so small 
that they are ona par with the dipole-dipole interactions 
in broadening the resonance line observed in an external 
magnetic field. Pryce and Stevens® have given a general 
theory of magnetic resonance line width which covers 
practically all possible cases of dipolar broadening but 
by their very generality their formulas are ill adapted 
to a direct comparison with experiment. 

The purpose of the present article is to give explicit 
expressions for the second moment of the resonance 
line in the important case of “pure quadrupole reso- 
nance” or of resonance transitions between different 
quadrupole levels in the absence of an external mag- 
netic field. Some of the results have been reported 
previously.’ The principle rather than the details of the 
calculations is given. 

The treatment depends on whether the nuclei under- 
nuclei 
“non- 


going the resonant transitions or ‘‘resonant”’ 
interact among themselves or different 
resonant” nuclei. We shall consider the two cases sepa 
rately. Since the second moments are additive this is 
not a restriction of generality. The complexity of the 


with 


calculations increases rapidly with increasing value of 
the spin of the resonant nuclei. We have considered the 
cases of resonant nuclei of spin 1 and 3. No restriction 
has been set on the spins of the nonresonant nuclei. 


Case I. Interaction between Resonant Nuclei Only 


We assume that the interacting nuclei have identical 
quadrupole moments and are experiencing axial electric 
field gradients of common directions and magnitudes. 
rhe case of “semi-like”’ nuclei for which the gradient of 
the electric field has the same magnitude but different 
directions is much more involved and will not be con- 
sidered here. 

5 R. Bersohn, J. Chem. Phys. 20, 1505 (1952 

6M. H. L. Pryce and K. W. H. Stevens, 


London) 63, 36 (1950) 
7K. Kambe and A. Abragam 


Proc. Phys. So 


Phys. Rev. 90, 348 (1953). 
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DIPOLAR B 


The unperturbed Hamiltonian 7/9 can be written as 


(2) 


Ho 8>. S,., 
where z is the axis of symmetry of the electric field and 
S.; the s component of the spin of the ith nucleus. 
6 is a parameter proportional to the strength of the 
quadrupole interaction. The resonance frequencies are 
y=6/hand vy= 26/h for spin 1 and 3, respectively. The 
interaction Hamiltonian H, responsible for the dipolar 
broadening can be written with the usual notation: 


73> kV 5k 1 (S..S, 


39? (S)-tj) See vje)) 


where aj, Bye, yx are the direction cosines of rj, with 
respect to the crystalline electric field axis; njx* 
+i3;,. As explained in the introduction, we must sepa 
rate from the interaction Hamiltonian //, the part //,’ 
solely responsible for the broadening of the resonance 
line. Since the interactions W,, are of the two body 


yh 


type, it is sufficient to consider two particular nuclei 7 
and k&. The unperturbed energy levels of this two-spin 


system are determined by the eigenvalues of the 


operator 
(4) 


\ state of the two-spin system will be spec ified by the 
values m; and m, of S,; and S., and denoted by (m,;, my). 
Matrix elements of the interaction W,, connecting 
different energy levels of Eq. (4) must be discarded. 
This can be realized in two different ways 

In the first method, Wj, is modified by the introduc 
tion of suitable projec tion operators constructed ana- 
lytically from the spin operators of the nuclei 7 and k. 
In the second method, the matrix elements of W’,, are 
written explicitly in numerical forms in a simple repre 
sentation and those connecting different energy levels 
of Eq. (4) are discarded. The first method has been 
applied to the case of spin one as explained below but 
proved impracticable for the spin 3 where the second 
method had to be used. The latter has also been used 
to check the results obtained for spin one by the first 
method, 

Let us consider first the case of spin one. The energy 
levels and eigenstates of Eq. (4) are given in Table I. 
From an inspection of Table I and formula (3) we 
deduce the changes to make in W The first term 
of Eq. (3) is diagonal in the representation (m,, m,) 
should be retained unchanged. The 


and therefore 
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Pape I. Energy levels and eigenstates of two-spin system 
Spin S=1 


States 
(QO, O) 


(0, 1) ( 
(i,—1) ( 


1,0) (0, 1) 
1,1) (-1, 1) 


(1, 0) 
(1, 1) 


second term has matrix elements between the states 
(1,0)<>(0,1) and (—1,0)«>(0, —1) which should be 
retained and matrix elements between (0, 0)«>(1, —1) 
and (0,0)«+(—1,1) which should be discarded. This 
can be done by replacing in Eq. (3) (S4jS_e+S_ ;Sy4) 
by (S,4+S8.4)(S,S it S_Sy.)(Sit+5.). The third 
and fourth terms of Eq. (3) have matrix elements 
between different energy levels of Eq. (4) only and 
be discarded altogether. The fifth and sixth 
terms have matrix elements (1, 0)«>(0, —1) 
(O, 1)<+(—1,0) which must be retained and (0, O)e> 
(—1, —1), (0, 0)<+(1, 1) which must be discarded. This 
is realized by replacing in Eq. (3) S,)S;4 and S_,S 
(S35 +S 24) (S84 5S844)(52;+S524) and 
(Sj; 48.4) (S_j)S_ 4) (Si +S). The truncated Ham 
iltonian 7 =H )+H)/' can be written as 


must 
and 


ky 


respect ively by 


H = Hot+Dd jon Wie, 


— 


(5) 
where 


W w° 3 r 5, 


SY 547) (S23 + Sex) 


+ S:5.2)(Ses-+-Sea) 


+ Sen) (nj YS 45S 40 


+ (njat )7S—jS—e} (Sei Sen) |. (6) 
Expressions (5) and (6) have to be used in Eq. (1) to 
calculate the second moment. Table I also shows that 
the operator S,=}>°,;.S,, connects states with energy 
difference 6 only and can be used in Eq. (1) without 
modifications. 

The calculation of the trace involved in Eq. (1) is 
very tedious but perfectly straightforward and leads 
to the following expression for the second moment: 


1: (WAP) w=} >>: 


gip'r;, 


£5(1—3y 422+ 9(1— 442)? 


2(1— 37547) (ajx?—Bj?) |. (7) 

lor the spin 3 case, as stated before, we write the 
matrix elements of W,, explic itly. We choose a repre 
sentation in which the are {(m,, mx) 
t(m,,m;)}/V2 rather than (m,,m,) if m;A#m,. The 


(4), as well as the inter 


basic states 
principal Hamiltonian, Eq. 
action Hamiltonian W,, being invariant through inter- 
states 


change of spins / and k, this choice of basic 


reduces considerably the number of matrix elements of 


W 5; 


since there are no matrix elements between odd 
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and even states. There are 16 states of the two-spin 
system, 10 even and 6 odd, and three energy levels 
-§/2, —56/2, —965/2. 

The level —6/2 corresponds to a three-dimensional 
manifold &, of even states and a one-dimensional mani- 
fold D, of odd states, the level —56/2 to a four-dimen- 
sional even manifold &) and a four-dimensional odd 
manifold Do, and the level — 96/2 to a three-dimensional 
even manifold &; and a one-dimensional odd manifold 
D;. Wj, has matrix elements inside each manifold as 
well as between different manifolds of the same parity. 
The latter elements must be suppressed in order to 
obtain the “truncated” interaction Wy. Wj, is then 
represented by the matrix (8): 

‘ae °@ 
0 EE, O 
0 0 E; 


0) Q 


the manifolds 6), &, &;, and D,, De, Ds correspond to 
1, De, Dz. If now we write the matrix elements of S, 
in the same representation, we find matrix elements 


E,, E,, Ey are square submatrices which correspond to 


TABLE IT. Various cases of dipolar broadening 
by nonresonant nuclei. 


Kesonant 


spin S Nonresonant spin S’ 


1 arbitrary (no quadrupole splitting) 
l half-integer (with quadrupole splitting 
1 integer (with quadrupole splitting) 

j arbitrary (no quadrupole splitting) 

; half-integer (with quadrupole splitting) 
3 integer (with quadrupole splitting) 


inside each manifold as well as between different mani- 
folds of same parity. As explained in the introduction, 
we must keep only those connecting states with energy 
difference equal to the resonance energy, that is those 
connecting 652, 5&3, Di De, De Ds. When this 
is done, the truncated operator S. is represented by 


the matrix (9): 


;}O M, O: 
] M, 0 M, 
0 M, 


0 | 
No| 
0 | 


10 Ws 
-N, 0 
0 NN, 


M, and Mz are rectangular 3X4 and 4X3 matrices, 
and M, and M, the transpose of M,; and Mo, respec- 
tively. Similarly V, and N, are 1X3 and 3X1 rectangu- 
lar matrices. For brevity we do not write the explicit 


AND KAMBE 


K 


expressions of any of those matrices. Their calculation 
is Straightforward. 

The matrix expressions (8) and (9) for Wj, and S, 
can now be introduced in Eq. (1). From matrix multi- 
plication rules we get 


- Trl Ay’, 8, P=2 Djs (Eonm| (EM - 
+> nm! (EeM2—M2Es) an 
+> nm! (DiNi— NiD2) nm!” 

+ n.m| (D2N2— N2Ds)am|2}, 


M ie ) nm 


and an expression of the same type for Tr{SZ}. By 
an expression such as (£,;M,—M,E2)»nm we mean the 
element at the intersection of the mth row and the mth 
column of the rectangular matrix £}M,— ME». 

The result of the calculation of the traces leads to 
the following expression : 


S=3: (UPAv*),= (1/96) 2484 > | rj. ®[ 207 (1 — 37,42)" 


+ 15127 5.71 — 547) +459 (1 — yj)? 


108 (1— 37547) (ajx?— Bx?) ]. (10) 

It is interesting to compare Eqs. (7) and (10) with 
the formula (10) of reference 1. For argument’s sake 
we assume a simple cubic lattice with the gradient of 
the electric field parallel to one of the axes. Then Eqs. 
(7) and (10) become 


S=1: (WAv*)y = 28.4g484d-*, 


S= $ . (h® Av? b= 60.0¢484d 6 
where d is the dimension of the unit cell. 
Van Vleck’s formulas for ordinary magnetic reso- 
nance yield: 
20.0g'3d-*, 


S=l: (Ar). 


S= 3: PAP) y=37 Agisid-*, 
where we have assumed that the applied static field 
is parallel to one of the cubic axes. 


Case II. Interaction between Resonant and 
Nonresonant Nuclei Only 


The case where resonant nuclei interact with non- 
resonant nuclei only is much simpler, at least if the 
gradient of the electric field has the same direction for 
both types of nuclei, which we shall assume here (ex- 
cept if the nonresonant nuclei have spin 3, when this 
assumption is unnecessary). For each value of the 
resonant spin S=1 and S=3, there are three different 
cases to consider depending on the characteristics of 
the nonresonant nuclei. These are summarized in 
Table II. 


The interaction Hamiltonian H,; is written below 
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for resonant and &’ for nonresonant spin, 
ge 8 dj: 


(S55: 


with index 


H,=) 54 


2 ajertiBjx)PS_jS_n |. (AD) 


According to the principles stated in the introduction, 
the following modification should be made on W’ jx: 
and S,: 


(a) Spin operators relative to resonant nuclei: 


Cases Aj, Ao, Az: All operators in Eq. (11) containing 
S,; should be discarded. 

Cases B,, Bz, By: Sz; should be replaced in Eq. (11) 
by S,;, where S,; is deduced from S,; by equating to 
zero all the matrix elements except those connecting 
the states m= +}. 


(b) Spin operators relative to nonresonant nuclei: 


Cases A;, By: No change. 
Cases Av, Bo: Syy-’ should be replaced by S44’ which 
is defined in the same way as S,). 
Cases A;, By: All operators in Eq. (11) containing 
S,x’ should be discarded. 
(c) Operator S,=>0; S,;: 
Cases A;, Av, 43: No change. 
Cases By, Bo, By: S, results from S, by suppression 
of matrix elements connecting the states m= +4. 
After these modifications have been made, Eq. (1) 
can be used to calculate the second moment of the 
resonance line. 
The results for all cases are summarized compactly 
in the following formula: 
(PAv* a> 1 2 g"2B4S"(S" a 1) » Vii 
XK {1+ F(S)G(S’)) (1 3y 
£9(G(S’)+2F(S))¥ 21-42) 


t OF (S)G(S’) (1— 3y 47)", 
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where the functions F(S) and G(S’) are detined as 
follows: 

F(1)=0, F(})=3. 

G(S')=1 for the cases A, and B, 
G(S’) = $(28'+1)/[.8S’(S’+1) ] for the cases A» and Bs. 
G(S’)=0 for the cases A, and Bg. 


These results can again be compared with the straight 
magnetic resonance case. Let us call 
a= pa VyjK? §(1- Sy jn)’, 


sat yee? (1 — jn), 


k 


h= pis a 
C= Dee rer lye?) 


Van Vleck’s formula (28) of reference 1 yields for 
this case 
W{ Av) magn = 4S’ (S'+ 1)a. 


For spin 1, Eq. (12) gives for the pure quadrupole 
resonance line width: 


Case Ay: WAP) gunaer= 4S’ (S’+ 1)a(1+6/a), 


3 (2S’+1) bd 


Case Ao: WlAr 


quadr = 4.9" (S’+ 1a} 1+ : 
8 S'(S’+1) a 


Case Ay: Wh Av*)qusar= 4S’ (S’+ 1a. 


To make the comparison in the spin } case we shall 
assume for simplicity a cubic lattice with the electric 
field gradient parallel to one of the axes, in which case 


we have c=3a+26 and 


Case By: RAW )guace= 4S’ (S'+ Dal 3(1+6/a)}, 


=18'(S’+1)a 
6 25'+1 b 
x(14 )(: ; ), 
8 S’(S’+1) a 
b 
1S’(S’ a(t + ) 
a 


We thank Professor J. H. Van Vleck and Professor 
R.V 


( ‘ase B.: hh Ar quadr 


Case B;: 


9 9 
hX Av )quadr 


Pound for discussion 
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rhe connection between the exact multipole moments and their long wavelength approximations is ex 
amined, Special attention is paid to the role which the condition that the radiation source be bounded plays 


in this connection. Incidentally the multipole expansion is made in a very simple manner 


N the long wavelength approximation the electric 

multipole moments are expressed in terms of the 
transition charge density, which is determined by the 
longitudinal current. On the other hand, all radiation 
should depend on the transverse current. This suggests 
that there exists a connection between the longitudinal 
and transverse currents. It seems worth while to examine 
the nature of this connection and the role which it 
plays. 

We assume that J,p are bounded so that with 
negligible error we have J=p=0 outside the source. 
We interest ourselves only in the fields outside. We 
=1 and exp(—k/) as the time dependence. We 
write G=G(R—r R—r|~' exp(ik| R—r|); Go=!R 
rl; Gp (R)=h_ (RR)VL™(R); ogi (4) =j1(kr) 
KV,"*(r); L=—irx¥; R will always refer to a 
point outside the source. 

A simple way to make the multipole expansion is to 
start with 


write ¢ 


H1(R) fecexdar (1) 


We separate ¥ X J into electric and magnetic parts by 
using the identity,' 

Ll L?L- yx J)—ivxLl[ler-vxJs), (2) 
where L~ is an integral operator with an obvious sig 
nificance. On performing the necessary partial integra- 
tions and then inserting the usual spherical wave ex 


vxJ 


pansion for G we have 


8rk 1 R! 
H(R) = ( ) 
LMNL(L+1)7 a 
x |} poV HL (e)+ui™ HL (m)}. (3) 


A precisely similar expansion for E(R) follows from 
Maxwell’s equations. Here we have defined fields nor 
malized to 1 quantum ‘sec by 


2rk 4 
( ) tkhLa,™, 
\L(L+1) 
2rk 


H 
E; M (e) ( ) vxLe, . 
L(L+1) 


* Assisted in part by the U. S. Atomic Energy Commission. 
! Somewhat similar identities have been used, e.g., by P. R 
Wallace, Can. J. Phys. 29, 393 (1951) 


H, M (¢ 
(4) 


H,™(m) 


and multipole moments by 


pi” =apk-" f (ox) Lguar 


0 
ayk “fio (rg) “)+ikjJ-rg,™ lr, (5) 
or 


My M = ak tf (ox I) rua. 


The second form for p.™ follows from the first by 
the identity ¥ X Lo= — ir(V*¢)+i¥ (0/dr)r. We choose 
ay,=[2"(L+1)!}"(2L+1)!, so that, in the long wave- 


length limit, 
pr M pr fons, eid’) 2 


There is now a connection between the longitudinal 
and transverse currents. This is due to the fact that we 
specify that the current be bounded. Then we have 


Ji,(R)+ J,(R)=0 fowx deur 


+ | (w-JeGdr. (7 


This connection is reflected in the electric tield expres- 
sions. For using this and Maxwell’s equations we have 


tr J,(R) 
vx | (~X IJ)Godr. (8) 


tkE,(R) = for J, (R) 


Comparing this with 
ikE(R) ox f (wx JGar, 
we have 


E,(R)=limE(R) 
A) 


k 


tr D> (2L+1) (10) 


L.M 


ps Meg, 


where the limit is to be taken for fixed p. [ For fixed J, E, 
(1/k) lim(RE). | 
In general, then, the connection between the longi 
tudinal and transverse currents is not sufficient to deter- 


898 





THEORY OF 


mine the relationship between the longitudinal and 
transverse fields, for there enters here the ratio of p.™ 
to p.’” which requires a detailed knowledge of the 
charge-current distribution. The exceptional case is the 
long wavelength limit; in this case we have p.“ = p,/™ 
and then the condition that the current be bounded 
establishes a unique connection between the longi- 
tudinal field and the transverse (electric type) field, 
and thus enables us to express the electric radiation in 
terms of the charge density. 

Examining this from a slightly different point of 
view, it follows from (10) that for kR<1 the most singu- 
lar part of E is simply the longitudinal field. Thus in 
the long-wave limit, the electric field near the surface is 
purely longitudinal. In this limit, then, we can regard 
the electric type field as being determined by the wave 
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equation and the boundary condition that for small R 
its electric field reduce to the longitudinal field. Thus 
there arises the connection between the two fields. 
Incidentally, we remark that in some calculations where 
the long-wavelength approximation is used from the 
beginning one may, because of the close connection be- 
tween the fields, encounter an ambiguity in separating 
the contributions of the longitudinal and transverse 
electric fields to the process in question. Such am- 
biguities are, of course, resolved by examining the 
transition from the rigorous solution to the long-wave 
limit. 

Finally we acknowledge conversations with Pro- 
fessor John Blatt and Professor V. F. Weisskopf who 
pointed out to us the importance in this problem of the 
condition that the source be bounded. 
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The average charges on the C]*’ and Xe'*! atoms produced in the transitions A*—C}"" and Xe!™ 


»Xe" 


are found to be +3.41+0.14 and +8.5+0.3 electron charges, respectively. Estimates of the values to be 
expected from fluorescent and Auger processes and from Z change are made 


INTRODUCTION 


TTEMPTS have been made to explain the chem 

ical effects which are known to accompany radio- 
active decay on the basis that the atoms whose nuclei 
undergo radioactive transition are left in ionized or 
excited states. In the case of the isomeric transition in 
Br®, Cooper’ has calculated that a charge of +4.7e is 
built up within 10° second for one K-converted gamma 
ray. The estimate of De Vault and Libby’ for Br® 
is +7e. Serber and Snyder* have calculated, in the cases 
of beta decay at Z=90 and Z= 10, average excitations 
of 125 ev and 54 ev, respectively. Other workers have 
made calculations of the probability for the ionization 
of electrons in the various levels as a consequence of 
beta decay, electron capture, and alpha decay.‘ This 
probability in the A shell is of the order 1, Z? for elec- 
tron-capture or beta emission; and the probability 


changes in shells of higher principal quantum number. 

t Research carried out under the auspices of the U. S. Atomic 
Energy Commission. 

1 E. P. Cooper, Phys. Rev. 61, 1 (1942) 

21D. De Vault and W. Libby, J. Am. Chem. Soc. 63, 3216 (1941 

3. Serber and H. S. Snyder, Phys. Rev. 87, 152 (1952). 

* A. Migdal, J. Phys. (U.S.S.R.) IV, 449 (1941); E. L. Feinberg, 
J. Phys. (U.S.S.R.) IV, 423 (1941); A. Winther, Kgl. Danske 
Videnskab. Selskab, Mat.-fys. Medd. 27, No. 2 (1952); J. S. 
Levinger, Phys. Rev. 90, 11 (1953); H. M. Schwarz, J. Chem 
Phys. 21, 45 (1953); H. Primakoff and F. T. Porter, Phys. Rev 
89, 930 (1953). 


Careful measurement has been made of L-electron 
ejection in the a decay of Po”; the result is about 
fourteen times larger than theory predicts.® The A- 
electron ejection accompanying the Po*’ @ decay has 
been measured by Barber and Helm;°* the experimental 
results are of the order of magnitude predicted by 
Migdal.* Measurement of A ejection in the 8 decay 
of S** gives a result in good agreement with theory.’ 
Recently, a preliminary report on the average total 
charge of the Cl*’ product of A*’ decay was published,* 
and some work has been done with compounds of C", 
Br”, H® and with a Kr—Xe fission product mixture.®:"” 
A detailed description of the measurements and results 
for A* and Xe™'™ is given in this paper; the experi- 
mental method used is free from many of the ambigui- 
ties which raise questions about the older charge deter 


minations. 


5 W. Rubinson and W. Bernstein, Phys. Rev. 86, 545 (1952 

®*W. C. Barber and R. H. Helm, Phys. Rev. 86, 275 (1952 

? J. J. Howland, Jr., and W. Rubinson (private communication). 

* J. A. Miskel and M. L. Perlman, Phys. Rev. 87, 543 (1952) 

¥S. Wexler and T. H. Davies, Phys. Rev. 88, 1203 (1952). 

0 Most of the results of older measurements of daughter-atom 
charge suffered from ambiguities connected with emission of ions 
from solid sources or with the presence of large background effects 
See Mund, Capron, and Jodogne, Bull. soc. chim. Belg. 40, 35 
(1931); G. Hevesy and F. Paneth, A Manual of Radioactivity 
(Oxford University Press, London, 1938); B. Wright, Phys. Rev 
71, 839 (1947); C. Sherwin, Phys. Rev. 73, 216 (1948 
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neasurement of positive-ion current 


Chamber lor 


EXPERIMENTAL METHOD AND APPARATUS 


lhe important quantities measured in these experi 
ments were (1) the current resulting from the collection 
of the primary positive ions produced in a sample of 
radioactive gas and (2) the disintegration rate of the 
gas sample. The quotient of the quantities, (1) (2), 
is the average charge per disintegration. 

Figure 1 is a diagram of the chamber used for the 
current measurements. The outer electrode A was main 
tained at any desired positive potential by a stable, 
quiet power supply;'! the current produced by the 
collection of the positive ions at the central electrode 
C, near ground potential, was measured by a vibrating 
reed electrometer and Brown recorder. Close to the 
electrode C and insulated from it by quartz spacers 
was a grid about 95 percent transparent; the applica- 
tion of a negative potential, battery supplied, to this 
grid served to return secondary electrons produced at 
the surface of electrode C to the electrode. Tests showed 
that electrical leakage from the grid to the collector 
electrode, at the higest grid voltage used in the experi 
ments, was less than one percent of the smallest meas 
ured positive-ion current. The geometry and electric 
fields are designed to return wall secondaries to the 
wall and to allow only a small fraction of the energeti 
primary electrons to intercept the central electrode. 
Electrode diameters and active and dead volumes of 
the tube were carefully measured so that the necessary 
corrections to the measurements could be calculated 
Before admission of the radioactive gas to the tube, 
it was baked and pumped; the A*” and Xe!” intro 
Instr. 22, 429 (1951 
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duced were essentially carrier-free. It was thus possible, 
during the course of the current measurements, to 
maintain in the sealed-off tube a pressure of approxi- 
mately 10°-* mm, corresponding to a mean-free-path 
of the order of 40 times the tube radius. 

By use of the reed electrometer as a null-detector 
in a Wheatstone bridge, the resistors used with it for 
the current measurements were calibrated and checked 
from time to time. The primary standard was a wire- 
wound resistor, 10°+ 10° ohms. Calibration of the reed- 
recorder combination was effected by the introduction 
of accurately known voltages from a Rubicon potentio- 
meter. 

When the current measurements on a sample had 
been completed, the chamber was fused on to a vacuum 
system at its break-seal. After carrier argon was added, 
the active gas and carrier were well mixed and trans- 
ferred, by means of a Toepler pump, to a calibrated 
part of the vacuum system. By manipulation of this 
part of the system it was possible to introduce small, 
known fractions of the active gas into glass proportional 
counters of a type useful for the determination of ab- 
solute disintegration rates.”” For a given gas sample 
the results of different assay procedures agreed to ap- 
proximately plus or minus one percent. 

The A*’ used in these experiments was produced by 
the , a reaction in Ca”. Five gram samples of metallic 
calcium, outgassed at 600°C and sealed in vacuum in 
silica ampoules, were irradiated for about one month 
in the Brookhaven reactor. Cadmium foil wrappers 
served to absorb slow neutrons. The metal samples 
were put into a silica liner held in a silica tube 5S, 
attached to part of a glass vacuum system as shown in 
Fig. 2. Apiezon grease which had been melted in vacuum 
was used in the stopcocks. After the metal had been 
again outgassed at about 700°C, and the current meas 
uring tube T had been given a final bake-out, the cocks 
\ and B were closed; and the calcium was then melted 
by induction heat. If the vacuum requirement made it 
necessary, the tube S could be cooled with liquid ni 
trogen or the barium getter in the side arm could be 
flashed. Cock B was then opened to allow the active 


Vacuum system for filling chamber 


Fic. 2 


Bernstein and R. Ballantine, Rev. Sci. Instr. 21, 158 


S. Katcotf, Phys. Rev. 87, 886 (1952 
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gas to diffuse into T, and then the tube was sealed off 
at point C and removed. 

The Xe™'™ was the decay product of the chain 
Te''—]'-+Xe"'™: irradiation of tellurium metal in 
the reactor produced the Te". Except for adjustment 
of temperatures to take into account the low mélting 
point of tellurium, the method for introduction of the 
Xe'*'™ into the apparatus was the same as that used 
for the A* 


MEASUREMENTS AND RESULTS 


Measurements of the positive-ion current in the 
chamber were made over a range of applied wall volt 
ages at each of three grid voltages. Figure 3 shows the 
results of a set of such measurements for A*. The 
ordinate in this figure is the voltage developed across 
a 1.93210" ohm resistor by the positive-ion current. 
It is seen that at each grid voltage there is a positive- 
ion current plateau and that the plateau current is 
independent of the grid voltage. The current increase 
at the upper end of the plateaus is caused by the ex- 
traction of secondary electrons from the grid-collector 
space by the positive field from the wall; as expected, 
the application of increased negative potentials to 
the grid extends the plateau to higher wall voltages. 
In each experiment the plateau current decay was 
followed for at least one half-life as shown in Fig. 4. 
The half-lives for A*? and Xe''™ as observed in this 
way are in good agreement with the accepted values of 
34.1 days and 12.0 days, respectively." 

The energy of the Xe transition is 163 kev. The 
radiation is 98 percent converted; 63 percent of the 
conversion occurs in the A shell, 27 percent in the L 
shell, and 10 percent in the M shell.'* Activity measure- 
ment of the xenon assay samples presented no special 
difficulties. The unconverted transitions were not de- 
tected in the counters and should not have produced 
current in the chamber. 

A*’ decays by capture of A and L orbital electrons ; 
the L./K ratio is 0.09.'° In a proportional counter con- 
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taining A* the pulses fall into two groups, whose 
relative energies correspond to the binding energies of 
AK and L electrons in chlorine. The A® counters ex- 
hibited two plateaus. At the lower voltage plateau only 
the larger pulses were counted; at the higher plateau 
both pulse groups registered. The smaller pulses are 
associated with L-capture events and with those A 
capture events which are accompanied by A’ fluores- 
cence not absorbed in the counter gas. The ratio ob- 
served for the count rates on the two plateaus, 1.20 
+(0.01, agrees with that calculated from the L/K ratio, 
the chlorine fluorescence yield'® (0.11), and the ab- 
sorption of the counter gas for chlorine A x-rays. 

The decay of the A* and Xe'*'™ in the counters was 
followed for from one to three half-lives. No radioactive 
impurities were observable. 

The chamber currents, sample disintegration rates, 
and final results are shown in Table I. 

The currents tabulated have been corrected to take 
into account the insensitive volume of the chamber, 
positive-ion collection efficiency, fast electron-inter- 
ception by the central electrode, and slow electron- 
collection by the central electrode. The magnitudes of 
these corrections applied to the measured currents were 
approximately 6 percent, 10 percent, 1 percent, and 
1 percent, respectively. 

The chamber used in the measurement of A*’—1 
was an early model with an aluminum coated wall and 
glass grid insulators; the larger error given with the 
A‘? — 1 result is related to the existence of grid to central 
electrode leakage current in this chamber. 


DISCUSSION 


The average ionic charge expected in the decay of 
Xe'*'™ may be calculated approximately from the Auger 
transition probabilities; the recoil energy, less than one 
ev, is insufficient to produce ionization. For the xenon 
case the charge was calculated for a A’ fluorescence 
yield of 0.87;'® an ZL fluorescence yield of 0.11;'7 and 


‘6 Brovles, Thomas, and Haynes, Phys. Rev. 89, 715 (1953) 
‘TE. H. S. Burhop, The Auger Effect (Cambridge University 
Press, Cambridge, 1952) 
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Pasee I. Experimental results 


ta 
Ave. charge per disintegration 


t e (electronic charges 


2.72K108 +43.58+0.2* 
8.86K10® +43.32+0.1 
1.7210 t8.5 +0.3 


1.56 10°" 
4.72 10°" 
2.35% 10 


+3.41+0.14 


alculation of the result previously re 
hmetic error has been eliminated, and the value 
eld has been changed trom 0.08 to 0.11 


1 by rec 


division of Auger probability, according to Pincherle,'® 
LL—K @ (0.56), LM->K (0.32), LN—-K~ (0.07), 
MM-—K ~ (0.05). It was assumed that an analogous 
probability division applies to Auger transitions which 
originate with Z level holes. The charge thus calculated, 
without contribution from Coster-Kronig transitions, 
is for K converted decay events +6.72, for L conver- 
sions + 6.62, and for M conversions 4.00. The average, 
weighted according to the Xe'*!™ decay scheme, is 
+6.41. It is possible to increase the calculated charge 
by 3 units by inclusion of some of the energetically 
allowed Coster-Kronig transitions. Unfortunately, data 
for the transition probabilities do not seem to be 
available. 

For the A*” the division of the Auger probability is 
LL-K @ (0.65), LM—-K~ (0.31), MM-> 
K ~ (0.035). Again without Coster-Kronig  contri- 
bution, the charge expected in A capture would be 
2.42; in L capture it would be 1.0. The weighted average 
is 2.30. The maximum possible Coster-Kronig contri- 
bution to the charge, 0.8, is made if every K hole which 
is filled by Auger processes involving the L level pro- 
duces one Ly hole and if all Ly holes give rise to Coster- 
Kronig ionizations. /; electrons are expected to be 
involved in 1 capture. A rough estimate of the actual 
Coster-Kronig contribution to the charge for A*” would 
be about one-fifth’ of 0.8 or 0.16. Thus the experi- 


and 


18 T.. Pincherle, Nuovo cimento 12, 81 (1935) 


" Reference 17, p 74 
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mentally measured charge for A® is at least 0.320.14 
and more probably 0.9+0.14 electron charges larger 
than that expected from Auger processes. A change in 
the division of the Auger probability from that used 
above to LL->K = (0.90), LM—>K = (0.09), and MM— 
K (0.01) would add 0.25 unit to the previously cal- 
culated charge. In addition there would be an increase 
in the Coster-Kronig contribution of 0.3 as a maximum 
or more probably 0.06. 

The A*® recoil energy, 9.6 ev,” is insufficient to cause 
electron loss. 

A small further contribution to the total charge both 
for A*’ and Xe"! is to be expected from the change 
of electrostatic potential in the nuclear transition 
(electron “shake-off’’).4 According to Primakoff* the 
probability of double A hole production in A capture 
is 3/(4Z7.6¢), where Zere is the effective nuclear charge. 
For A*® the contribution from this source to the charge 
is negligible; ionization in the L and M shells in the 
K-capture act is also very small because for these elec- 
trons the electrostatic potential of a nucleus Z shielded 
by two K electrons is nearly the same as that of the 
product nucleus Z—1 shielded by one K electron. 

It should be pointed out that the foregoing analysis 
of the “shake-off’’ process is incomplete. Beta decay, 
as opposed to K capture, results in a change of electro- 
static potential which influences all electrons. The 
“shake-off” probability here increases with increasing 
principal quantum number because of the decrease in 
Zet. Similarly, the creation of vacancies in the elec- 
tronic cortege by Auger processes and by internal 
conversion results in a change of electrostatic potential 
for all electrons having a principal quantum number 
equal to or greater than that of the vacancy. This 
effect should produce an additional charge of approxi- 
mately 0.05 for A* and approximately 0.2 for Xe'#'™. 

The authors take pleasure in expressing their appreci- 
ation to Dr. Max Wolfsberg and to Dr. William Rubin- 
son for valuable discussions. 


” Richards, Smith, and Browne, Phys. Rev. 80, 524 (1950). 
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The enriched isotopes of samarium were bombarded with 6.7-Mev protons. A well-defined 13.7-hour 
activity was measurable in all of the enrichments. Comparison of relative initial saturation intensities 
clearly indicated that the activity should be assigned to Eu!™. The activity is the result of negatron emission 
The negatron spectrum has maximum energy of 1.07 Mev, and is classified as a first-forbidden transition 
on the basis of the log(ft) value 

The Eu! activity enables one to place a lower limit of 105 years on the half-life of the alpha-decay which 


has been assigned to Gd! 


I. INTRODUCTION 

N early investigation of Eu'® indicated a 27-hour 

positron activity as a consequence of a fast neu- 
tron bombardment of europium.' Later, a 15-hour 
activity, with the nature of the decay not given, was 
reported as a result of irradiating europium with 23- 
Mev gamma-rays.” A still more recent investigation 
indicated a 15-hour half-life resulting from a 1.8-Mev 
positron transition. The activity was produced by a 
Sm!*"(p,2) Eu! reaction.’ 

Several attempts to reproduce these activities in this 
laboratory resulted in agreeing approximately with 
the half-life measurements but not with the sign of the 
emitted radiation. 


II. ASSIGNMENT OF THE Eu'®® ACTIVITY 


The enriched isotopes of samarium, with mass 
numbers 144, 147, 148, 149, 150, and 154,4 were bom- 
barded with 6.7-Mev protons from the cyclotron. Table 
I shows the percent enrichment. A half-life of about 
13.7 hours was measurable in the samples samarium 
144, 147, 148, 149, 150, and 154, with relative initial 
saturation intensities of 15, 13, 18, 45, 400, and 17, 
respectively. As is evident from Table I, the initial 
intensities are in reasonable agreement only with the 
abundances of Sm'™ contained in the various samples. 
In the Sm'™ sample the activity was followed through 
6 half-lives, which showed clearly that the half-life 
was 13.7+0.25 hours. Since a (p,y) reaction leads to 
stable Eu!®', a (p,a) reaction leads to Pm'? with half- 
life of 2.26 years, and a (p,n) reaction is certainly more 
likely than a (p,2n) reaction (6.7-Mev protons were 
used), it follows that the reaction is of the type Sm!”- 
(pyn)Eu'™. Thus, the assignment of the 13.7-hour 
activity to Eu'® can be made with certainty. 


* Major, U. S. Air Force. Research under auspices of U. S. Air 
Force Institute of Technology, Wright-Patterson Air Force Base, 
Dayton, Ohio. 

f Lt. Col., U.S. Air Force. Research under auspices of U.S. Air 
Force Institute of Technology, Wright-Patterson Air Force Base, 
Dayton, Ohio. 

1M. L. Pool and L. L. Quill, Phys. Rev. 53, 437 (1938). 

2. D.S. Butement, Proc. Phys. Soc. (London) A64, 395 (1951). 

3G. Wilkinson and H. G. Hicks, Phys. Rev. 80, 491 (1950). 

* Supplied by the Y-12 plant, Carbide and Carbon Chemicals 
Corporation, through the Isotopes Division, U. S. Atomic Energy 
Commission, Oak Ridge, Tennessee. 


III. THE BETA-SPECTRUM 
180-degree 


Phe 13.7 
spectrometer. The negatron spectrum and Kurie plot 


hour activity was examined in a 


are shown in Figs. 1 and 2. No positrons were detectable. 

Examination of six such spectra taken over a 20-hour 
interval indicated that two independent spectra were 
involved, the higher energy spectrum (1.88 Mev) 
decayed with about a 9-hour half-life, and the lower 
energy spec cum with about a 13-hour half-life. The 
9,.2-hour activity associated with the 1.88-Mev spec- 
trum has been assigned to Eu'™, and would be expected 
to appear in view of the abundance of Sm'® contained 
in the Sm'™ enrichment. 

After subtraction of the Eu'® spectrum, the Kurie 
plot representation of the Eu! spectrum was found 
to be nonlinear, as is shown in Fig. 2. The spectrum 
can be resolved into three component spectra with 
end-points at 0.79, 0.96, and 1.07 Mev, and relative 
abundances of 40, 32, and 28 percent, respectively. 
However, an analysis of the activity on a gamma-ray 
scintillation spectrometer did not show the gamma rays 
which would be associated with the transitions between 
these levels. Also, internal conversion electrons were 
not observed. It seems more reasonable, therefore, to 
assert that the disparity from linearity results because 
the transition is of a forbidden type. The log(/f) value 
is about 6.4, which is generally classified as a first- 
forbidden transition.’ Further, the spectrum shape is 
very similar to the shape of the RaE beta-ray spectrum 
which has been considered.® It is concluded that the 


Isotopic constitution of the enriched 
isotopes of samarium. 


TABLE I 


144 147 148 149 5 154 


Percent of various isotope 


13.46 

78.35 
6.05 
5.09 
2.02 
0.362 


58.9 
0.35 
0.522 
0.547 
0.191 
0.034 


5.31 
9.07 
76.01 
11.88 
1.96 
0.361 
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Fic. 1. The 8 spectrum (of Eu! and Eu!) observed as a 
result of bombarding the Sm'™ enrichment with protons 


13.7-hour, Eu! activity results from a first-forbidden 
negatron transition with maximum energy of 1.07 Mev. 


IV. GADOLINIUM 150 


Since Eu! decays by the emission of negatrons it 
seems reasonable to conclude that Gd'™ is either stable 
or a long-lived alpha emitter. The stability of Gd!®’ 
has been investigated, with the findings that if this 
isotope exists as a stable isotope, then the abundance 
is less than 0.005 percent’ or 0.0005 perc ent.® Further, 
it has been reported that Gd'™ has a long half-life and 
emits an alpha particle of 2.7 Mev. 

To determine whether or not alpha-particles were 
present, the 13.7-hour activity was examined on an 
alpha-ray scintillation counter both during decay and 
after the disappearance of the activity. The counting 
rate of this sample was compared with the counting 
rate obtained using a sample of unbombarded Sm!®. 
Alpha particles, if present, were not observed. The 
bombarded sample was also examined in a cloud cham- 
» alpha particles were detected. 


ber, and again, n 


V. DISCUSSION 


Because previous reports have indicated that Eu'® 
decays by positron emission,'* the Eu'™ activity, as 
, Atomic Energy Commission Report 
MDDC-1687 (unpublished); Phys. Rev. 74, 773 (1948). 

8’ W. T. Leland, Phys. Rev. 77, 634 (1950). 
® Rasmussen, Thompson, and Ghiorso, Phys. Rev. 89, 33 (1953). 
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AND POOL 
reported in this paper, was investigated on four separate 
occasions. In no case were positrons detectable. 

The fact that no alpha particles were detected does 
not necessarily indicate that alpha particles were not 
In view of the limitations of the counting ap- 
the decay 


present 
paratus, and the amount of Gd!” made in 
process, it is conceivable that no alpha particles would 
be detected, even if present, if the half-life of Gd'® 
exceeded some definite value. Since the Gd! available 
and since the 


F 
) 


was produced from the parent Eu'®™, 
initial intensity of the Eu!” activity is a known quan- 
tity, it is possible to determine a lower limit for the 
half-life of Gd'®. The computation shows that a half- 
life greater than 10° years could not have been detected. 
Thus, if Gd'!™ is an alpha emitter its half-life is greater 
than 10° years. It is of interest to note that the value 


$$ $$ —— an 





Fic. 2. The Kurie plot representation of the spectrum shown in 
Fig. 1, and the resulting Kurie plot representation of the Eu! 
spectrum. We used the /(Z,y) values from the preliminary copy 
of the Fermi Function Table, by I. Feister, National Bureau of 
Standards. 


of the Gd!” half-life obtained by using the Geiger- 
Nuttall relation, the reported energy for the Gd! 
alpha particle, and the energy and half-life of the Sm'#? 
natural alpha emitter, is also of the order of 10° years. 
Apparently a somewhat longer bombardment of Sm!” 
would result in a detectable amount of alpha activity. 

The authors wish to acknowledge assistance received 
from the Development Fund of the Ohio State Univer- 


sity. 
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A liquid argon ionization chamber has been used to compare the shape of the beta-ray spectrum of K 


40 


with those of Y® and P®, The K® spectrumtis found to be consistent with the shape factor 


D,= p+ Tp e+7p gt q° 


in agreement with recent measurements. 


I. INTRODUCTION 


HE shape of the highly forbidden beta-ray spec- 

trum of K*, associated with a spin change of 
four units, should provide a sensitive test of some of the 
possible theories of beta decay.' However, a milligram 
of ordinary KCI will emit only one K® beta ray per 
minute. Using the usual magnetic spectrometer method 
of measuring beta spectra, it is difficult to obtain 
sufficient activity to give a counting rate distinguishable 
from background without making the source so thick 
that it distorts the beta-ray spectrum. Attempts have 
been made in recent years to overcome this difficulty,?~7 
both through the use of potassium enriched in K® and 
by the use of methods which do not require collimation 
and small source area. The use of an ionization chamber 
makes possible a large source area and a large solid 
angle for detection. In principle the energy resolution 
of an ionization chamber should be better than that of 
a scintillation spectrometer because thousands of elec- 
trons can be collected in every beta-ray pulse giving 
negligible pulse-height fluctuation due to poor statistics. 
A liquid argon filling provides a density sufficient to 
stop the 1.4-Mev beta rays of K® in a chamber of 
small size and low background. In a liquefied inert gas 
the enough to permit 
electron 
possible to observe individual beta-ray pulses at count- 
ing rates well above background. An investigation of 


electron attachment is low 


collection. collection, it is 


Using electron 


liquid argon ionization chambers of centimeter dimen- 


sions is reported elsewhere.® 
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II. METHOD 


About 17 mg of 110-fold enriched KCI (1.31 percent 
K*)® was placed in a platinum boat and heated in 
vacuum. The boat was supported from below by long 
thin electrodes. An aluminum foil cylinder 2 cm in 
diameter and 12 cm long was slipped over the boat and 
moved up and down as the KCI evaporated. The KCI 
deposit near the center of the foil was 0.4 mg/cm? 
thick and dropped to zero a centimeter from each end. 
The foil thickness was 1.6 mg/cm*. The foil was trans- 
ferred to the ionization chamber shown in Fig. 1. This 
chamber was outgassed at about 10 microns pressure 
at room temperature for 10-20 hours, submerged in a 
coolant mixture of liquid oxygen and liquid nitrogen at 
85-87°K and enclosed by a two-inch thickness of lead. 
Tank argon” at 5 Ib/in.* gauge was passed through a 
trap cooled by liquid oxygen and liquefied directly into 
the chamber. A negative collecting voltage of 22.5 kv 
was applied to the foil cylinder. Electron collection 
pulses with a rise time of about 2 wsec were then 
observed at anodes 1 and 2. The pulses at anode 1 gave 
a measure of the beta-ray energy expended inside the 
foil. The pulses at anode 2 were used to avoid counting 
beta rays which scattered through the foil. 

A schematic diagram of the apparatus is shown in 
Fig. 2. Los Alamos Model 100 amplifiers were modified to 
give a 3-usec rise time and an RC clipping time of 8 
usec. The sweep of an oscilloscope was triggered by 
pulses from amplifier 1 when they were not accompanied 
by pulses from amplifier 2. Lengthened pulses from 
amplifier 1 were applied to the vertical deflection plates 
of the oscilloscope and photographed on 35 mm film 
through a vertical slit. The resulting dots were counted 
with a projector and photomultiplier arrangement that 
yielded 40 channels for pulse-height The 
analyzing system was linear to 1 percent, the channel 
width constant to within a few percent. Counts due 
to dirt on the film were negligible. Spurious pulses 
resulting from the high collecting voltage were elimi- 
nated by submerging the voltage supply in oil and by 
using a long Kovar-glass seal to lead the high voltage 
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down through the liquid air coolant to the chamber.’ . eine 
a i movie CAMERA weep \rigger 
Ihe chamber was supported, grounded, and connected _2o ni Tuna) -{ oscuoscore} 
to the vacuum system by quarter-inch copper tubing. . nel 
Microphonics were eliminated by mounting the ap- PHOTOMULTIPLIER [——pirse] _[anticoimciDENCE 
eae — , DOT WEIGHT | | LencTwewer | = | _cincurt 
paratus on rubber pads. The amplifier connections were | anacvzer | 9 Le 
made by means of thin wires sealed into glass tubes i 
coated with Aquadag. The input capacity of amplifier 1 [SivoLe CHANNEL| [a Disc “| ose one ees 
° " ° ° > | OF FERENTIAL | ame i t . - 4 
(including anode 1, lead, and input grid of 6AK5) was | ovscomamaton | : “ 
14 wuf. The rms noise level of amplifier 1 was 4.9 pv. [scacer] 
Amplifier 2 had an input capacity of about 75 wf and 
an rms noise of 2.0 uv. The noise levels did not increase 
noticeably when the high voltage was turned on. 





III. PENETRATION EFFECT 
gh ANODE “% 


The diameter of the rod used as anode 1 was chosen 
to minimize the dependence of pulse height upon the 
penetration of a beta ray towards the center of the 

an 1.6 mg/cm? ALUMINUM 

chamber. In the absence of electron attachment and : cae Gamat 
recombination, a thin wire would normally be used. 
Most of the pulse would be produced by ionization pmleene 
° 2 |} NEGATIVE 
electrons falling through the steep voltage drop near 30 kv 


HV. SUPPLY 


; a LZ Liquid Argon 


Fic. 2. Apparatus. The beta-ray spectrum was obtained from 
the pulse-height spectrum from anode 1. Whenever a pulse was 
also detected at anode 2, the anode 1 pulse was not recorded. 
Coincidences were caused by beta rays which backscattered from 
liquid argon through the foil. A top view of the chamber is drawn 


to scale. 
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TO AMPLIFIER ” 


ARGON GAS INLET 


the wire, and pulse height would be practically inde- 
pendent of the radius of the ionizing events. In liquid 
argon, however, it was found that 5-10 percent of the 
ionization electrons were lost by attachment to im- 
purity molecules for every millimeter of drift towards 
the anode. With a thin wire, pulse height would there- 
TO AMPLIFIER *2 fore decrease as the radius of ionizing events increased. 
This would introduce energy nonlinearity and would 
reduce the energy resolution. Several attempts to 
reduce the electron attachment by purifying the argon 


~ COPPER GASKET 
CHAMBER GROUNDED 


ALUMINUM FOIL ky i | HoPy ANODE *1 


CATHODE 20cm Dia. -#t Ht | H (90 aun Ole were unsuccessful.® 


If the anode diameter is increased, the chamber 

aia ta approaches parallel geometry in whic h pulse height is 

3.4 cm Da proportional to the distance the ionization electrons 

travel. It is possible to balance out geometrical and 

attachment effects to within a few percent over the 

outer half of the chamber by using a thick rod as 

anode, Since the maximum range of 1.4-Mev beta rays 

CATHODE COLLAR } aie 1° TO 30 KILOVOLT in liquid argon is about 4 mm, only the outer half of 

re ee the (inner) chamber is accessible to betas from the 

cathode. The thick rod also provides a high enough 

field in the chamber to reduce recombination to less 

than 10 percent without the necessity of a higher 
collecting voltage 


IV. CALIBRATION AND RESOLUTION 


Fic. 1. Cylindrical ionization chamber. The beta-ray source was The chamber was calibrated using the conversion 


deposited on the 1.6-mg/cm* aluminum foil cathode. Chamber electrons from the 661-kev level of Cs"7," the beta end 
temperature was 85-87°K. Argon was condensed until liquid ee 
argon filled several inches of the filling tube above the chamber "LL. M. Langer and R. J. Moffat, Phys. Rev. 78, 74 (1950). 
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Fic. 3. Typical uncorrected data for K®. The points and curve 
1 refer to a discriminator 2 bias for which the minimum detectable 
energy loss in the outer chamber was 180 kev. Curve 2 refers to 
a bias of 300 kev. One millimeter on film=87.5 kev=16.3 micro 
volts at anode 1. 


point of P®," and the beta end point of Y*." The 
calibration was carried from run to run by comparing 
the pulses from the internal source with the Compton 
electron distribution from an external Na” gamma 
source. This was necessary because the electron collec- 
tion was not complete but varied between 39 percent 
and 44 percent for different fillings. This variation in 
collection was probably caused by a change of less than 
one part per million in the oxygen introduced into the 
argon from the walls of the chamber and filling tube. 
The end-point measurement for K® therefore depended 
on the Na* comparison and was only accurate to 5-10 
percent. Within this accuracy the pulse heights from 
the chamber were linear with energy. The variation in 
collection was found not to affect the shape of a spec- 
trum. The K® spectrum measured at 39 percent collec- 
tion matched that measured in a later run at 44 percent 
when amplifier gain was changed a_ corresponding 
amount. 

The position of the Cs'*? peak corresponded to 120 uv 
pulses at anode 1. The full width at half-maximum of 
the Cs"? peak was 100 kev. (The width due to the finite 
channel and the random noise of amplifier 1 was 70 
kev.) The resolution at high energies was not meas- 
ured. It is possible that the penetration effect described 
above might by an improper choice of anode diameter 
increase the width to 150 kev for 1.7-Mev betas. 


V. DATA 


Figure 3 shows typical uncorrected data for K®. 
The points and curve 1 were taken with discriminator 
2 set so that the minimum detectable pulse in the outer 
chamber corresponded to an energy of 180 kev. This 
was the lowest practicable setting and corresponded to 


2K. Siegbahn, Phys. Rev. 70, 127 (1946). 
8 C.S. Wu and L. Feldman, Phys. Rev. 76, 696 (1949) 
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the peak noise level of amplifier 2. The curve 1 data 
give an allowed Fermi plot above 800 kev and an in- 
creasing excess of counts at lower energies. (See Fig. 4.) 
The dependence of the low-energy excess of counts 
upon the setting of discriminator 2 shows that at least 
a large part of the distortion introduced by the chamber 
is due to beta rays backscattering from the liquid 
argon through the foil. The coincidence rate (extra- 
polated to zero bias) indicated that the fraction of the 
beta rays emitted into one chamber which produced 
pulses in the other was about 20 percent for P®, 33 
percent for Y®, and 26 percent for K*®. Incomplete 
tracks are produced in the inner chamber by beta rays 
originally emitted outwards as well as inwards. This 
backscattering has two effects on a spectrum: the low- 
energy excess of counts which is reduced by anti- 
coincidence, and a deficiency of counts at each energy 
which is most noticeable at high energies. If the distor- 
tion resulting from the first effect is small, a correction 
factor can be found at each energy for the second effect 
by measuring the shape of a known spectrum. This 
empirical correction factor for backscattering deficiency 
should be independent of the shape of the spectrum 
because the fraction of beta rays of a given energy 
which scatter out of the inner chamber is a property 
of only the liquid argon and the chamber geometry. 
Accordingly, thin sources of Y® and P® («0.1 
mg/cm*) were evaporated from water solution onto 
1.9-mg/cm? aluminum foils and measured in the cham- 
ber under conditions similar to those used for K®. 
Since the source was surrounded by a dense scattering 
medium, the difference in source thickness is assumed 
to be unimportant. The probable effect of the combined 
source and foil thickness is to make the anticoincidence 
bias 10 to 15 kev higher than the setting of discriminator 





Fic. 4. Fermi plot of K® data. The number of beta rays per 
unit energy N(E) corrected for bac kground is divided by beta ray 
momentum, p, total beta-ray energy W, and the Fermi function 
F. For F, the Bethe-Bacher approximation was used. The different 
biases show the effect of backscattering at low energies 
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hic. 5. Fermi plot of P® data. If the chamber introduced no 
distortion, the P* data would give a straight line. If the low 
energy excess of counts were negligible (effectively zero bias), the 
remaining backscattering distortion would be independent of 
spectral shape and could be corrected empirically 


2. Fermi plots of the data corrected for background are 
given in Figs. 5 and 6. The P® spectrum is allowed,” 
and if no distortion were present, it would give a straight 
line plot, The Y*' data have been plotted using the first 
forbidden shape factor,’’ which would also give a 
straight line in the absence of distortion. The empirical 
factor at each energy necessary to linearize the plotted 
data from P*® and Y* was found and applied to Fermi 
plots of the K* data. No correction has been made for 
the K*” gamma ray since the effect on any point is 
probably no more than 1 percent. 


VI. CONCLUSIONS 


The ratio of the corrected K*® spectrum to an allowed 
spectrum is plotted vs energy in Fig. 7. The solid curve 
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Fic. 6. Fermi plot of Y*" data. The first forbidden shape tactor 
C= (W?—1)+(1.55 Mev—£)? should give a straight line plot in 
the absence of distortion. The Bethe-Bacher approximation was 
used for F. Screening was neglected 
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is the D, factor given by Marshak.' The data have been 
normalized at 0.5 Mev. A comparison of the K® 
spectrum as corrected by P** and that corrected by Y* 
gives a measure of the accuracy of the method. The K*® 
data are nearer the D. curve when corrected by Y* 
which is cleser to K* in shape and end point than is 
P*. The end point measured for K® is 1.4+0.1 Mev; 
the error results primarily from the uncertainty in the 
energy calibration. The effect of end point on D» can 
be seen in Fig. 7. 

The difference the results be 
explained by the fact that the backscattering excess of 
counts at the normalization point, 0.5 Mev, is not 
and is greater for K*® and Y®* than it is for 
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Fic. 7. Comparison of theory and experiment. The K® data for 
a bias of 180 kev were multiplied by an empirical correction factor 
found at each energy from Figs. 5 and 6. The ratio of the corrected 
K*” data to an allowed spectrum is plotted versus energy. The 
solid curve is the Dy shape factor given by Marshak for a K® end 
point of 1.35 Mev. The dotted curve is D, for 1.40 Mev. The 
K* end point measured from the chamber calibration is 1.4+0.1 
Mev 


P®. For this reason the data corrected by Y*! should be 
given greater weight. The difference between the data 
and the theory below 0.3 Mev is not significant in view 
of the uncertainty of the backscattering correction. 
The data agree with the D, shape for K® within 
experimental error in agreement with recent measure- 
ments.4 


dD, p° +- 7 pi¢’ + 7 p*q' + q° 


where p is the beta-ray momentum and q is neutrino 
momentum. 

The D, spectrum is given uniquely by the 37 and 
3A interactions and is not inconsistent with 47 and 4V. 
\ll four possibilities are compatible with the lifetime of 
K*.® By the shell model'* the parity of K* is odd and 
the parity of its decay product Ca" is even. Since 37 


''L.. W. Nordheim, Revs. Modern Phys. 23, 325 (1951). 





MEASUREMENT OF SHAPE 
and 3A involve parity change while 47 and 4V do not, 
the K®—Ca* transition can only be 37 or 3A (or both). 
The parity change, the lifetime, and the spin change 
of four eliminate Fermi interactions from this particular 
transition. 37° and 3A are third forbidden Gamow- 
Teller interactions. 

The shape of the beta spectrum of K“ is consistent 
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OF 38 
with the theoretical shape uniquely predicted by beta 
theory using the known spin change and the parity 
change given by the shell model. The measured K” 
spectrum, however, does not seem to eliminate any of 
the tive types of interaction fer beta decay in general. 

I would like to thank Professor Robley D. Evans for 
his advice and encouragement throughout this work 
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The y-ray spectra of O'4 and C" have been investigated with a Nal scintillation spectrometer. A value of 
2.30+0.03 Mev was found for the O" nuclear y ray. C has two y rays with energies 723415 and 1033430 
kev; the number of quanta per disintegration are 0.99+0.08 and 1.65+0.20X 10, respectively. The 1033 
kev y ray is associated with a weak positron transition to the 1.74-Mev level in B™. There are less than 10° 
transitions per disintegration to the 2.15-Mev level of B”. By combining our results with those of heavy 
particle reactions and using the predictions of the charge multiplet theory on the energies of the analog 
states, we conclude that the O" decay and the weak C"™ branch to the 1.74-Mev level of B" are allowed 


favored O 


teractions constants (Gp?/Geq7") is 0 79 13°? 27, 


coupling 


I. INTRODUCTION 


N 1948 some of the main features of the decays of 
O' and C' were reported.' O' was found to dis- 
integrate to an excited state of N" at 2.3 Mev through 
1). The energy 


u 
i 


an allowed positron transition (see Fi 
of this excited state corresponded closely to the value 


Z com 


1 charge multiplet to which the 


calculated for the state in N' which is the .\ 
ponent the 7 
ground states of C' and O" belong. The N'* level at 
2.3 Mev appearing in the O'" decay was _ therefore 
assumed to be this state. (We shall hereafter refer to 


ol 


the charge multiplet state as the analog state.) Since 
the ground state of C' is known to have spin 0, this 
identification leads to the interpretation of the O4— N™* 
decay as a 0-0) (no) 8 transition which requires the 
Fermi interaction in the theory of 8 decay. Subsequent 
to these experiments, the evidence accumulated on the 
properties of other 8 transitions seemed to point, with 
few exceptions, to a satisfactory description of the 
3 decay process in terms of the Gamow-Teller inter- 
action.? Re-examination of O and C" was undertaken 
to throw more light on this question 


t A preliminary report of this work was presented at the New 
York meeting of the American Physical Society January 1952 
[Phys. Rev. 86, 619 (1952)]. This work has been supported in 
part by the U. S. Atomic Energy Commission and the Higgins 
Scientific Trust Fund 

' Sherr, Muether, and White, Phys. Rev. 75, 282 (1949 

2 A. Feingold and E. P. Wigner (unpublished communication) ; 
C. Wu, Revs. Modern Phys. 22, 386 (1950 


) (no) transitions. From the C™ data we find that the ratio of the Fermi to the Gamow-Teller in 
if one assumes L—S coupling, and 0.44 


yz 0-18 for } } 


II. GAMMA RADIATION OF O'' 


First consideration was given to a better determina 
tion of the energy of the 2.3-Mev y ray in the O" 
decay, for comparison with the same energy y ray 
found in N" in other reactions.** A Nal(TI) scintilla- 
tion spectrometer was used to compare the photopeak 
of the 1.28-Mev Na” y ray with the pair peak of the 
O" y ray.’ This measurement gave an energy of 2.30 
+0).03 Mev for the latter y ray. Thomas and Lauritsen 
found a 2.310+0.012-Mev y ray in the C'(d, n)N"™ 
reaction.® The calculation of the energy of the analog 
state in N", using recent empirical data, leads to a 
2.31 


numbers constitutes strong support for the identifi 


value of Mev.’ The close agreement of these 


cation of the 2.3-Mev level as the analog state in N". 
Recent experimental observations of the reactions 
O'*(d,a)N"* and N'*(d,d’)N"° have been especially 


interesting because of the absence of @ particles and 

W. F. Hornyak ef al., Revs. Modern Phys. 22, 291 (1950 
F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 321 
(1952) 

5 W. W. Bell, Senior thesis, Princeton University, 
published) 

®R. G. Thomas and T. Lauritsen, Phys. Rev. 88, 969 (1952). 

7E. Feenberg and G. Goertzel, Phys. Rev. 70, 597 (1946); 
EK. Feenberg, Nuclear Physics Lecture Notes (unpublished). 

§ Burrows, Powell, and Rotblat, Proc. Roy. Soc. (London) 
209, 478 (1951); A. Ashmore and J. F. Raffle, Proc. Phys. Soc 
(London) A64, 754 (1951); Van de Graaf, Sperduto, Buechner 
and Enge, Phys. Rev. 86, 966 (1952). 

* Bockelman, Browne, Sperduto, and Buechner, Phys. Rev 
90, 340 (1953); Browne, Bockelman, Buechner, and Sperduto 
Phys. Rev. 90, 340 (1953) 
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inelastically scattered deuterons corresponding to the 
excitation of the 2.3-Mev level. Adair’ has shown that 
if the isotopic spin is a good quantum number, these 
reactions cannot lead to a charge state with T=1. He 
concludes that the failure to excite the N'* level at 
2.3 Mev is consistent with the assumption that it is 
the analog state in N'*. Adair’s discussion is based on 
the assumption that charge-dependent interactions (the 
neutron-proton mass difference and the Coulomb inter 
action between protons) do not invalidate selection 
rules derived from the theory of a charge independent 
Hamiltonian. Radicati' investigated the importance of 
Coulomb forces in mixing states with different isotopic 
spin and concluded that the mixing is too small to affect 
the isotopic spin selection rules. Similar conclusions 
about the N'* state have been reached by Kroll and 
Foldy” through the use of selection rules based on 
charge symmetry. 

The available experimental evidence, supported by 
reasonable theoretical considerations, indicates that 
the N'* level to which the O" decays has spin 0 and 
even parity. It seems highly probable that the allowed 
(favored) O" positron decay requires the existence of a 


strong Fermi interaction. 


III. GAMMA-RADIATION OF C'° 


At the time of our earlier investigation of C', the 
low-lying energy levels of B' were thought to be at 
0.72 and 2.17 Mev. The latter level was assumed to be 
the analog of the Be'® and C"® ground states. However, 
Ajzenberg" has shown the existence of an additional 
level at 1.74 Mev; this result has been amply confirmed 
by others* (see Fig. 2). 

The calculation of the excitation energy of the analog 
state in B'’ requires knowledge of Coulomb exchange 
integrals ;? with the available semi-empirical estimates, 


Rev. 87, 1041 (1952). 

Phys. Soc. (London) A66, 139 (1953). 
Foldy, Phys. Rev. 88, 1177 (1952) 

82, 43 (1951). 
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"NT. A. Radicati, Proc 
2N.M. Kroll and L. I 
‘FF Ajzenberg, Phys 
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these calculations give about 1.9 Mev. Therefore, either 
the 1.74- or the 2.15-Mev level could be the analog 
state. 

We have attempted to find evidence for 8* transi- 
tions from C" to the 1.74- and 2.15-Mev states of B". 
The main transition goes to the level at 0.72 Mev. 
Estimates of the transition probabilities for 8 decay to 
the higher levels are given in Table II. It appeared 
most promising to examine the y spectrum for the 
presence of 1.03-, 1.43- and 2.15-Mev radiation coming 
from the 1.74- and 2.15-Mev levels (Fig. 2). 

C” was obtained by bombarding B'® powder with 18- 
Mev protons, using an internal probe.' Radioactive 
gases were swept out of the probe with helium through 
a trap filled with ascarite which absorbed C” in the 
form of CO,. By using continuous flow, a moderately 
constant source strength was maintained. 

A typical pulse spectrum for the y rays of C” ob- 
tained with a Nal(TI) scintillation spectrometer" is 
shown in Fig. 3. The data were recorded with a 10- 
channel discriminator which could be set to examine 
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Fic. 2. Decay scheme for C" 
different portions of the spectrum with 2- or 5-volt 
channels. The source strength was monitored with a 
single channel discriminator set on the 51-volt peak. 
The prominent peaks at 36.5 and 51 volts are the photo- 
peaks of 0.511- and 0.72-Mev quanta. Beyond these 
one sees a weak peak at 74 volts superimposed on a con- 
tinuous distribution of pulses. This continuum has been 
observed out to pulse amplitudes corresponding to 2 
Mev and was shown to be caused by y rays arising 
from the annihilation of the positrons of C" in flight 
by comparison with the Ne’ y-ray pulse spectrum. 
Ne’® has essentially the same positron spectrum as C'® 
and has no nuclear y radiation. The Ne’ spectrum is 
shown in Fig. 3 normalized to the C! 511-kev photo- 
peak, after the latter was corrected for C" (arising 
from B" in the target) and for the Compton distribu- 
tion of the 0.72-Mev y ray. 

A number of tests were made to establish the char- 
acter of the peak at 74 volts. The possibility that it 
arose from pile-up or from coincidences (of 511- and 

4 R. Hofstadter and J. A. McIntyre, Phys. Rev. 78, 617 (1950) ; 
80, 631 (1950) 
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723-kev radiation) was eliminated by varying the 
counting rate and source position. Because of low in- 
tensity, attempts to determine the half-life of the 
74-volt peak did not give accurate results. However, 
the results are consistent with the 19.1-sec half-life 
of C®. The spectrum in Fig. 3 was obtained consistently 
under a wide variety of conditions of proton-bombard- 
ing energy and current. For chemical identification, the 
radioactive gases generated in the cyclotron probe were 
swept through a tube of ascarite, a tube containing 
CuO, and finally through the ascarite trap at the scin- 
tillation spectrometer. When the first (ascarite) tube 
was by-passed, we obtained the usual activity of C". 
When the gases passed through the first tube, the 
activity dropped by a factor of 12. The CuO was then 
heated to about 500°C to convert CO from the probe, 
if it were present, to CO, which would again be trapped 
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Fic. 3. Scintillation spectrum of y radiation of C” 


by the ascarite at the source position. We found that 
the activity increased to half its original value, and the 
same pulse-height spectrum was obtained as _ before. 
On the basis of the above tests, we feel confident that 
the 74-volt peak is due to a y ray of C". 

Calibration of the energy scale of the spectrometer 
with the well-known y rays of Cs'®7, Zn®, and Na” lead 
to 723+15 kev and 1033+30 kev for the energies of 
the nuclear y rays of C'. These are in good agreement 
with the values obtained by Rasmussen, Hornyak, and 
Lauritsen'® in the y-spectrum of the Be*(d, n)B" re- 
action; 716.6+1 and 1022+2 kev, respectively. The 
second of the y rays arises from transitions between the 
1.74-Mev and 0.72-Mev levels in B", the first one 
from the transition from the 0.72-Mev level to the 
ground state (see Fig. 2). No softer y rays were ob- 


‘6 Rasmussen, Hornyak, and Lauritsen, Phys. Rev 
(1949) 
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Fic. 4. Photopeak efficiency curve for NaI(TI) crystal (1-cm 
cube). The ordinates give the absolute efficiency, if the source is 
1.9 cm from the center of the crystal. 


served. A specific search was made for 1.4- and 2.1-Mev 
radiation, with negative results which will be discussed 
later. 

The existence of the 1033-kev y ray indicates that 
there is a weak positron branch to the 2.15- or 1.74- 
Mev level in B". In order to interpret the present data, 
it was necessary to obtain a photopeak efficiency curve 
for the Nal(TI) spectrometer. Using the well-known 
8—y coincidence methods, the curve in Fig. 4 was ob- 
tained for our Nal(TI) crystal (1.0-cm cube). The 
sources were about 2 mm in diameter and were placed 
1.9 cm from the center of the crystal. There were ap 
proximately 2 mm of aluminum and 1 mm of Pyrex 
between the source and crystal. The 8 particles were 
detected with a thin anthracene scintillator. The coin 
cidence spectrum was recorded with the 10-channel 
discriminator, thereby enabling us to determine the 
absolute photopeak efficiency for each y ray (for the 
geometry specified above). 

The sources used for each point are identified in 
Fig. 4. The efficiency at 511 kev was obtained from the 
ratio of the 511-kev and the 1.28-Mev photopeaks of 
Na”, and the measured efficiency for the latter. (It 
was assumed that there is no A capture in Na™.) The 
600-kev point (Cs) may be in doubt, since recent 
work!® indicates considerable complexity in the decay 
scheme of the isotope. The measured efficiencies are 
20 to 40 percent higher than the values calculated from 
tabulated photoelectric cross sections and the geometry 
used in the energy range 0.4 to 1.4 Mev. This increase 
in efficiency is to be attributed to photoabsorption 
following single or multiple Compton scatterings within 
the crystal, as pointed out by Hofstadter and Mc- 
Intyre."! Tests with sources at various distances from 
the crystal showed that the relative efficiency as a 

16 FH. Schmidt and G. L. Kaister, Phys. Rev. 86, 632 (1952); 
J. M. LeBlanc et al., Phys. Rev. 89 907 (1953) 
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TABLE I. Gamma rays of Be*(d, n) B® 


Ey Relative yield Y(y)* 


413.541 1.2 
716.6+1 13.7 
1022 +2 
(1740) 
1433 +5 
2151 +1 
2871 +1 
3004 +3 


6 
5 
0 


* Probable error 


function of energy was independent of source to crystal 
distance within 3 percent up to 7 cm. 

Analysis of the C" pulse-height spectrum yielded 
3.46+0.17 for the ratio of the area of the annihilation 
photopeak to the area of 723-kev photopeak. (This 
ratio has been corrected for the relative absorption of 
the y rays in the brass used to prevent the positrons 
from reaching the crystal.) If every positron annihilated 
at rest, there would be two 511-kev quanta per positron. 
However, about 5 percent of the positrons annihilate 
in flight. Taking this into account and using the effi- 
ciencies given in Fig. 4, we find that the number of 
723-kev quanta per positron is 0.99-+-0.08. 

Similar analysis gave 120+10 for the relative areas 
of the 723-kev photopeak and the 1033-kev photopeak. 
Combining this with the efficiencies for these two en 
ergies, we find that there are (1.65+-0.20) K 10-? 1033 
kev quanta per 723-kev quantum. 

Since positron decay to the 2.15-Mev level in B' 
would give rise to 2.15-, 0.414-, and possibly 1.433 
Mev radiation,'®* upper limits for their intensity were 
set. Because its spectrum would be obscured by the 
presence of the harder radiations, we could not make a 
sensitive estimate for the 0.414-Mev y ray. From the 
counting rates at the positions of the photopeaks, we 
estimate that 


n(1.43)/n(1.03)<2 and n(2.15)/n(1.03) <1/70, 


where n(£) is the number of quanta of energy FE per 
disintegration 

These results may be compared with the measure 
ments of Rasmussen e/ al,'®'7 on the relative intensities 
of the y rays observed in the Be*(d, »)B" reaction. 
These are partially reproduced in Table I. (See Fig. 2.) 

Since the Q of this reaction is high, the yield of any 
particular y ray is the sum of neutron emission to a 
state and y-ray cascades to this state from higher 
states. However, the relative yields of y rays from a 
particular state should be unique. If the 1030-kev y ray 
which we find in the decay of C' follows a positron 
transition to the 2.15-Mev level in B", we would expect 


n(1.43)/n(1.03) = V (ya)/¥ (ys) = 2.5/1.2= 2.1 


(assuming ys does not occur) ; 
n(2.15)/n(1.03) = ¥ (y3)/¥ (ys) = 1.2/1.2= 1.0. 
~17-—, E, Alburger, Phys, Rev. 83, 184 (1951), 
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These values are clearly inconsistent with the upper 
limits which we have set (1/8 and 1/70, respectively) 
from the C"’ y-ray spectrum. We conclude that the 
1033-kev y ray in C” is primarily associated with a 
positron transition to the 1.74-Mev level in B”. From 
these limits and the data in Table I, we estimate that 
there is less than one §; transition per seventeen (, 
transitions. Therefore, positron transitions to the 2.15- 
Mev level occur in less than 0.1 percent of the C" 
disintegrations. (If some of the 1.43-Mev quanta ob- 
served in the Be+d reaction are ascribed to transitions 
from the 3.58-Mev level to the 2.15-Mev level, this 
limit will be slightly reduced.) Our conclusions are 
summarized in Table II. Column 1 lists the positron 
transitions (see Fig. 2). Column 2 gives the maximum 
B* energies. The earlier result! on the maximum energy 
of the 8; spectrum, 2.2+0.1 Mev, was based on an 
analysis of an absorption curve; under similar condi 
tions the maximum energy of Ne’ positrons was found 
to be 2.3+0.1 Mev. Recent spectrometer measure- 
ments'* on Ne!® give 2.18+0.03 Mev for the latter, 
while measurement of the threshold for the F'"(p, n)Ne'® 
reaction" leads to an expected end point of 2.235+0.005 


Pasie Il. Relative positron transition probabilities 


robabilitie 


Theor 


f<1.25 


Mev. These results indicate that the absorption analyses 
gave energies about 100 kev high. Consequently, we 
have taken the C'’ p; spectrum to have an energy of 2.10 
Mev, with an uncertainty of the order of 100 kev. 
Column 3 in Table II gives the energy of the final 
state in B', while column 4 summarizes our present 
results. Column 5 gives the relative transition proba- 
bilities, assuming that the matrix elements and inter- 
action constants are identical and that the transitions 
are allowed. These transition probabilities are propor- 
tional to the f values which depend on the energy of the 
positron transitions and on the nuclear charge. Using 
graphs for the f values,” we obtain the relative values 
listed in column 5; the + and — values correspond to 
the changes introduced by +100 kev in the energies of 
the transitions. (The f values may be obtained by 
dividing by 1.25.) The approximate agreement between 
columns 4 and 5 for 8; and 6» shows that both transi- 
tions are allowed. 
18 G. Schrank and J. R. Richardson, Phys. Rev. 86, 248 (1952 
19H. B. Willard et al., Phys. Rev. 85, 849 (1952). 
*E. Feenberg and G. Trigg, Revs. Modern Phys. 
(1950); A. Feingold (privately circulated), 


22, 309 
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IV. DISCUSSIONS OF LEVELS OF B'” 


We have established the presence of allowed (favored) 
positron transitions to the 0.72- and the 1.74-Mev 
levels in B® by combining our results on the y-ray 
spectrum of C! with the y-ray intensities found in the 
Be*(d, n)B® reaction of Rasmussen ef al.!° We wish 
now to correlate this information with the considerable 
knowledge of the B' levels which is summarized in 
references 3 and 4. 

Ajzenberg” has shown, by examination of the angular 
distribution of neutrons arising from the Be*(d, n)B" 
reaction, that the parities of all of the levels of B" 
shown in Fig. 2 are identical and presumably even. 
Since C!’ makes allowed transitions to at least two of 
these levels (II and III), these parity assignments are 
consistent with the usual assumption that even-even 
nuclei have even parity in the ground state. If we make 
the additional usual assumption that the spin of C’® is 
zero, we conclude that levels If and HI have spins 0 
or 1 in order to be consistent with the selection rules 
for allowed transitions. The presence of the 1022-kev 
y ray eliminates the possibility that both have spin 0. 

To go beyond this point, we now consider the y-ray 
transition probabilities for comparison with Table I. 
Accurate formulas for such computations are not avail- 
able. Goldhaber and Sunyar” have found that, for 
magnetic transitions, Weisskopf’s formulas* give 
values in reasonable agreement with experiment, espe- 
cially so for M3 and M4 transitions. Electric transi- 
tions, on the other hand, show a large variability when 
compared with theory. Of special interest here are their 
results on electric quadrupole transitions, which, in 
the main, are slower (by as much as a factor of 1000), 
although occasionally faster (by a factor of 50). They 
also note occurrence of M1 and E2 mixed transitions 
in two cases, indicating a slowing down of M1 and/or 
speeding up of £2. 

Since the levels of B' under consideration have even 
parity,”! we need consider only M1, £2, and M3 transi- 
tions. Weisskopf’s formulas give the following transition 
probabilities for B": 


T(M1)=3.2X105E3 sec! 
T(E2)=3.8X 10°E® sec, 
T (M3) =5.6X10°E7 sec, 


with /& measured in Mev. 

If the spin of level II were zero, y; would be an M3 
transition (since the ground state spin has been found 
experimentally to be 3") with a calculated life time of 
1.8X 10~ sec. From observation of prompt coincidences 
between 8; and y;, we have found that the lifetime is 


21F, Ajzenberg, Phys. Rev. 88, 298 (1952) 

2M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951) 

8V_F. Weisskopf, Phys. Rev. 83, 1073 (1951); V. F. Weisskopf 
and J. M. Blatt, Theoretical Nuclear Physics (John Wiley and 
Sons, Inc., New York, 1952), p. 627 

* Gordy, Ring, and Burg, Phys. Rev. 74, 1191 (1948). 
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Paste III. Calculated transition probabilities (sec™'). 


4 \f3 


ransition Mey < 


4.2(9) 
6.0(10) 
1.7(11) 1.2(5) 
.2(10) 6.7(3) 
7(7) 1.1(0) 


III-1l 
ItI-I 
IV-I 
IV-II 2 
IV-IIl : 2 4. 


2.7(4) 


less than 210-7 sec. We can conclude that the spin 
of level IT is not 0 and is therefore 1. 

Calculated transition probabilities for the other 
y-ray transitions in B" are listed in Table III. Examina- 
tion of various sets of spins (IV, III, I, I) shows that 
(2, 1, 1, 3) gives a spread of transition probabilities of 
a factor of 145 for ys, ys, and 5, while the experimental 
value is 2. The sets (1, 1, 1, 3) and (1, 0, 1, 3) give a 
spread of 550. On the other hand, other combinations 
(for example, 0, 1, 1, 3 or 3, 1, 1, 3) give variations of 
the order of 107 or greater. It therefore seems reasonable 
to accept the first three sets as possible ones. (While 
a spread of 100 to 500 also seems large, the individual 
matrix elements have to depart from the theoretical 
values only by the order of the square root of the 
spread.) Thus, the spin of the 2.15-Mev level (Jry) 
is 1 or 2, and the spin of the 1.74-Mev level Ji is 0 
or 1, with the restriction that J;y cannot be 2 if Ji1;=0. 
Consideration of y-ray transitions from the 3.58-Mev 
level and of the absence of the cross-over y ray (y2’) 
does not yield additional information about Ji and 
i: 

In order to limit our choice further, we recall the 
expectation that there is a spin 0 analog level in B" 
in the neighborhood of 1.9 Mev. Since the spin of the 
2.15-Mev level (J;vy) must be 1 or 2, according to the 
arguments presented above, we conclude that the spin 
of the 1.74-Mev level (J111) is zero. The latter further- 
more restricts J;y to be 1. 

In summary, we find that reasonable spin assign 
ments for the first three excited states in B” are J;y= 1, 
Jin=0, and Jy=1. The assumptions entering this 
analysis have been that 


(1) the C' 1.03-Mev y ray arises from a transition 
between the 1.74- and 0.72-Mev levels in B" (rather 
than from a hitherto unreported level in B" at 1.03 
Mev), 

(2) the calculations of y-ray transition probabilities 
with the Weisskopf formulas are significant to within 
one or two orders magnitude, and 

(3) the theory of charge multiplets applies in detail 
to the Be!’— B”’—C" triad. 


Our conclusions agree with those of H. T. Richards 


(unpublished).‘ 
Additional confirmation that the spin of the 1.74- 
Mev level is zero has been adduced by Ajzenberg and 
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Lauritsen‘ on the basis of the conservation of isotopic 
spin" jn the reaction B!°(d, d’)B*. Buechner*® and 
his co-workers have found that, while all of the lower 
levels in B" are excited by inelastically scattered pro- 
tons, only the 1.74-Mev level is not excited by deu- 
terons. (See discussion of the 2.31-Mev level in N"™ 
earlier in this paper.) Finally, we note that with the 
above spin assignments the positron transition (83) to 
the 2,15-Mev level should be allowed. Our failure to 
observe this transition indicates that its nuclear matrix 
smaller than for allowed favored 


element is much 


transitions 
V. IMPLICATIONS FOR THE THEORY OF 3 DECAY 
The present work indicates that 6, (Fig. 2) is a 0-1 
transition and that 8, is a 0-0 transition. The former 
is allowed only by the Gamow-Teller interaction and the 
latter only by the Fermi interaction. A comparison of 
the relative intensities of the two transitions may be 
used to compare the strengths of the two interactions. 
From the Fermi theory of 8 decay one expects that 
r’|M)\? ft is a constant for all 8 transitions, where G? 
is the interaction constant and |M/|? is the nuclear 
matrix element for the transition. Using this expression 
for the present transitions 6; and 2, we obtain, for the 
ratio of the Fermi to the Gamow-Teller interaction 
constants, 


R Gp’ Gar" fin(Bo) fo /tontan| fi ; 


where we have used the fact that the ratio of lifetimes 
for the two transitions is inversely proportional to the 
ratio of the relative number of positrons n(8) per dis- 
integration. | f'1|* and | f@|? are the appropriate 
nuclear matrix elements for the two interactions. For 
L—S coupling one obtains the values 2 and 6, re- 
spectively.”*6 Combining the latter with the data of 
Table II, we obtain 


R; Ss 0.79 0 wt’. 


With the j;—7 wave functions, the Fermi matrix ele- 
ment is unchanged (it is independent of coupling 
schemes as long as one assumes charge independence), 
but the Gamow-Teller matrix element is reduced to 
10/3. Consequently, 


R, j 0.44 0 07°" 15 


Analyses of allowed transitions by Trigg,*® Kofoed- 
Hansen”? and Nataf and Bouchez,”* indicate a decided 
preference for L—S wave functions for the light nuclei. 
Their conclusions indicate that R is in the region 0.8 
to 1.0. Moszkowski® had concluded earlier that it is 


2%. P. Wigner, Phys. Rev. 56, 519 (1939); Lecture Notes, 
University of Wisconsin, 1951 (unpublished). 

*G. L. Trigg, Phys. Rev. 86, 506 (1952). 

7 Q. Kofoed-Hansen and A. Winther, Phys. Rev. 86, 428 (1952). 

*® R. Nataf and R. Bouchez, Phys. Rev. 87, 155 (1952) 

*S. A. Moszkowski, Phys. Rev. 82, 118 (1951) 
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much smaller, by comparing ft values of the neutron 
decay and He*®. However, the discovery by Dewan 
et al.™ and the subsequent confirmation by Wu ef al.,® 
that the earlier He’—Li® mass difference was in error 
invalidates Moszkowski’s conclusion. Recalculation® 
indicates a value of R<1.4. Konopinski and Langer® 
cbtained a value of 1.4+0.7 from a comparison of H* 
and He® and 0.8 9.3+°* from O' and He®. Blatt®* sug- 
gests that the value of the matrix element for the He® 
decay is too uncertain to use in this connection and pre- 
fers to compare the O' and H® decay, from which he 
obtains 0.54_0.25*°*. Feenberg (private communication) 
has made a comprehensive and detailed analysis of the 
light nuclei and their magnetic moments similar to 
those of references 26, 27, and 28 and concludes that 
Gr’/Ger* probably lies between 0.75 and 1.15. It is 
evident from this summary that an accurate deter- 
mination of R requires higher experimental precision 
and a better knowledge of nuclear wave functions than 
are at present available. 

Perhaps a critical test of the expected constancy of 
G’|M?| ft may be found in the comparison of the ft 
values of the 0-0 transitions in the C’’ and O" decays. 
If nuclear forces are charge-independent, the value of 

M*) is independent of the coupling schemes for these 
transitions. Thus we expect the ft values of C'°(0—0) 
and O" to be identical. From the present data and our 
previous results! we find, for O", (ft) = 33004750 and, 
for the C(0-0), f/t=5900+ 2400. The large uncer- 
tainties in these values arise primarily from the uncer- 
tainties in determining the positron energies by ab- 
sorption measurements. While these ft values agree 
within the rather large limits of error, it is hoped that 
accurate measurements of the positron energies will 
make it possible to arrive at more definite conclusions 
regarding this question and those discussed above. 

We are very much indebted to Professor E. Feenberg 
for his stimulating and critical discussion of this work 
and for permitting us to quote his unpublished results; 
and to Dr. B. C. Carlson for his generous assistance in 
making various calculations during the course of this 


work. 


Note added in provf.—R. H. Miller and R. Sherr have found 
approximately 10 percent A-capture in Na®™ (reported at the 
Rochester meeting of the A.P.S., June, 1953). Consequently the 
y-ray efficiency for 511-kev radiation in Fig. 4 should be increased 
10 percent. [With this correction the 600-kev point (Cs") is in 
good agreement with the other data]. This correction of Fig. 4 
changes the number of 723-kev quanta per positron to 1.05+0.08, 
but has negligible effect on the intensity of the 1033-kev y ray. 


® Dewan, Pepper, Allen, and Almquist, Phys. Rev. 86, 416 
(1952). 

31 Wu, Rustad, Perez-Mendez, and Lidofsky, Phys. Rev. 87, 
1140 (1952). 

2 F. J. Konopinski and L. M. Langer, Reviews of Nuclear Sci 
ence (Annual Reviews, Inc., Stanford, 1953), Vol. 2, p. 261. This 
excellent review article gives additional references not listed here 
and contains a detailed discussion of the evidence for the various 
interactions obtained from forbidden 8 spectra 

“7. M. Blatt, Phys. Rev. 89, 83 (1953) 
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The Angular Distribution of 12-Mev Gamma Rays from Proton Bombardment of B''+ 
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To investigate possible interference between the three excited states in C” arising from proten bombard 
ment of B" at proton energies of 163 kev, 680 kev, and 1388 kev, the angular distribution of 12-Mev gamma 
rays from proton bombardment of thick natural boron targets has been investigated in the energy region 
between 200 kev and 1100 kev. The 12-Mev gamma rays were resolved with a scintillation spectrometer 
The angular distribution with respect to the proton beam was found to be of the form ¥(@)=1+-A cos@ 
+B cos, with A vanishing at 200 kev, reaching a value of 0.13 between 300 kev and 350 kev, and remaining 
approximately constant above this energy up to 1100 kev. The value of B is 0.22 at 200 kev, decreases to 
0.09 at 500 kev, and remains approximately constant above this energy up to 1100 kev. 


I. INTRODUCTION 


HE gamma-ray yield resulting from the B"(p,y)C™ 
reaction has been studied for proton energies up 
to 500 kev by Tangen,' up to 1000 kev by Cochran 
et al.,? and up to 3000 kev by Huus and Day.’ Three 
resonances have been resolved in this energy region, at 
proton energies of 163, 680, and 1388 kev with level 
widths of 5, 322, and 1270 kev, respectively. The large 
widths of the two upper levels suggest the possibility of 
interference effects, and earlier work at this laboratory 
showed a cos@ term in the angular distribution of all 
gamma rays from the proton bombardment of thin 
boron targets at proton energy of 700 kev. The appear- 
ance of the cos@ term indicates interference between 
at least two states of opposite parity. In the present 
work, the angular distribution of 12-Mev gamma rays 
from proton bombardment of thick boron targets has 
been obtained over the energy range between 200 kev 
and 1100 kev, inclusive. This component of the gamma 
radiation from the excited states of C results from 
transitions to the well-known 4.45-Mev excited state 
of C, which is known to have spin 2 and even parity.* 
Since the spin and parity of the C” level corresponding 
to proton energy of 163 kev is also known (spin 2- 
parity even),° it was felt that this investigation reveal, 
ing the energy regions where marked changes in the 
anisotropy occur might yield information concerning 
the interfering states. 


II. EXPERIMENTAL PROCEDURE 


Protons in the energy range from 200 to 1100 kev 
were obtained from the University of Kentucky 
electrostatic generator. Beam currents of 1 to 2 micro- 

t Work supported by the Office of Ordnance Research of the 
U. S. Army Ordnance Corps, University of Kentucky Research 
Foundation, and University of Kentucky Research Fund 

* On leave from Stetson University, Deland, Florida 

1R. Tangen, Kgl. Norske Videnskab. Selskabs, Skrifter No. 1 
(1946). 

2 Cochran, Ryan, Givin, Kern, and Hahn, Phys. Rev. 87, 672 
(1952). 

3T. Huus and R. B. Day, Phys. Rev. 85, 761 (1952). 

‘Kraus, French, Fowler, and Lauritsen, Phys. Rev. 89, 299 
(1953). 

5 Hubbard, Nelson, and Jacobs, Phys. Rev. 87, 378 (1952). 


amperes were obtained using a capillary type ion 
source. The energy calibration of the magnetic analyzer 
and the beam energy stabilization have been described 
elsewhere.? The magnetic analyzer limits the spread in 
beam energy to +0.25 percent. 

Owing to the low yield of gamma rays, particularly 
at the lower bombarding energies, it was necessary to 
compromise between adequate yield and good geometry, 
as determined by the beam-defining slit widths. Similar 
compromise had to be made on the angular resolution 
used. The detector consisted of a cylindrical thallium 
activated sodium-iodide crystal 1} inches in diameter 
and 1 inch long mounted in optical contact with the 
face of an RCA 5819 photomultiplier tube and covered 
with a reflector of aluminum foil. The beam covered a 
target area 8 mm high and 5 mm wide, and the front 
face of the detector was 6 cm from the target. The 
counter was mounted so that it could be rotated in the 
plane of the beam to angles up to 135 degrees either 
side of the beam direction. The isotropy of this arrange 
ment with a Cs'*? gamma-ray source. 
Amplified pulses from the counter circuit were fed into 


was checked 





Fic. 1. Gamma-ray 
spectrum from the pro 
ton bombardment of 
thick natural boron tar- 
gets at the proton ener- 
gies shown. Pulse 
heights are in arbitrary 
units, with the three 
maxima corresponding 
to the 4.45-Mev, 12- 
Mev, and 16-Mev 
gamma rays. Statistical 
counting errors are 
smaller than the experi- 
mental points 
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hic. 2. Angular 
distribution with re- 
spect to the proton 
beam of 12-Mev 
gamma-rays arising 
from proton bom 
bardment of — thick 
natural boron tar 
gets. Proton energies 
are indicated on each 
angular distribution. 
Counting statistical 
errors are shown. 
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a single-channel differential discriminator. Long time 
variations in the yield due to circuital drift could 
amount to about two percent. 

The current integrator consisted of a 150-micro- 


Tase I, Angular distribution of 12-Mev gamma rays arising 
from proton bombardment of thick natural boron targets. The 
angular distribution is of the form Y(@)=1+4A cos#+B cos*, 
where @ is the angle with respect to the beam direction. 
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300 0.21 
350 0.17 
400 . 0.17 
500 0.19 
600 0.09 
700 0.10 
800 t 0.11 
000 0.12 
1000 0.09 
1100 0.10 
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microfarad condenser, a 1.2-megohm resistor, and a neon 
glow tube arranged as a relaxation oscillator, suitably 
housed against pickup and wax sealed against dirt 
and humidity. Frequent tests with a sensitive electronic 
microammeter gave assurances that the integrator 
circuit was at all times linear within the magnitudes of 
the beam currents. 

Thick targets were made by drying an alcohol slurry 
of amorphous boron on thin aluminum backing. The 
cylindrically symmetrical target chamber was con- 
structed of Plexiglas. The beam-defining slits were 12 
inches in front of the target and electrically biased 
rings were situated between slits and target to prevent 
current readings due to secondary 


error in beam 


electrons. 
III. DISCUSSION OF RESULTS 


The gamma-ray spectrum resulting from the reaction 
is shown for the two extremes of bombarding energy in 
Fig. 1. The three peaks represent the pair lines due to 
the cascade 12- and 4.45-Mev gamma rays, and the 
16-Mev gamma rays. The 16-Mev component appears 
to be nonresonant at 680 kev,’ and the increased relative 
vield of these gamma rays at 1075 kev is then due to 
the extremely wide resonance at 1388 kev. For the 
investigation of the angular distribution of only the 
12-Mev gamma rays, the discriminator was set so as 
to accept pulses of size between 225 and 375 arbitrary 
units on the pulse-height scale. This setting excluded 
all of the 4-Mev gamma rays and included only a small 
number of the 16-Mev gamma rays. 

The observed angular distribution of the 12-Mevy 
gamma rays, as shown in Fig. 2, is of the form Y(@) 
=1+4A cosd+B cos*6. The values of the coefficients A 
and B obtained by least squares fit to the experimental! 
data and corrected for variation of detector efficiency 


Fic. 3. Thick target 
yield of 12-Mev gamma 
rays arising from proton 
bombardment of natura] 
boron targets. Counting 
statistical errors are 
smaller than the experi- 
mental points. 
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ANGULAR DISTRIBUT 
with Doppler energy shift and finite solid angle of the 
detector® are presented in Table I for the bombarding 
energies investigated. These corrections in each case 
amounted to no more than 6 percent of the coefficient 
On the basis of repeated runs, the probable error of the 
coefficients is less than +0.02. In order to correlate the 
thick target angular distribution data with thin target 
data, the thick target yield of 12-Mev gamma rays in 
the beam direction has also been obtained and is shown 
in Fig. 3. 

The angular distribution at proton energy of 200 
kev is in agreement with results obtained by others.®7 


6 The authors express their appreciation to Dr. M. E. Rose for 
the opportunity to use his calculations on the analysis of angular 
distribution data before their publication. 

7 Kern, Moak, Good, and Robinson, Phys. Rev. 83, 211 (1951). 
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lhe cos@ term begins to appear at 300 kev and has 
become rather large at 350 kev. The 163-kev resonance 
has even parity.° The sudden appearance and behavior 
of the cos@ term above this resonance means that at 
least one of the levels at 680 kev and 1388 kev has odd 
parity. The extremely large level widths of the 680-kev 
level and 1388-kev level would seem to imply that these 
levels are induced by s-wave protons and have odd 
parity. The small energy variation of the coefficients 
in the angular distribution may imply a three level 
interference between the 163-kev level and the two 
upper levels. 

The authors wish to express their appreciation to 
Mr. H. H. Givin and Mr. J. L. Ryan for valuable 
assistance in operating and maintaining the apparatus 
and for taking of experimental data. 
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Ihe cross section for the reaction Li’(p,p) has been measured over the proton energy range 360-1400 kev 
Measurements were made at scattering angles of 50, 70, 89.2, 110, 130, 143.4, and 160 degrees in the center 
of-mass system. Anomalous scattering was observed near 441.5 kev, the resonance energy for the reaction 
Li?(p,y), and near 1030 kev, the resonance energy for the reaction Li’(p,p’). Analysis of the results at 441.5 


kev indicates a state in Be’ with J 


= 1, even parity, formed by p wave protons. The relative stopping cross 


section for protons in lithium was also measured from 200-1300 kev. 


INTRODUCTION 


HE transmutation of Li’ by protons has been of 
interest for many years. In 1932 Cockroft and 
Walton! first observed alpha particles from the reaction 
Li’(p,a). Gamma rays from the well-known 441-kev 
resonance in the reaction Li’(p,y) were observed in 
1934 by Lauritsen and Crane ;* and the resonance was 
confirmed by Hafstad and Tuve* in 1935. The corres- 
ponding anomaly in the reaction Li’(p,p) was studied 
in 1939 by Creutz. Accurate measurements of the 
resonance energies of the reactions Li’ (p,y) and Li’(p,p’) 
have been made by Fowler and Lauritsen,’ who give 
441.4+0.5 kev for the Li’(p,y) resonance and 1030.0 
+5 kev for the Li’(p,p’) resonance. Hunt® has recently 
found 441.5+0.5 kev for the resonance in Li’(p,y) 
using an absolute electrostatic analyzer. The angular 
* Assisted by the joint program of the U. S. Office of Naval 
Research and the U. S. Atomic Energy Commission 
¢ National Science Foundation Predoctoral Fellow 
! J. D. Cockroft and E. T. S. Walton, Proc. Roy. Soc 
A137, 229 (1932). 
2C.C. Lauritsen and H. R 
L. R. Hafstad and M. A. Tuve, Phys 
EE. Creutz, Phys Rev. 55, 819 (1939) 
>W. A. Fowler and C. C. Lauritsen, Phys. Rev. 76, 314 (1949 
6S. E. Hunt, Proc. Phys. Soc. (London) A65, 982 (1952) 
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distribution of the gamma radiation near this resonance 
has been determined by Devons and Hine’ who con- 
cluded that the excited state in Be* has J = 1, odd parity 
and is formed by s wave protons. 

A study of the elastic scattering of protons from Li’ 
can be expected to provide additional information which 
will aid in the determination of the nature of the highly 
excited states of Be®. One expects to find anomalies in 
the scattering corresponding to the resonances in 
Li’(p,y) and Li’(p,p’) with perhaps a small effect re 
sulting from the broad resonance in the reaction 
Li?(p,a) at 3 Mev. The cross section for the reaction 
Li’(p,p) has been measured by Brown ef al.,* at 89 
and 144 degrees in the center-of-mass system (see 
below). An analysis of their results near 441 kev by 
Cohen? indicated that the state in Be* has J=1, even 
parity, and is formed by p wave protons. This result is 
seen to be in disagreement with the results of Devons 
and Hine. 


S. Devons and M. G. N 
199, 56, 73 (1949) 
’ Brown, Snyder, 
1951) 
* E.R. Cohen, Ph.D. thesis, California Institute of Tec hnology, 


Hine, Proc. Roy. Soc. (London) 


Fowler, and Lauritsen, Phys. Rev. 82, 159 


@& 1949 (unpublished 
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In the present experiment the cross section for 
Li’(p,p) has been measured at center-of-mass angles 
of 50, 70, 89.2, 110, 130, 143.4, and 160 degrees for 
incident protons of energies in the range 360-1400 kev. 
It is believed that sufficient data are provided to permit 
unique assignments for the 17.62-Mev and 18.14-Mey 
states in Be*, which correspond to the observed anoma- 
lies in the scattering at proton energies near 441 kev 
and 1030 kev, respectively. 

During these experiments it was found desirable 
to measure the stopping cross section of protons in 
lithium. A relative determination was performed over 
the energy range 200-1300 kev, and the results are 
included in this paper. 


PROCEDURE 


The incident proton beam used in these experiments 
was rendered mono-energetic to 0.05 percent by an 
80° electrostatic analyzer of 1-meter radius and 1 
millimeter entrance and exit slits. The scattered protons 
were analyzed by a 10}-inch variable angle magnetic 
spectrometer” and detected by a scintillation counter. 
The 80° electrostatic analyzer was calibrated by obser- 
vations on the resonances in the production of gamma 
radiation from the reactions Li’(p,y) at 441.5 kev® 
and Al’?(p,y) at 993.3 kev."' The magnetic spectrom- 
eter was then calibrated by studying the protons 
elastically scattered from copper and gold, using the 
electrostatic analyzer calibration and the conservation 
laws of energy and momentum for the energy cali- 
bration and assuming pure Coulomb scattering from 
copper and gold for the solid angle and counter eth 
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Fic. 1. Ratio of observed cross section to Rutherford cross 

section at 0c = 50°, 70°, and 89.2° for the elastic scattering of 

protons by lithium. The anomaly occurs near 441 kev, the reso 
nance energy for Li’(/,y) 
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Fic. 2. Ratio of observed cross section to Rutherford cross 
section at 0cw =110° and 130° for the elastic scattering of protons 
by lithium. The anomaly occurs near 441 kev, the resonance 
energy for Li’(p,y). 


ciency calibrations. The variable angle spectrometer 
is so constructed as to allow continuous variation of 
the scattering angle from 0 to 160 degrees. The angle 
is read from an attached protractor with vernier, which 
is set by sending the direct beam through the center of 
the spectrometer and adjusting the protractor to read 
zero degrees. Any required scattering angle can then 
be obtained to within 0.1 degree. 

It was thought that perhaps fringing fields, second- 
order focusing effects, or slight misalignments might 
change the spectrometer energy or solid angle cali- 
bration with angle, or might make the solid angle cali- 
bration depend upon the size of the spectrometer exit 
slit. The energy calibration was therefore checked at 
six different scattering angles and found to remain con- 
stant to within 0.5 percent. The solid angle calibration 
was repeated for each entrance aperture and exit slit 
combination at 90 and 160 degrees, and for one com- 
bination at ten different angles between 30 and 160 
degrees. The maximum probable error found for any 
solid angle value was 2 percent. 

Targets were prepared by evaporating, in vacuum, 
layers of natural lithium (92.5 percent Li’) on a copper 
backing. The layers were made very thick as the high 
resolution of the spectrometer gives the instrument 
the ability to isolate a thin lamina at any desired depth 
in the target material. It was also possible to separate 
protons scattered by Li’ from those scattéred by Li® 
except at the two most forward angles, where a correc- 
tion was made to the results assuming the scattering 
from Li® followed the Rutherford scattering law. The 
angle between the target normal and the incident beam 
was determined to within 0.3 degree by a target 
mounting equipped with a protractor. The methods 
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used in calculating results were similar to those out- 
lined by Brown et al.’ It will be noted that the stopping 
cross section for protons in lithium must be known in 
order to calculate the scattering cross section. 

Much time was spent during the course of the experi- 
ments in the attempt to obtain satisfactory targets. 
The requirements were a shiny mirror surface, no in- 
ternal contaminations, and a minimum of surface 
layer contamination, Contaminations were determined 
with the spectrometer by running a momentum profile 
of protons scattered by the target. The target chamber 
was pumped directly by an auxiliary pump equipped 
with a liquid air trap; and another liquid air trap was 
installed which ran the length of the target chamber, 
passing about 2 cm from the target. With this arrange- 
ment vacua of about 5X10~§ mm Hg were maintained 
in the chamber during the experiments. By carefully 
outgassing the lithium furnace for several hours before 
making a target it was found possible to keep the pres- 
sure below 10-° mm Hg even when evaporating lithium. 
Nevertheless it was found necessary to deposit the 
lithium as rapidly as possible in order that the target 
not be slightly contaminated throughout with oxygen 
as a result of continuous oxidation of the material as it 
was deposited. By trial and error a depositing rate was 
determined which gave a target with no detectable 
internal contamination and a true mirror surface. 
However, after such a target was made the surface 
slowly oxidized even though a high vacuum was main- 
tained ; so targets were not kept for longer than one day 
even if they were not used. Bombardment of a target 
with the proton beam deposited surface contamination 
layers of carbon and oxygen; so the condition of the 


SCATTERING 


OF PROTONS BY 919 
target was checked frequently during runs and fresh 
targets were prepared whenever needed. Heating the 
target was found to practically eliminate the carbon 
contamination but also to make the lithium surface 
oxidize at a much greater rate; so the targets were used 
unheated. 

In estimating the accuracy of these cross-section 
measurements, effects such as straggling in the target, 
contamination surface layers, uncertainties in the cali- 
brations and angles of observation, and nonlinearity 
of the apparatus have been studied. Many of the meas- 
urements were repeated on several different days to 
check the reproducibility of the results. We believe 
that the relative uncertainty in the magnitudes of all 
the scattering cross sections quoted herein is within 5 
percent. The uncertainty in the absolute magnitude 
of these measurements is less than 10 percent. This 
error comes chiefly from the uncertainty in the absolute 
magnitude of the stopping cross section of lithium, 
which is about 6 percent. 

Vote added in proof :—Since this paper was submitted 
for publication the absolute stopping cross section of 
lithium has been found to be 4.694015X%10- ev-cm? 
for 440-kev protons by Bader, Wenzel, and Whaling of 
this laboratory. All of the circles in Fig. 7 should thus be 
lowered by 9 percent. In addition, results in this laboratory 
and by Cooper and Chilton at Ohio State University 
(private communication) indicate thal the stopping cross 
section for Cu used in our calibrations ts high by 4 percent. 
Hence all cross sections quoted in this paper should be 
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Fic. 4. Differential cross section in barns/steradian versus in 
cident proton energy in kev at 6¢4 =50° and 70° for the elastic 
scattering of protons by lithium. The plotted values at 70° are 
twice the actual values. Rutherford scattering is shown by the 
thin lines for reference. The anomaly occurs near 1030 kev, the 
resonance energy for Li’(p p’y) 
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hic. 5. Differential cross section in barns/steradian versus in 
cident proton energy in kev at 6ce4 =89.2°, 110°, and 130° for the 
elastic scattering of protons by lithium. Rutherford scattering 
is shown by the thin lines for reference. The anomaly occurs near 
1030 kev, the resonance energy for Li’ (p,p’y) 


decreased by 5 percent. The absolute probable error of the 
resulting values can be taken as +5 percent. 
RESULTS 


The ratio of observed cross section to the Rutherford 
scattering cross section over the incident proton energy 
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kic. 6. Differential cross section in barns/steradian versus in 
cident proton energy in kev at 6c = 143.4° and 160° for the elastic 
scattering of protons by lithium. Rutherford scattering is shown 
by the thin lines for reference. The anomaly occurs near 1030 kev, 
the resonance energy for Li’(p,p’y) 
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range 360-500 kev at the angles studied is shown in 
Figs. 1, 2, and 3. The center-of-mass differential cross 
section over the energy range 500-1400 kev for these 
angles is shown in Figs. 4, 5, and 6. Table I gives the 
detailed experimental results at 160 degrees for the 
differential cross section and for the ratio to the Ruther- 
ford scattering at each energy measured. Such tables 
for the other angles studied are available on request. 
The maxima in the scattering near the 441-kev Li’(p,7) 
and the 1030-kev Li’(p,p’) resonances are shown in 
Table II. The values in Table II have been corrected 
for the resolution effects of the apparatus, while the 


Tape IL. Li’(p,p), Q@ce1=160°. Observed differential cross 
section in barns/steradian and ratio to Rutherford cross section 


for incident proton energies in kev. 


la /dQ Lip o la /d Ep da/d2 


0.034 
0.038 
0.041 
0.044 
0.049 
0.056 
0.064 
0.069 
0.075 
0.083 
0.092 
0.097 
0.100 
0.104 
0.104 
0.103 
0.099 
0.094 
0.085 
0.076 
0.070 
0.065 
0.060 
0.058 
0.055 
0.052 
0.051 
0.050 
0.049 
0.050 
0.049 
0.048 
0.047 
0.048 
0.047 


888 
898 
9O8 
918 
928 
938 
948 
958 
968 
978 
988 
998 
1008 
1018 
1028 
1038 
1048 
1058 
1078 
1098 
1118 
1138 
1158 
1178 
1198 
1218 
1238 
1258 
1278 
1298 
1318 
1338 
1358 
1378 
1398 


0.063 
0.054 
0.056 
0.053 
0.050 
0.053 
0.054 
0.050 
0.050 
0.050 
0.050 
0.049 
0.049 
0.044 
0.040 
0.036 
0.033 
0.030 
0.029 
0.024 
0.0223 
0.0224 
0.0205 
0.0210 
0.0195 
0.0197 
0.0189 
0.0218 
0.0222 
0.0221 
0.0226 
0.025 
0.025 
0.027 
0.030 
0.031 


0.116 
0.112 
0.112 
0.111 

0.107 
0.107 
0.101 

0.102 
0.101 

0.101 

0.099 
0.103 
0.103 
0.108 
0.104 
0.107 
0.110 
0.120 
0.126 
0.139 
0.154 
0.171 

0.178 
0.183 
0.188 
0.183 
0.174 
0.160 
0.138 
0.107 
0.090 
0.079 
0.073 
0.068 
0.061 

0.062 


0.70 
0.68 
0.66 
0.68 
0.60 
0.61 
0.64 
0.62 
0.67 
0.66 
0.70 
0.71 
0.86 
0.90 
0.92 
0.96 
1.10 
1.12 
1.23 
1.39 
1.47 
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others have not. It will be noted that the differential 
cross section near 1030 kev shows spherical symmetry 
at angles greater than 100 degrees. 
Because of considerable improvement 
mental techniques, the present results are considered 


in experi- 


to be more accurate than the results of Brown ef al.,’ 
which were also obtained in this laboratory. Neverthe- 
less, the present results at 89.2 and 143.4 degrees differ 
from those of Brown by at most 15 percent. The results 
at 143.4 degrees are brought within 6 percent agreement 
if Brown’s data are recalculated using the curve for 
the stopping cross section of lithium which was meas- 
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ured and used in the work. However, this 
correction leaves Brown’s results at 89.2 degrees 20 
percent lower than the results of the present experiment. 
The elastic scattering cross section nezr the 1030-kev 
anomaly has also been measured by Bashkin and 
Richards," who give ~0.08 barn/steradian for the 
peak at 166.3 degrees in the center-of-mass system. 
As their uncertainty is 20 percent, the agreement with 
the present work is within experimental error. 

The results of the present experiment near 441 key 
are consistent with p wave protons forming a J=1, 
even parity, state in Be*.® It has been found possible 
to reconcile the results of Devons and Hine with this 
assignment.’® A more detailed theoretical analysis of 
the results at both anomalies will be presented in a 


present 


forthcoming publication. 


THE STOPPING CROSS SECTION OF LITHIUM 


The relative stopping cross section for protons in 
lithium was measured over the proton energy range 
200-1300 kev by measuring the energy lost by protons 


TABLE II. Maxima of the observed differential cross section and 
of the ratio to Rutherford cross section near the 441- and 1030-kev 
anomalies at various center-of-mass angles. These values have 
been corrected for the effects of resolution in the apparatus. Note 
that the 1030-kev anomaly appears to be spherically symmetric 
at angles greater than 100 degrees. 


60M 50 70 89,2 110 130 143.4° 160 
2.28 
0.190 
6.88 
0.104 


2.00 
0.233 
4.64 
0.101 


2.16 
0.207 
$.15 
0.091 


1.70 
0.549 
2.12 
0.129 


1.88 
0.328 
San 
0.105 


1.24 
2.97 
1.14 
0.49 


1.49 
1.04 
1.53 
0.204 


441 a/or 
kev da/dQ 
1030) o/or 
kev da/dQ 


of various energies in passing through a thin film of 
lithium. This loss was determined by first measuring 
the energy of protons scattered from a clean copper 
target and then repeating the measurement after a thin 
film of lithium had been deposited on the copper. The 
energy loss of the protons in passing in and out of the 
film is proportional to the stopping cross section at a 
simply calculable intermediate energy. The results were 


12S. Bashkin and H. T. Richards, Phys. Rev. 84, 1124 (1951) 
T). Liberman (private communication. 
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lic. 7. The stopping cross section for protons in lithium. The 
solid line represents the theoretical formula of Livingston and 
Bethe, with /=32 ev. The solid points are the results of Haworth 
and King, and the open circles are the results of this experiment 
normalized to the solid curve at 952 kev 


normalized to the theoretical formula of Livingston and 
Bethe" at 952 kev, where this formula should be valid, 
using the value for the average ionization energy of 
lithium (32 ev) determined by Haworth and King.'® 
When this was done, the remaining measurements fell 
in good agreement with the theory and with the results 
of Haworth and King, as shown in Fig. 7. However, 
the agreement remains reasonably good over a fairly 
wide variation in the assumed ionization energy; the 
errors In Our measurements are such that we cannot 
exclude the value of 38 ev given originally by Mano!® 
from early alpha-particle measurements nor the value 
of 34 ev determined at high proton energies by Bakker 
and Segré.'? The variation in ionization energy from 
32 ev to 38 ev leads to an uncertainty of 6 percent in 
the absolute value of our stopping cross section, and 
we take this as the probable error in the values given in 
lig. 7. This constitutes the main error in our scattering 
cross-section measurements as discussed previously. 
We wish to thank Mr. E. A. Milne for many hours 
of help in taking the data. We also are grateful to Pro 
I. Christy and to Mr. David Liberman for 
discussions of the theoretical aspect of this problem. 
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Measurement of the (n,H*) Cross Section in Nitrogen and Its Relationship 
to the Tritium Production in the Atmosphere* 


E. L. FirEMaAN 
Brookhaven National Laboratory, Upton, New York 
(Received March 13, 1953) 


Nitrogen gas is irradiated by fast neutrons from a U™* fission plate and tritium is produced. The tritium is 
identified and counted by two different methods: (1) The gas is put into a cloud chamber where the H? elec 
trons are identified by their range and counted; (2) hydrogen is separated from nitrogen by its passage 
through palladium and is then counted in a Geiger counter. The average cross section for fission neutrons 
with energy sufficient to make the reaction proceed [4.4 Mev is (11-2) x 10°27 cm?]. 

This cross section combined with cosmic-ray neutron data gives an H? production rate of between 0.10/cm? 
sec and 0.20/cm? sec averaged over the earth. Cosmic-ray stars eject H# at a rate estimated between 0.30/cm? 
sec and 0.70/cm? sec. These two processes maintain a world reservoir of 50 to 110 million curies of H*. This H® 
production leads to a mean escape time of He® from the atmosphere of about 5 million years. This is consis- 
tent with a temperature at the base of the exosphere of 1500°K. 


INTRODUCTION 


ECENTLY Norwegian lake water! and atmos- 

pheric hydrogen? have been found to contain 
measurable quantities of H*. The lake water is found to 
have of the order of 1 part tritium to 10'* parts hydro- 
gen, while the atmospheric hydrogen has of the order 
of one part in 10 hydrogen. Appreciable tritium 
production is necessary to maintain the H® concentra- 
tion in water. It has been proposed’ that the fast neu- 
tron reaction 


(1) n+N%=C"+ H3 (1) 


may be the major production mechanism for natural 
tritium. This reaction has been reported in the labora- 
tory.* The nature of the laboratory experiment was such 
that it was difficult to estimate the cross section. The 
reported value was 10~-*° cm? to about a factor of 5 for 
neutrons from a thick beryllium target bombarded by 
16-Mev deuterons. 

This cross section has been measured here to an 
accuracy of better than 25 percent for fission neutrons. 
H® production in the atmosphere from reaction (1) is 
estimated to be about one-third that resulting from the 
direct ejection of H*® in cosmic-ray stars. This H* pro- 
duction yields an average H’/H! ratio of 2 to 5X107'8 
in precipitation and an average H*/H! ratio of 1 to 
210°” in ocean water 


Experimental Procedure and Results 


A stainless steel container of 180-cc volume is filled 
to 1500-psi pressure with nitrogen and hydrogen or 
nitrogen, hydrogen, and ammonia. Most irradiations 
were done with a 50-50 mixture of nitrogen and hydro- 
gen. The container is covered with a 34-in. cadmium 


* Research carried out under contract with the U. S. Atomic 
Energy Commission 

1 Grosse, Johnston, Wolfgang, and Libby, Science 113, 1, (1951). 

2V. Faltings and P. Harteck, Nature 166, 1109 (1950); Z. 
Naturforsch. 5a, 438 (1950) 

8W. F. Libby, Phvs. Rev. 69, 671 (1946). 

4R. Cornog and W. F. Libby, Phys. Rev. 59, 1046 (1941). 


sheet to eliminate slow neutrons. This container is 
placed in the fission plate facility of the Brookhaven 
reactor.*:® The gas is irradiated for four or five days; the 
container is not very radioactive upon removal so no 
special handling precautions are necessary. The gas is 
emptied directly from the container into an expansion 
cloud chamber of 10-liter volume or into a flask con- 
nected to a palladium thimble and counter filling system. 

In the normal cloud-chamber filling procedure, the 
cloud chamber is first evacuated. Alcohol and tank 
hydrogen are added to an initial pressure of 37.5 cm 
Hg; then the irradiated mixture is let into a chamber 
pressure of 115.5 cm, which is just over 14 atmospheres. 
After a few expansions, the chamber operates with well- 
defined tracks. There are about five tritium electrons in 
each photograph; less than one hundred photographs 
are necessary for good statistics. Independent track 
counts made by D. Schwarzer and the author agreed 
much better than the statistical accuracy. The back- 
ground of slow electrons that might be confused with 
tritium electrons is about one per photograph. The 
background is determined before and after each run 
by filling the container in exactly the same way as with 
the irradiated sample and using this gas as the chamber 
filling. If any tritium were left in the walls of the con- 
tainer, it would show itself in the second background. 
Any tritium originally in the container walls would show 
itself in the first background. Table I summarizes the 
cloud-chamber data. 

The only runs in which tritium is not noticed are the 
irradiations with pure hydrogen and with no U** plate. 
In the 119-hour irradiation, the mixture is let into the 
cloud chamber by bubbling through a water tower. 
Titration of the water with HCI showed 99 percent of 
the NH; to be trapped in the water. In the 140-hour 


Hughes in 


5 The fission plate facility is described by D. J. 
Pile Neutron Research (Addison Wesley Press, Inc., Cambridge, 
1953). The author wishes to thank Dr. Hughes for use of this 
facility. 

6 The author wishes to thank Mr. W. Kato for helping him carry 
out his early irradiations. 
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TABLE I. Cloud-chamber data 


Background 
yelore 
tracks 


pict) 


Irradiation after 
time 


hours 


Chamber 
filling 
procedure 


H?# tracks 


picture 


Irradiated 
mixture per 


50% N 3 


) +0.2 1.0 +0.2 
50°) H 


Normal 67 with 
(2% plate 


50° 1.05 +0.10 


Normal h 
50% 


134 with 
U%5 plate 
50°, 0.70 40.17 
50% 


Normal 


138 with 
%5 plate 


200 with 
1% plate 


Nz added 
first to 
chamber 


Normal 0740.13 0.98 +40 


122 with 
U6 plate 


NHa 119 with 1.09 40.15 
1 


25 plate 


Trapped out 


140 with 
U%5 plate 
Trapped out 


NH;z 


1.3-cm D 0.95 40.10 


added to 
background 
filling 


8 In this background run, the container filled with hydrogen to 1500 psi 
irradiation, the mixture passes first through a liquid air 
trap and then through a water tower into the chamber. 
Titration showed 99 percent of the NH; to be taken out 
in the liquid air trap. This trapped NH; is later. de- 
composed over hot Mg, passed through palladium, and 
put into a Geiger counter. 

The cloud chamber is calibrated for tritium detection 
by introducing a small “known” amount of tritium 
either into the chamber or into the container. The 
“known” tritium is simply a measured amount of 
deuterium from a tank of deuterium whose tritium con- 
centration has been measured to be (3.6+0.1)K10~-" 
by passing it through the palladium thimble into the 
stainless steel counter. When 7-mm pressure of this 
deuterium is added to a background chamber filling, 
(3.83+0.40) H® tracks/picture result. When 13 mm is 
added, (7.15+0.55) H®* tracks/picture result. And 
finally, when 13.8 psi of this deuterium is added to the 
container with its background filling of 750 psi of No, 
750 psi of He, and 22 psi of NH; and this mixture is 
passed through a water tower into the ‘chamber, then 
(6.7+0.6) H* tracks /picture result. These three calibra- 
tions give one H? track/picture for D, to Hy, ratios of 
(2.5+0.3)X10-%, of (2.54+0.2) K 10-3, and of (2.7+0.3) 
X 10-3, respectively. Since the tank deuterium has a H* 
concentration of 3.6107", a H*/H' ratio of 9.3 107" 
in the expansion chamber gives one H* track/picture. 
The hydrogen in the chamber normally consists of a 
combination of 32 cm of tank hydrogen with 39 cm of 
hydrogen from the container; therefore, the H*/H! ratio 


’ 


Background 


(tracks 


pict) 


0.90 +0,20 


+0.20 
+0.20)* 


+0.15) 


1.05 40.10 


Concentration of 
H* in chamber 
(no. of H3 
no. of atoms) 


Fission flux 
averaged over 
container) 
neutrons/cm? sec 


How flux 


o 
obtaines millibarns) 


Estimated 1.2+4+0.2) X10 10.7 +4.0) 


from pile 
power 


1.0 +0.3) «108 


x10® Thermal flux (4.0+0.4) 


x108 Thermal flux 4.3404 
Sulfur 
activation 


«108 


«108% Thermal flux 


Sulfur 

activation 
0 Magnesium 

activation 


2.0108 Thermal flux 


8.54 


loss 


1.9 +0.3) K108 Thermal flux 2840.2) K10°4 2.0) 


Sulfur 
activation 


1.6 +0.2) «105 


(9.3 42.0) +NH, 


1.9 Sultur (4.140.4) X10°" 
activation 
Magnesium 


activation 


+0.3) «108 


1.8 40.3) K108 


6.6 +0.5) K107"% 


ind heated at 100°C for 24 hours 

for the container is (71/39) times the ratio for the cloud 
chamber. A column in Table I gives the H*/H! ratio 
for the cloud chamber. 

In several of the runs, samples of the irradiated gas 
or of the chamber filling are stored in 1-liter glass 
flasks. The hydrogen is later taken out of these samples 
by its passage through palladium and put into a counter; 
1.0 to 1.5 cm of butene is added to the counter. This 
filling has fairly good counting characteristics with a 
Geiger threshold of 1150 volts for 5 cm of He and 1500 
volts for 15 cm of He. The counter is a stainless steel 
tube of 29}-inch inside length and 2,;%-inch inside 
diameter with a 0.005-inch tungsten wire; the length of 
exposed wire is 29 inches. This counter is placed in a 
low-level counting unit,’ consisting of anticoincidence 
counters and shielding. This unit records the counts 
with and without the anticoincidence counts subtracted. 
Table II summarizes the counter data. The background 
rate in the counter is 400 counts/minute with just the 
shielding and 30 counts/minute with the shielding and 
anticoincidence counters combined. There is no differ- 
ence in background with argon or hydrogen counter 
fillings. Since the 400 counts/ minute is largely composed 
of minimum ionizing cosmic rays, the efficiency of the 
hydrogen butene filling is unity. 

The palladium thimble has to be outgassed before 
each run since its hydrogen retention is almost 1/5 liter. 
Successive rows in Table IT for the same sample give 


The author wishes 


’? This unit was designed by Raymond Davis 
to thank Dr. Davis for its use. 
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lane IT. Geiger counter data 


Counts/min with anticoincidence Ha 
volts above threshold 


50 volts 


Counts/min without anticoincidence 
(volts above threshol« 
25 volts 50 volts 75 volts 


40649 41649 41949 
405+9 40745 41949 


H?/H 


ratio 


counts/min 


ind press.* 
per cm 


1 counter 
2cmA 
4cmA 


5 volts 


34.642.6 
37.6+2.7 


33.0+2.6 
34.04+2.8 
40.6+2.8 


409+-9 
40249 
42249 


40549 
39149 
412+9 


3904-7 
3844-9 
41049 


5cm H; 
6cm He 
50% He tank 4cm H, 


50% Nz tank 


94.644 
78.244 
100.545 
78.8+4 


Cloud-chamber calibratior 7.2cm Hz 
filling with 1.3 em of D Ocm He 
4cm H, 


9cem He 


474+10 
4394-9 
46649 
460+ 10 


45449 
440+9 
445+9 
45449 


15449 
4124-9 
427+9 
44449 


87.04-4 
78.844 


AMM 


64.544 
78.0+4 


65.0+4 
76.844 


432410 
455+10 


435+10 
454+10 


442+ 10 
451+10 


134-hour irradiation sample 5 cm H, 
from cloud chamber 8 cm H, 


140-hour irradiation mix 29cm H, 42447 43647 45947 19.043.1 54.043.2 65.543.5 


ture from container 


9 em Hz $854+10 500410 490410 104444 104.944 111.645 15.7 9.510 


Decomposed NH, from 
140-hour irradiation 


438+ 10 
437+10 


438+ 10 
432+ 10 


140-hour irradiation sampk 5.6 cm H, 
from cloud chamber 5.3. cm He 


1.5 cm butene added to counter 

results for successive runs through palladium from the 
same flask. These increase by about 10 percent in going 
from the first to the last counter filling which is indica- 
tive of some isotopic fractionation. About 25 percent of 
the original hydrogen is left in the flask after the last 
counter filling. The isotopic fractionation tends to 
make the counter result somewhat smaller than the 
chamber result. The 1.3-cm deuterium calibration gives 
5.1 to 5.8X10°" for the H*/H!' ratio in the counter 
compared to (6.6+0.5) X 107" in the chamber. The 134- 
hour irradiation gives 3.2 to 3.5X10-" in the counter 
compared to (4.0+0.4)X10~-" for H*/H! in the cham- 
ber. The 140-hour irradiation gives 3.7 to 4.1% 10-" in 
the counter compared to (4.14+0.4)10~-" in the 
chamber 

To test the possibility that some tritium produced 
during the irradiation might form ammonia,® irradia- 
tions were carried out with a mixture of 50 percent No, 
48.5 percent Hy, and 1.5 percent NH;. The NH; is 
trapped out in a liquid air trap and decomposed over 
hot Mg. This hydrogen (see Table II) has a H*/H! 
ratio of 9.5X10°" compared to 5.4X10-" for the 
H*/H' ratio of the hydrogen gas carrier. This means 
that when 5 percent of the hydrogen carrier is in the 
form of NH;, about 10 percent of the tritium is in the 
NH;. One concludes that less than 10 percent of the 
activity is lost because of ammonia formation when 
there is no ammonia carrier. 

The fission flux is determined in several ways. The 
thermal flux at the U*® plate is measured by activating 
sodium and comparing its activation with that ob- 
tained in a standard pile where the neutron flux is 


8 This possibility was suggested to the author by Dr, L, Fried 


man 


439+ 10 
447+10 


3.7% 10-4 
4.1107" 


68.0+4 6.2 
72.0+4 6.7 


67.0+4 
65.6+4 


60.3+4 
62.0+4 


known. Cadmium difference measurements are made in 
both cases. From this measurement of the thermal flux, 
a straightforward calculation gives the fission flux and 
its distribution over the container. The fission flux is 
also measured directly by activating sulfur, using the 
S®(n, p)P® reaction, which has a 14-day half-life and a 
1.0-Mev threshold; its cross section for fission neutrons 
is 50 millibarns. The fission flux is also measured by ac- 
tivating magnesium by the Mg*(n, p)Na™ reaction 
which has a 14.8-hour half-life and 4.7-Mev threshold ; 
its cross section for fission neutrons is 1.0 millibarn. 
The sulfur activation is used because its long half-life 
averages out fluctuations in pile power during the 
irradiation. The magnesium reaction is used because its 
threshold is very close to that for tritium production 
in nitrogen. The pile power also gives an indication of 
the flux. A column in Table I gives the fission flux 
averaged over the container; the adjacent column tells 
how it was obtained. The term “thermal flux” indicates 
that the fission flux is determined by the sodium activa- 
tion method. The different methods for determining flux 
agree quite well except for the run without the U%* 
plate where, of course, they should not agree. 

The relation between cross section, flux, and tritium 
produced is 


L 


Nr/Nu=(Nw vane f a(E)n(E)dE, (2) 
4.4 Mev 


where .V7/.Vy is the tritium to hydrogen ratio, .Vw/.Vu 
is (0.55) the nitrogen to hydrogen ratio; ¢ is the irradia- 
tion time in seconds, F is the fission flux averaged over 
the container, o(£) is the cross section as a function of 


energy, and n(E)dE is the energy distribution of U%* 
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neutrons. Measurements*:"’ up to 17 Mev have given 
n(E)dE the form 

n(E)dE= (2) me)'e *® sinh (2E)! |dF, (3) 
where £ is in Mev. According to Eq. (3), 8.5 percent of 
the fission neutrons have energy above 4.4 Mev. If a 
is taken outside the integral and called ¢, the average 
cross section for fission neutrons above 4.4 Mev, then 
relation (3) has the form 


Vr Nu = Vw A nthe (0.085 Pp (4) 


The last column in Table I is obtained by substituting 
the measured quantities into relation (4). In the last 
two irradiations 10 percent need be added to the cross 
section to account for the tritium trapped in the NH;j. 
The average of the five runs give (11+2) millibarns 
for é. 

If the Coulomb factor for tritium escape from C” 
is included in the cross section, it has the form 


g’= oy exp(— VAV AN hvy) 
=o exp| -1.51/(E—4.4))], 


(5) 


where E is the energy of the incident neutron in Mev. 
The substitution of relations (5) and (3) into (2) gives 


(6) 


-/ 


& = (4649) exp{ —1.51/(£—4.4)!] millibarns. 


The cross sections é and @’ give the same result for 
the nitrogen tritium production by fission neutrons and, 
as we shall see in the next section, approximately the 
same result for tritium production by cosmic-ray 
neutrons. 


Tritium Production in the Atmosphere 


Neutrons in the atmosphere originate from cosmic- 
ray stars. The rate of neutron production in the at- 
mosphere is the sum of the C production, the escape 
of neutrons into space, and the neutron loss by (1, a) 
and other reactions in air. The mechanism of star 
production need not be considered here. We shall be 
concerned only with neutrons having less than 20-Mev 
energy. 

The C™ production rate! averaged over the earth is 
2.23/cm* sec. The number of neutrons that escape 
into space can be obtained directly from Yuan’s meas- 
urement” of the slow neutrons as a function of altitude. 
A plot of Yuan’s cadmium-difference measurement as a 
function of atmospheric pressure shows a broad maxi- 
mum at 10-cm Hg pressure followed by an exponential 
decrease for pressures greater than 20 cm. This exponen- 
tial follows the star-production curve which continues 
exponentially to the top of the atmosphere. The differ 
ence in area between the exponential to the top of the 
atmosphere and the measured slow neutron curve gives 


9 David L. Hill, Phys. Rev. 87, 1034 (1952) 

” B. E. Watt, Phys. Rev. 87, 1037 (1952). 

ke. C. Anderson and W. F. Libby, Phys. Rev. 81, 64 (1951) 
2 Luke C. L. Yuan, Phys. Rev. 81, 175 (1951). 
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the number of neutrons that escape into space. The 
reason is quite simple. If neutrons were ejected from 
stars with less than 0.4 ev, then the cadmium difference 
measurement as a function of altitude would be parallel 
to the star-production curve. More detailed considera 
tions '® based on the solution of the diffusion equation 
would give the same answer. The difference in area 
between the curves equals the area under the slow 
neutron curve. The number of neutrons that escape, 
therefore, equals the number of neutrons of energy less 
than 0.4 ev that produce C". According to Ladenburg,"* 
half of the C™ production is by neutrons of less than 
0.4 ev; therefore, the neutron escape rate is 1.1 cm? sec. 
The number of neutrons lost by reactions other than 
(n, p) in air is estimated to be less than 1.0: cm? sec. 
The rate of neutron production averaged over the 
earth is 
| eg 4.3 neutrons cm* sec. (7) 


2.2+1.1+1.0 


The number of scattering collisions required to reduce 
the energy of a neutron from E to 4.4 Mev is 


. 


v= In(/4.4)/p, (8) 
where p is the average logarithmic energy decrease per 
collision ; p is 0.130 for air. The probability of producing 
H? in a collision is 0.80 o/0,, where o is the cross section 
for reaction (1); ¢, is the scattering cross section (1.5 
barns); and 0.80 is the nitrogen concentration of air. 
The fraction of neutrons which make »v collisions with- 


out producing H? is 


f= (1—0.800/¢0,)’. (9) 

If E is 10 Mev, v is 6.3. And if 11 millibarns is 
used for a, then / is 0.963 which means that 3.7 per 
cent of the neutrons produce H*. If o is taken as 
44 exp[ —1.51/(E—4.4)'] millibarns, then 4.7 percent 
of the neutrons produce tritium. A lower initial neutron 
energy allows a larger fraction of neutrons to escape H® 
production. If the neutron energy distribution given by 
Bagge!’ is used instead of 10 Mev, then the tritium 
production is 40 percent smaller. An initial neutron 
energy of 10 Mev combined with the solution of the 
diffusion equation is consistent with the slow neutron 
data; higher initial neutron energies are not. The 
tritium production by reaction (1) is between 3 and 5 
percent of P,, or between 0.10 and 0.20/cm? sec averaged 
over the earth. 

How does this production rate compare with H* 
production by other processes? A number of other 
processes will be considered, but only one of them gives 
a greater rate than reaction (1). It is the direct ejection 
of H* in cosmic-ray stars. The number of neutrons from 


4S. Flugge, Kosmische Strahlung (J. Springer, Verlag, Berlin, 
1943). 
“WH. J 
16 G. Pfotzer, Naturwiss. 39, 149 (1952). 
‘6 Rudolph Ladenburg, Phys. Rev. 86, 128 (1952) 
Eriche Bagge and Karl Fincke, Ann. physik 6, 321 (1949) 


Kouts and L. C. L. Yuan, Phys. Rev. 86, 128 (1952) 
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stars approximately equals the number of singly charged 
particles from stars. Measurements'® on the ratio of 
protons to deuterons to tritons have been made for 
cosmic-ray stars in emulsions. A measurement" of this 
ratio has also been made for the bombardment of Be 
and C by 330-Mev protons. The highest percentage of 
tritons is found for particles from cosmic-ray stars in 
the 15-50-Mev range. Here” the proton-deuteron- 
triton ratio is 3-2-1, which means that 16 percent of the 
singly charged particles are tritons. The cyclotron 
measurement’ gives for C a H*/H'+H?’+H? ratio 
of 12 percent. If the percentage of tritons among the 
singly charged particles from air stars is taken to be 
between 7 percent and 16 percent, then the resulting H® 
production rate is between 0.30 and 0.70/cm? sec. The 
slow neutron reaction on Li® in the ocean gives less than 
10°° tritons/cm? sec; the capture of neutrons in deu- 
terium gives less than 510% triton/cm? sec; the re- 
actions of spontaneous fission neutrons on terrestrial 
material give less than 107" triton/cm? sec. The rela- 
tively low number of cosmic-ray primaries (about 
0.10/cm? sec) and their large energy make any appreci- 
able contribution by tritons in the primaries themselves 
unlikely. However, the possibility of the accretion of 
tritium from space cannot be completely ruled out. 
The two main processes, direct ejection from stars 
and reaction (1), give a total of between 0.4 and 0.9 


triton/cm? sec. This production takes place largely at 
altitudes in the atmosphere between 0.5- and 30-cm 
pressure. The tritium will be oxidized, swept down by 
rain, and then diluted in the ocean. The yearly precipi- 
tation”! over the oceans is 110 cm and over the con 
tinents is 66 cm. The ocean area is 71 percent of the 
earth surface; about 25 percent of the precipitation 


18 J. C. Wilson ef al., Progress in Cosmic Ray Physics (North 
Holland Publishing Company, Amsterdam, 1951). 

19 W. H. Barkas and H. Tyren, Phys. Rev. 89, 1 (1953). 

” M.G. K. Menon and O. Rochat, Phil. Mag. 42, 1232 (1951) 

21W. Gorczynski Comparison of Climate of U. S. and Europe 
(Polish Institute of Arts and Science in America, New York, 
1945), p. 71 
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over the continents flows into the ocean. Therefore, the 
precipitation per cm? per year going into the ocean is 
(110(0.71)+66(0.25) (0.29) ]}= 84 cm. On this basis rain 
should have on the average a H*/H! ratio between 2 and 
5X10~'8, in agreement with what has been found for 
Norwegian lake water.' This H* in rain goes into the 
ocean where it decays into He*. The average H*/H! 
ratio for ocean water is on this basis between 1 and 
2X10. 

During the course of time He’ builds up in the at- 
mosphere both by H* decays and by the direct ejection 
of He* from stars. The He’ star rate is approximately 
equal to that of H*®. Therefore, the He*® production rate 
is between 0.7 and 1.5/cm? sec. This is also the escape 
rate of He’ from the earth. Since there are 10° moles of 
He’ in the atmosphere,” the mean escape time of He? 
is between 3 and 6 million years. 

The escape of He* and of Het is determined by the 
temperature at the base of the exosphere. Estimates™ of 
the escape of He‘, based on the natural a decay in rocks 
and their erosion, give a mean escape time of Het 
of about 3X 10® years. The above escape times for He* 
and He’ are consistent with a temperature of 1500°K 
at the base of the exosphere.*4 If this temperature were 
as low as 1000°K and the He?’ escape time 3 million 
years, then He‘ cannot escape. On the other hand, if 
the escape is caused by high temperature in the exo- 
sphere for short periods of time (for example, tempera- 
tures above 2800°K), then the escape time of Het 
would be too close to that of He* to be consistent with 
the erosion of rocks. 

The author wishes to acknowledge the assistance and 
technical skill of Mr. D. Schwarzer who did a large 
share of the work. The author is also grateful to his 
friends in the Physics, Chemistry, and Reactor Depart- 
ments at Brookhaven for many helpful discussion. 

2G. P. Kuiper, The Atmospheres of the Earth and Planets 
(University of Chicago Press, Chicago, 1949). 

%F, A. Lindemann, Quart. J. Roy. Meteorol. Soc. 65, 330 
(1939). 


* Lyman Spitzer, Jr., 22 


p. 213 of reference 22. 
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The scintillation process has been studied in a number of systems involving a solid solution of an organic 
fluor in polystyrene or polyvinyltoluene. It has been determined that direct excitation of the solute by the 
ionizing radiation contributes a negligible amount to the observed scintillation for the concentrations 
studied. Fluorescence of the solvent followed by radiative transfer to the solute is a significant process, but 
the major fraction of the scintillation, in the more efficient systems, is transferred from the solvent to the 
solute by a nonradiative process. Comparison of optical data with data of pulse size vs concentration points 
to dipole-dipole interaction as a means of energy transfer. Comparison of results with alpha and beta par 
ticles shows that the same degree of quenching is present in the solvent for both types of excitation 


I. INTRODUCTION 


HE performance of liquid solution scintillators 
has been explained on the basis of energy transfer 
from the solvent to the fluorescent solute, followed by 
subsequent emission from the solute.' Upon the dis- 
covery of efficient plastic solid solution scintillators,’ 
the question was immediately raised as to whether the 
scintillation process in these materials involved a similar 
transfer of excitation energy from solvent to solute. 
Apart from the apparent similarity between the two 
types of scintillator, two significant differences have 
been noted: (1) About tenfold higher solute concentra- 
tions are required to reach maximum efficiency in the 
case of the solid solutions. (2) The solid solvent is 
noticeably fluorescent in pure form, whereas the pure 
liquid solvent is almost completely nonfluorescent. 


II. PREPARATION OF PLASTIC SCINTILLATORS 


The polystyrene scintillators whose performance will 
be described are prepared as follows: The styrene 
monomer is purified by multiple vacuum distillation. 
It is immediately poured into a Pyrex polymerization 
vial into which the desired amount of solute has previ- 
ously been weighed. No catalyst or plasticizer is em- 
ployed. The polymerization vial is then connected to a 
vacuum system. Dissolved gas is removed by repeated 
freezing and thawing under vacuum. The evacuated 
vial is sealed off and placed in an oil bath at 125°C, 
at which time the solute is completely dissolved by 
vigorous shaking. The polymer is hard in 24 hours but 
is left in the bath for 7 days to insure complete poly- 
merization. The scintillator, which is removed by crack- 
ing the vial, is then machined to a standard test cylinder 
13 inch in diameter by } inch long. Polyvinyltoluene 
scintillators were prepared by a similar procedure. 


1H. Kallman and M. Furst, Phys. Rev. 79, 857 (1950). 

2M. G. Schorr and F. L. Torney, Phys. Rev. 80, 474 (1950). 

‘ The solutes used were not additionally purified in this labora 
tory, but all were of a specially purified grade used for the growing 
of scintillation crystals. 


III. MEASUREMENT OF SCINTILLATION 
PULSE HEIGHTS 

The scintillator is bombarded with beta particles 
from uranium foil or alpha particles from Pu™*. The 
beta source is filtered with 0.010 inch of aluminum to 
remove alpha particles. The source is placed in a 
standard position so that the number of particles enter- 
ing the scintillator per unit time is always the same. 
The scintillations are detected by a type 5819 photo- 
multiplier, used with a linear pulse amplifier and a 
variable “bias” pulse-height selector. The pulse height 
is determined from the bias and amplifier gain settings 
required to count a certain fraction (approximately 
one-half) of the particles which enter the scintillator. 
The time constant of the photomultiplier anode circuit 
is sufficiently long that the scintillation decay time does 
not influence the pulse height. This method was checked 
against a more elegant method wherein the differential 
pulse spectrum of a monoenergetic source is obtained. 
Agreement between the two methods was within 2 per- 
cent. Reproducibility of the method used here was +1 
percent. For comparison, a very pure anthracene crystal 
of the same dimensions was used. All alpha- and beta- 
particle pulse heights are expressed relative to this 
crystal. 

IV. EXPERIMENTAL RESULTS 

Figure 1 shows the results of pulse-height measure- 
ments for beta-particle excitation of 9 polystyrene solid 
solution systems. Figure 2 shows the results with alpha 
particles with several of the same materials. Other 
results given will be explained in connection with the 
theoretical interpretation. 


V. INTERPRETATION 
A. The Scintillation Process 


In order to examine the scintillation process in a 
complex solution, it is helpful to recall some of the con- 
cepts used to describe the scintillation process in a 
pure material, for example, crystalline anthracene. 

The emission process involved in a scintillation is not 
different from that which takes place during ultraviolet 
luminescence. The emission spectra are generally the 
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hic. 1, Pulse height vs concentration for several polystyrene 
solid solution scintillators, using f-particle excitation. Pulse 
heights are given relative to an anthracene crystal “standard,” 
using a 5819 photomultiplier. No correction is made for the spec 
tral response of the photosurface 


same for both modes of excitation. In organic materials 
in particular, efficient ultraviolet luminescence is a 
necessary prerequisite for good scintillation efficiency. 
It is the excitation process which is vastly different and 
more complicated in the scintillation event. This dif- 
ference may be expressed briefly by stating that the 
scintillation pulse height will be proportional to the 
quantity Eq/w, where E is the energy lost by the charged 
particle in the scintillator, w is the average dissipated 
particle energy required to produce one excitation in 
the fluorescent state, and g is the fraction of ‘‘fluo- 
rescent”’ excitations which result in emission. Neglecting 
factors depending on the density of excitation, the 
quantity g should correspond exactly to the fluorescence 
quantum yield. Although it is assumed here that w is 
a constant, it may vary with energy. It suffices for the 


purposes of this discussion to use its average value for 


the energies involved 

Using the above simplified expression for the scin- 
tillation pulse size, the differences between a scintilla- 
tion and the corresponding ultraviolet luminescence 
are summarized in the parameter w. The linking to- 
gether of fluorescence and scintillation data is then 
primarily concerned with evaluation of the parameter w. 

It would be very desirable if w could be calculated 
from existing optical data. However, the chances for 
such a calculation at the present time are exceedingly 
small. Even if the original distribution of excited states 
were calculable, the fraction of higher states which 
decay into the fluorescent state is not known. 

As will be shown later, the effective value of g can 
be increased for some materials by the addition of a 
small amount of fluorescent impurity, and in some 
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cases may be made to approach unity, so that a limiting 
value of efficiency is approached, which is determined 
by the value of w’. 


B. Scintiilations in Solid Solution— Direct 
Excitation of the Solute 


Since pure polystyrene is a very inefficient scintil- 
lator, the simplest explanation of the large scintillations 
observed in certain of its solid solutions would be that 
the solute fluor is alone responsible for the scintillation 
effect and that the polystyrene is merely a convenient, 
but almost inert, vehicle for supporting the fluor, On 
the basis of the observed slope of the curves of pulse 
height vs concentration, this assumption would require 
of the fluor an efficiency several hundred times that of 
crystalline anthracene, and actually more than 100 
percent efficiency on an energy basis. Furthermore, the 
pulse size does not increase linearly with concentration 
but reaches a maximum or limiting value at very low 
concentrations. Although some direct excitation of the 
fluor must certainly occur, reasonable assumptions for 
its scintillation efficiency indicate that this process can 
account for at most a few percent of the observed pulse 
size over the range of concentrations studied. 

C. Emission from the Solvent— Radiative 
Transfer of Energy 


Koski! has shown that pure polystyrene does scin- 
tillate under x-rays, with an emission in the vicinity 
of 3000-3500A. 

With the kind assistance of Dr. Philip Yuster of our 
Chemistry Division, the fluorescence emission of poly- 
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Fic. 2. Pulse height vs concentration for several polystyrene 
{ solid solution scintillators, using alpha-particle excitation. 


4W. S. Koski, Phys. Rev. 82, 230 (1951). 
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styrene was measured in this laboratory, using a ‘‘front 
surface” excitation with 2537A ultraviolet. The spec- 
trum so obtained was similar to that measured by Koski, 
except that additional emission was observed down to 
2850A. The shortest wavelengths observed with ultra: 
violet excitation were undoubtedly self-absorbed in 
the measurement with x-rays, since the latter penetrate 
ihe sample about 100 times farther, and the absorption 
coefficient of polystyrene increases rapidly below 3000A. 

Figure 3 shows the emission spectrum obtained from 
polystyrene under ultraviolet excitation, together with 
the absorption spectra of several of the solutes used in 
these experiments. The absorption spectra of tetra 
phenylbutadiene and of diphenyloxazole were measured 
in cyclohexane solution. Other spectra shown are taken 
from the work of Friedel and Orchin.® 

Because of the observed luminescence of pure poly 
styrene and because of the observed fact that the 
solutes which gave the largest pulse heights were those 
which absorbed strongly in the region of polystyrene 
emission wavelengths, it was proposed by Koski that 
the large scintillation pulses observed may result merely 
from the absorption of the polystyrene emission by the 
solute and subsequent re-emission at a longer wave 
length. This would result in a reduction of self-absorp- 
tion in the scintillator as well as an increase in the 
photomultiplier response. (The photomultiplier sensi- 
tivity is low in the region of polystyrene emission.) It 
will be shown later that this process does indeed occur, 
but that it can account for no more than about 20 per 
cent of the observed increase in pulse size obtained by 
the addition of certain solute fluors. Radiative transfer 
of energy from solvent to solute, while not responsible 
for the major fraction of energy so transferred, is never 
theless of enough significance that it must be considered 
in any accurate interpretation of curves relating pulse 
size to fluor concentration. It is therefore of interest to 
consider the dependence of this effect on concentration 

Consider the scintillation produced by a beta particle 
of energy E which is completely absorbed in a pure 
polystyrene “‘scintillator’’ (containing no added fluor). 
The observed scintillation pulse size may be expressed as 


Vo= (E/wo)qu<ton)or, (1) 


where wo is the average dissipated particle energy re- 
quired to produce one fluorescent excitation in poly 
styrene, go is the fluorescence quantum yield for poly 
styrene, /o is the fraction of the emitted light which is 
transmitted by the scintillator to the photomultiplier 
cathode, n is the quantum yield of the photocathode, 
and v is an instrument factor, Ziving the number of 
pulse-height units corresponding to one photocathode 
electron. Since both fo and n are wavelength dependent, 
the product must be averaged over the emission spec- 
trum. (Averages are indicated by angular brackets.) 


5 R. A. Friedel and M. Orchin, Ultraviolet Spectra of Aromatic 
Compounds (John Wiley and Sons, Inc., New York, 1951). 
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Fic. 3. Emission spectrum of polystyrene and absorption spectra 
of solutes used 


When a soluble fluor is incorporated into the poly- 
styrene, the factor fo is replaced by a smaller quantity 
f; which is concentration dependent, as a result of the 
absorption of polystyrene emission by the solute. If the 
fraction of the total scintillation absorbed by the solute 
is f, and q; is the quantum efficiency of the solute, then 
a second term may be added to Eq. (1) to represent the 
“secondary” emission from the solute to give 

E 
gorl (tindot+Sgittin) |, (2) 


ra) 


where the subscripts 0 and 1 on the angular brackets 
indicate averaging over the solvent and solute spectra, 
respectively. 

The exact dependence of Eq. (2) on solute concentra- 
tion would be very difficult to calculate, since /, and / 
depend on concentration in a very complicated manner. 
However, it is observed in many cases that V approaches 
a limiting value at very low concentrations as a result 
of the fact that the polystyrene emission is completely 
absorbed by the fluor. The limiting value I’; is obtained 
from Eq. (2) by setting (/:m)»=0, f=1 to give 


Vp = (E/w)qogi(lin)s. (3) 


If g, is not too small, WV; will generally be larger 
than Vo as a result of the increase of /; and yn at longer 
wavelengths. For very pure polystyrene, a scintillation 
pulse height (relative to the anthracene crystal stand 
ard) of 0.025 is obtained. The highest value obtained 
for V, is 0.090, an increase of more than threefold. 
However, at concentrations large enough to produce 
nonradiative transfer of energy, relative pulse heights 
as high as 0.40 have been obtained with polystyrene 
and as high as 0.50 with polyvinyltoluene 
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Fic. 4. Pulse height vs concentration for solid solutions of 


tetraphenylbutadiene in polystyrene. Curves are normalized to 
coincide at zero concentration 


D. Evidence of Nonradiative Energy Transfer 


It is well known that energy migration can occur in 
solids without the intermediary of radiation.* However, 
previous experiments dealt with the crystalline state, 
whereas the materials used in these experiments are 


essentially amorphous. The present situation also 


differs from the case of energy migration in gases and 
liquids in that migration of the molecules themselves is 
not possible. The mechanism recently expounded in 


considerable detail by Férster? does not seem to require 
any particular state of aggregation, except that the 
intermolecular distances must be sufficiently small. It 
is described by Forster as an interaction of electric 
dipoles of the two molecules between which energy 
exchange occurs. 

Does the transfer of energy from solvent to solute in 
plastic solid solution scintillators involve some direct 
transfer mechanism such as that described above, or 
can the observed facts be adequately explained on the 
basis of radiation by the solvent and reabsorption in 
the solute? In order to answer this question, the follow- 
ing experiments were performed. 

A small disk, } inch in diameter by 0.006 inch thick, 
was cut from a sample of very pure polystyrene (con- 
taining no added fluor) prepared according to the pro- 
cedure described above. Spectrophotometric measure- 
ments showed the disk to have negligible absorption 
from 3000 to 4000A. When irradiated from one side 
with 5-Mev alpha particles, this polystyrene disk 
emitted pulses of ultraviolet light consisting of several 
hundred photons per pulse. 

When this disk, so irradiated, is brought into contact 
with a polystyrene solid solution scintillator, ultra- 
violet light from the disk is absorbed in the scintillator, 
thereby causing fluorescence of the solute. The alpha 
particles, on the other hand, are completely absorbed 

6]. Franck and R. Livingston, Revs. Modern Phys. 21, 505 


(1949). 
7 T. Forster, Ann. Physik 2, 55 (1948). 
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in the thin disk so that direct excitation of the solid 
solution is avoided. Since light absorption in the thin 
disk is small, the fluorescence spectrum incident on the 
scintillator is almost identical with that which would 
be emitted by the solvent if the alpha particles were 
incident directly on the scintillator. Therefore, if radia- 
tive transfer of excitation energy is the only significant 
process, the curve of pulse height vs solute concentration 
should be nearly the same whether the alpha particles 
are incident directly on the scintillator or on the pure 
polystyrene disk which is in contact with the scintilla- 
tor. The use of an aluminum reflector and of a silicone 
fluid for making optical contact further improved the 
optical efficiency. This experiment has been repeated 
many times, using various disk thicknesses and several 
different solid solution systems. Results typical of a 
system wherein the solute is a good absorber for poly- 
styrene radiation are shown in Fig. 4. 

it is immediately seen that the curves for directly 
and indirectly excited luminescence are greatly different 
in magnitude and character. The enhancement of pulse 
height obtained by adding the optimum amount of 
solute is fivefold greater for direct excitation than for 
indirect excitation. The concentration required for 
maximum pulse height is 30 times greater for direct 
excitation than for indirect excitation. Figure 5 shows 
the low concentration portion of these curves with the 
abscissa expanded by a factor of 20. It is seen that there 
is indeed a sharp rise corresponding to radiative transfer 
of energy at approximately the same concentration for 
both directly and indirectly excited luminescence. 

In order to further verify the existence of a non- 
radiative transfer process, measurements have been 
made of the rate of decay of luminescence for several 
concentrations of one of the systems under study. The 
scintillators were excited by a rectangular x-ray pulse 
of 10-m usec duration, according to a method previously 
described.’ The oscilloscope traces, recorded photo- 
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Fic. 5. Pulse height vs concentration of tetraphenylbutadiene 
in polystyrene, low-concentration data. Curves are normalized to 
coincide at zero concentration. 


*H. B. Phillips and R. K. Swank, Rev. Sci. Instr. (to be 
published). 
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graphically, are converted to tabular form by use of a 
photoelectric comparator. The data so obtained are 
plotted on semilogarithmic paper, and the decay con- 
stant is determined from the slope of the decay curve. 
When cascaded exponentia!s are involved in the scin- 
tillator decay, the resulting scintillation will have the 
form exp(t/71)—exp(t/r2). Unless 7; and r2 are nearly 
equal, the decay will revert to the longer period as / 
increases. Accordingly, the measurements made gen- 
erally correspond to the longer of the two cascaded 
lifetimes. 

If only radiative transfer of energy occurs, then as 
the solute concentration is increased, the solvent decay 
period will be cascaded with the fluor decay period for 
that portion of the scintillation which is reabsorbed. 
Under no circumstances could the measured decay be- 
come more rapid than the solvent decay. However, if 
direct transfer of the excitation occurs, the excitation 
lifetime of the solvent will be lowered accordingly. 
Then, if the fluor lifetime is smaller than that of the 
pure solvent, a decrease in the measured decay time 
will result. Figure 6 shows the results of such a measure- 
ment for tetraphenylbutadiene in polystyrene. These 
results seem to require the conclusion that a nonradia- 
tive process of energy transfer is operating in these 
solid solution scintillators. 


E. The Nonradiative Transfer Process 


Consider the form of the pulse height vs concentration 
data for a direct energy transfer process. Since the solute 
concentrations used in these experiments are generally 
less than 2 percent (molar), the contribution to the 
pulse height by direct excitation of the solute will be 
neglected. The amount of excitation energy which is 
transferred to the solute will be determined by a com- 
petition between this process and two other alternative 
processes: (1) quenching of the excitation in the sol- 
vent, and (2) emission by the solvent. If it is assumed 
that the probabilities of these three possible processes 
are the same for all excited solvent molecules, and ex- 
cluding the possibility of interactions between excited 
molecules, then the number of excited solvent molecules 
will decrease exponentially with time, and the number 
of such solvent excitations ultimately transferred di- 
rectly to the solute will be given by 


; E pt 
\ T= ( }) 


wo prt Pot be 


where p;, p,, and p, are the relative probabilities of the 
processes of transfer to the solute, quenching in the 
solvent, and emission from the solvent, respectively. 
The correctness of the assumption that p; is a constant, 
the same for all molecules, depends upon the exact 
nature of the transfer process. If the excitation remains 
fixed in a particular solvent molecule until one of the 
three processes occurs, then ; will indeed not be con- 
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ric. 6. Scintillation decay time vs concentration of tetraphenyl 
butadiene in polystyrene, under pulsed x-ray excitation. 


stant for all molecules but will be dependent upon the 
distance from the excited molecule to the nearest solute 
molecule. However, an equally likely possibility is that 
the excitation energy does not remain in a particular 
solvent molecule but is rapidly transferred from one 
solvent molecule to another until such time as one of 
the above three processes occurs. Under these condi- 
tions, the decay will be exponential, and the relation 
(4) will be strictly valid. 

Since the probability of trapping by the solute mole- 
cules will be proportional to the number of such mole- 
cules, p; can be replaced by ac, where @ is a constant 
and c is the molar solute concentration, Substituting 
this into Eq. (4) gives 
E ac E al 


Nr (5) 


Wo (Pat pe)tac wol boc 


F. Calculation of Pulse Height vs Concentration 
Curves 


Although it has not been possible to calculate the 
exact form of the pulse height vs concentration curve 
for the radiative transfer effect, it was found that for 
several systems, the absorption of polystyrene fluores- 
cence was nearly enough complete at very low concen- 
trations so that at higher concentrations the simple 
expression given by Eq. (3) could be used. Using this 
simplification and combining Eqs. (3) with (5) gives 


, ip qo oC 
V= alto i: ) 
Wo 1 + aC 1 + aC 


E got oO 
= atin ) (6) 
Wo 1+ 0 


The term (1+ 0c) in the denominator of the first term 
of the sum in Eq. (6) is necessary to account for the 
quenching of the polystyrene emission by the competing 
process of nonradiative energy transfer. 
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It is evident from Eq. (6) that at high concentrations 
where oc>>1, V will approach a limiting value. Although 
this condition will not be attainable in practice, it is of 
interest since it represents a limiting or extrapolated 
value of the pulse size, 

E 
qittin)iv. 


“’p 


The maximum possible pulse size obtainable for a 
given solvent will be obtained with a solute for which 
gi=1, (4in):=nmax, the peak quantum yield of the 
photomultiplier cathode. Results have been obtained 
with solid solutions of polyvinyltoluene which are 
within 20 percent of this maximum possible value. A 
further significant improvement in pulse size for a given 
energy could only be obtained by using a different 
solvent with smaller wo. In a sense, the function of an 
raise the effective 


efficient fluorescent solute is to 


quantum yield of the solvent. 
Since the individual parameters in Eq. (7) were not 
evaluated in these experiments, it suffices to substitute 


TaBLe I. Scintillation parameters for several solid solutions as 
determined from pulse-height vs concentration data. Values are 
obtained by fitting the experimental data to Eq. (9). Values in 
parentheses are only rough approximations. 


Solvent Solute qo o 


0.16 650 
0.21 730 
0.16 405 
0.16) (600) 
0.16 700 
0.18 350 
0.16 115 
(0.22) (150) 
O16 25 

(~0) 


Tetraphenylbutadiene 

Petraphenylbutadiene 

lerphenyl 
Quaterpheny!l 
Diphenyloxazole 
Stilbene 

Anthracene 
Naphthalene 
Diphenylbutadiene 
Biphenyl 


Polystyrene 
Poly vinyltoluene 
Polystyrene 
Polystyrene 
Polystyrene 
Polystyrene 
Polystyrene 
Polystyrene 
Polystyrene 
Polystyrene 


Kqs. (7) into (6) to obtain 
got a 
1+ 0c 


(8) 


ext 


Although the relation (8) fits the experimental data 
at moderately low concentration, it does not account 
for the falling off in pulse size at higher concentrations 
seen in Figs. 1 and 2. This falling off of pulse height at 
higher concentrations has also been observed for other 
types of scintillator. It is usually considered to be caused 
by a “‘self-quenching”’ between solute molecules. This 
well-known but little understood effect is very funda- 
mental to all types of fluorescent materials. In the case 
of liquid scintillators, the self-quenching may be ex- 
pressed by a factor of the form 1/(1+mc) in the pulse- 
height equation.' Although the self-quenching effect 
has not been studied extensively with regard to plastic 
scintillators, it has been found that when the above 
factor is included in the pulse-height equation, agree- 
ment with the experimental data is very good. Inclusion 
of this factor results in the following complete expres- 


sion for the pulse height: 


gotac 
ext ; 


1+ mc 


1+ oc 


G. Comparison of Theory and Experiment 


It has been found that by proper adjustment of pa- 
rameters, Eq. (9) can be made to fit all the experi- 
mental curves in Figs. 1 and 2. In some cases, the 
assumption of saturation of the radiative transfer 
effect at low concentrations is not entirely valid, so 
that the evaluation of the parameters in Eq. (9) was 
only a rough approximation. Also, in the case of 
quaterpheny], only a portion of the curve was accessible 
to experimental observation, because of the very low 
solubility of this fluor. 

Table I gives a summary of the parameters deter- 
mined by fitting Eq. (9) to the experimental data for 
beta excitation as given in Fig. 1. The value of Vex, 
the extrapolated pulse size, is given in terms of the pulse 
size from an anthracene crystal for the same beta- 
particle energy. 

Some agreement with the theory is seen in the fact 
that nearly the same value for go may be used for all 
systems having the same solvent. Also, the value of 
0.16 for go together with the value of 16 m usec for the 
decay time of pure polystyrene gives a value of 100 m 
usec for the emission lifetime of polystyrene, a value 
consistent with its very low absorption coefficient. 

It should be possible to compare the values of ¢ given 
in Table I with the values predicted by the theory based 
on a direct interaction of electric dipoles. It has been 
shown by Forster that the probability of such a transfer 
of excitation energy is proportional to the quantity 


e dy 
J = [ fo(va(y—, 
« y* 


(10) 


where /(v) is the quantum emission spectrum of the 
solvent, and ¢,(v) is the absorption spectrum of the 
solute, v being the frequency of the radiation. 

The probability of energy transfer is also propor- 
tional to the inverse sixth power of the distance between 
the two molecules. Surrounding each solute molecule 
is a sphere defined by the condition that the interaction 
probability with the solvent is equal to or greater than 
the probability of competing reactions. The volume of 
this sphere is proportional to y J. Accordingly, the 
quantity y¥/J which may be determined from optical 
data should be proportional to the parameter @ in the 
equation of pulse size vs concentration. 

Figure 7 shows a plot of the parameter o from Table I 
vs ¥ J determined from the optical spectra as shown in 
Fig. 3. Each point represents a different solute in poly- 
styrene. Although a precise straightline relationship is 
not obtained, the qualitative agreement with the theory 
is certainly more than accidental. Unfortunately, the 
errors in this type of experiment are rather large. 
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Perhaps the largest error stems from the fact that the 
absorption spectra used were measured{in various 
liquid solvents, rather than in the solid solution itself. 
This is necessary, of course, since the absorption spec 
trum of the solid solvent overlaps that of the fluors 
used. A second large error arises from the fact that the 
radiative transfer effect is not adequately accounted for 
in the simplified expression (9). It may be, of course, 
that fundamental errors exist in the basic assumptions 
made. Nevertheless, the definite qualitative agreement 
seen in Fig. 7 is a favorable indication of the correctness 
of the general concepts used. 


H. Results with Alpha Particles 


The interpretation given thus far has applied mainly 
to the results obtained with beta-particle excitation. 
After the success encountered in fitting Eq. (9) to the 
results with beta excitation, the same process was tried 
for the alpha-excitation data. Not only was a fit ob- 
tained for the alpha-particle curves, but surprisingly 
enough, only one of the parameters was different for 
alpha excitation than for beta excitation in any par- 
ticular case. This was the parameter m. go, a, and Vext 
are the same for either alpha-particle or beta-particle 
excitation when the pulse heights are expressed rela- 
tive to the standard anthracene crystal. This result 
appears to be in contradiction to some ideas generally 
held concerning the relation of scintillator efficiency to 
specific energy loss. 

It is generally known that the light output from or- 
ganic scintillators per unit energy absorbed is much 
smaller for alpha particles than for beta particles of 
comparable energy. This discrepancy is about a factor 
of ten for the energies used in these experiments. A 
theory was recently proposed by Birks® to explain this 
discrepancy and other related phenomena. The model 
proposed is based on an assumption of quenching by 
damaged molecules left in the wake of the charged 
particle. 

The results given here show that the ratio relating 
the alpha-particle efficiency to that for beta particles 
is very nearly the same for polystyrene as for anthra- 
cene. However, one would expect, on the basis of 
Birks’s theory, that the values of the parameters go 
and a, which are both related to the quenching lifetime 
of polystyrene excitation, would be greatly different 
(i.e., smaller) for alpha particles than for beta particles. 
The fact that these parameters are, to the accuracy of 
these experiments, the same for both alpha and beta 
excitation would indicate that the degree of quenching 
is the same in both cases. 

The competition between the processes of quenching, 
emission, and energy transfer takes place in the time 
interval from 10-% to 10-7 second after the exciting 
event. It must be, therefore, that the factor which deter- 
mines the lower efficiency for alpha particles operates 
at an earlier time. A possible explanation which could 


¥ J. B. Birks, Phys. Rev. 84, 364 (1951 
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Fic. 7. Plot of o, as determined from data of pulse height 2s 
solute concentration, against ¥J, determined from optical data 
by Eq. (10). Solutes represented by points are (1) biphenyl, 
(2) naphthalene, (3) anthracene, (4) diphenylbutadiene, (5) ter 
phenyl, (6) stilbene, (7) diphenyloxazole, (8) quaterphenyl, 
(9) tetraphenylbutadiene 


provide the dependence of scintillation efficiency on 
specific energy loss demanded by Birks’s theory but 
which would be compatible with the results described 
here, is that part of the fluorescent excitations produced 
by the alpha particle are quenched by the heat gen- 
erated in the center of the atpha-particle track. Because 
of the rapid dissipation of this heat, the quenching con- 
ditions would no longer exist after times as long as 10~* 
second. The net result would be to decrease the effective 
number of fluorescent excitations in the polystyrene 
without affecting the values of the parameters go and a. 

Some mention should be made of the different value 
of the self-quenching parameter m for alpha particles. 
This difference is not the same for all solutes. For ex 
ample, m,/mg is 3.3 for tetraphenylbutadiene, 1.3 for 
terphenyl, and 1.0 for stilbene. A similar difference is 
noted when curves for 8 excitation are compared with 
those for ultraviolet excitation, as shown in Fig. 3. 
Apparently, there is a tendency for m to increase with 
increasing excitation density. The factor m may actu 
ally consist of two components: a “true”’ self-quenching, 
and a self-quenching dependent on specific excitation 
density, arising from causes as yet unknown. 
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Photodisintegration of the Deuteron at 20 Mev* 
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Counter techniques have been applied to a study of the proton angular distribution in the photodisinte 
gration of the deuteron induced by bremsstrahlung photons from a betatron in the energy interval 18-22 


Mev 
The total cross section is also measured. 


INTRODUCTION 


HE photodisintegration of the deuteron at low 

energies has now been exhaustively studied,' and 
the agreement between theory and experiment is 
excellent. The process, on the other hand, is independent 
of the shape of the neutron-proton interaction and 
yields no new information other than verify the 
application of the effective range concept to the photo- 
disintegration experiments.” 

At intermediate energies (in the region where rela- 
tivistic effects are still small and free meson effects are 
not involved), accurate measurements of total cross 
section and angular distribution are sensitive to the 
details of the force law as regards shape of the po- 
tential, the percentage of charge exchange, and the 
nature of the tensor forces assumed. During the past 
few years several theoretical treatments of the problem 
have appeared, the salient results of which follow. 

In the energy region from 10 to 100 Mev, the photo- 
electric dipole transition from the *S, ground state to 


The measured distribution is given by A-+sin%#(1+28 cos6), with A=0.132+0.041 and 620.1. 


3Po1.2 states is the dominant transition. Using central 
forces only, Schiff* and Marshall and Guth‘ have shown 
that the Yukawa and exponential potentials yield about 
the same dipole cross section, though there is a pro- 
nounced dependence on the effective range and the 
percentage of exchange. The angular distribution has 
the form of sin’@. The electric quadrupole transition 
§S—4D, although not materially affecting the cross 
section, does alter the angular distribution by inter- 
ference with the *P waves to produce a fore-aft asym- 
metry given by sin*6(1+ 28 cos@), where B=[(hv—e) 

Mc? |!, hv= photon energy, e= deuteron binding energy, 
and M=mass of proton or neutron. Austern,® in cal- 
culating the effects produced by the inclusion of noncen- 
tral interactions, has shown that again the total cross 
section is not much affected, but an isotropic term is 
introduced into the angular distribution arising through 
the D-wave admixture in the deuteron ground state, 
but principally through the removal of the degeneracy 
in the *P; states in the outgoing waves. Thus an odd- 


TABLE I. Summary of previous measurements 


Author Mean y energy (Mev) 


Hough 6.13 (6.1 and 7) (F+p) 


17.6 (14.8 and 17.6) (Li+ p) 


Wilkinson and Carver : N'6 
F's 
Be® 
CB 
BU 
Li? 
Fuller 


Li?+p 
F9+ p 
(F+)p) 


14.8 and 17.6 
6.1 and 7 
6.14 and 7 


Waffler and Younis 

G. Goldhaber 

Phillips, Lawson, and 

Kruger 

Krohn and Shrader 11-13 Betatron 
6-8 

Gibson, Grotdal, 6.13 and 7 (F+p) 

Orlin, and Trumpy 


y's produced by 


Bremsstrahlung 
from betatron 


bremsstrahlung 


@ X10 cm? A 
+0.04 
? 

0.02 | 9.02 


+0.14 
0.02 "0.02 


Target and detector 
Emulsions 
Deuterium-loaded 7.24+1.5 
paraffin target 
Deuterium-filled ion 
chamber 


24.341.7 
21.941.0 


10.4+1.0 
7.74+0.9 
~0.05 
~0),2 
0.12+0.07 
0.15+0.06 


Deuterium gas and 
photographic emulsions 

Loaded emulsions 

Loaded emulsions 

Cloud chamber 


7.1241.5 
25.7414% 
0.24+0.07 


0.05+0.05 
0) 


Loaded emulsions 


Loaded emulsions 


* Supported in part by the Air Research and Development Command and the joint program of the U. S. Office of Naval 


Research and the U. S. Atomic Energy Commission. 


1 Bishop, Collie, Halban, Hedgran, Siegbahn, du Toit, and Wilson, Phys. Rev. 80, 211 (1950); Bishop, Halban, Shaw, and 


Wilson, Phys. Rev. 81, 219 (1951). 
2H. A. Bethe and C. Longmire, Phys. Rev. 77, 647 (1950). 
3L. I. Schiff, Phys. Rev. 78, 733 (1950). 
‘J. F. Marshall and E. Guth, Phys. Rev. 78, 738 (1950). 
5 N. Austern, Phys. Rev. 85, 283 (1952). 
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Fic. 1. General arrangement of apparatus showing beam collimator, proton detection assembly, and neutron monitor 


state noncentral interaction will affect the deuteron 
photodisintegration, though it has no strong influence 
on n-p scattering data.® The total angular distribution 
becomes A+sin?@(1+ 28 cos@). There will be a contri- 
bution to A arising from any vestige of the photo- 
magnetic cross section remaining at the energies being 
considered. 

Measurements of the cross section and angular 
distribution in the region up to 20 Mev have recently 
been made in several laboratories,” and the results 
are summarized in Table I. Although the total cross- 
section measurements show errors of the order of ten 
percent as a result of the small cross section for the 
reaction and the inherent difficulty in determining 
photon fluxes, the expected energy dependence is found 
and the results rule out a potential based on pure 
ordinary forces without exchange. The determination 
of the percentage of exchange in the central force 
requires greater accuracy. 

In the angular distribution measurements summar- 
ized in Table I, most observations have demonstrated 
the dipole-quadrupole interference term, and the per- 
centage of quadrupole interaction is in general accord 
with predictions. The isotropic term, however, remains 
in doubt. The general trend of the values seems con- 
siderably higher than can be explained along the lines 
of the theoretical treatment of Austern. 

All the angular distribution measurements in this 
energy region have been made using photographic 
emulsions as detectors for the photoprotons, and 
inadequate statistics have been the limiting factor. 


6R. S. Christian and E. W. Hart, Phys. Rev. 77, 441 (1950); 
K. M. Case and A. Pais, Phys. Rev. 80, 203 (1950). 

7P. V. C. Hough, Phys. Rev. 80, 1069 (1950). 

8 J. H. Carver and D. H. Wilkinson, Nature 167, 154 (1951). 

*k. G. Fuller, Phys. Rev. 79, 303 (1950). 

© Hf. Waffler and S. Younis, Helv. Phys. Acta 24, 483 (1951) 

" G. Goldhaber, Phys. Rev. 81, 930 (1951) 

2 Phillips, Lawson, and Kruger, Phys. Rev. 80, 326 (1950). 

‘8, V. FE. Krohn, Jr. and E. F. Shrader, Phys. Rev. 86, 391 (1952). 

4 Gibson, Grotdal, Orlin, and Trumpy, Phil. Mag. 42, 555 
(1951) 


Using ZnS detectors previously employed for study- 
ing photoprotons from other elements,'® we have applied 
counter techniques to the angular distribution in the 
D(y,p)n reaction induced by bremsstrahlung photons 
from a betatron in the energy interval 18-22 Mev in 
order to establish with greater certainty the value of 
the isotropic component. The total cross section is also 
obtained. The prior experience with the apparatus in 
determining proton angular distributions from elements 
with relatively high yields gave added confidence in its 
use with deuterium. 


APPARATUS AND PROCEDURE 

The apparatus, described in detail elsehhere,'®'® is 
shown in Fig. 1. Briefly, a strongly collimated brems 
strahlung beam of maximum energy 22 Mev strikes a 
25-mg/cm? deuterated paraffin target placed at a given 
angle (60 degrees) with respect to two identical ZnS 
scintillators diametrically opposite each other. The 
detectors subtend an angle of +5 degrees at the target. 
Between the target and detectors, and adjacent to the 
latter, are placed aluminum proton absorbers the 
details of which will be described below. The target 
and detectors rotate as a unit about the incident beam 
direction, the relative orientation of target and de- 
tectors remaining fixed throughout the experiment. 
After passing through the deuterated paraffin target, 
the bremsstrahlung beam strikes-a 2-g¢/cm? tantalum 
target contained in a neutron detection assembly, and 
the number of neutrons from the Ta(y,) reaction is 
used to monitor the bremsstrahlung intensity. 

The purpose of the aluminum foils between target 
and detector is to remove all protons produced by 
photons of energies less than 18 Mev, so that the effects 
observed are the result of a narrow band of photons in 
the 18-22-Mev interval of the bremsstrahlung. Because 
of the high carbon (y,p) threshold (18 Mev), no protons 


16 Mann, Halpern, and Rothman, Phys. Rev. 87, 146 (1952) 
\. K. Mann and J. Halpern, Phys. Rev. 82, 733 (1951 
'6 Halpern, Mann, and Nathans, Rev. Sci. Instr. 23, 678 (1952) 
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reach the detector as a result of the carbon in the 
deuterated paraffin target. The proton energy corre 
sponding to a photon of 18 Mev changes drastically 
with angle due to the center-of-mass correction (Fig. 2), 
ranging in energy from 8.90 Mev at 30° to 6.86 Mev 
at 150°. As a result, absorber thicknesses vary with 
angle 

Measurements were made simultaneously with the 
two identical ZnS detectors, each covering the region 
from 30 to 330 degrees. Data could not be taken in the 
intervals from 150 to 210 and from 330 to 30 degrees 
because in these regions the beam would strike the 
detector assembly. Outputs from the detectors were 
fed through cathode followers into model 100 amplitiers 
and then into ten-channel integral pulse-height selec 
tors. At each angular setting, integral bias curves were 
taken with a deuterated paraffin and then with a 
normal paraffin target of equivalent thickness to deter 
mine the background. After normalization to equal 
vield of neutrons from the beam monitor, background 
curves were then subtracted from those taken with the 
deuterated target as illustrated in Fig. 3 for one of the 
90° runs. The resultant curves were then extrapolated 
to zero bias for the final readings. The betatron was 
operated at the same output level for deuterated target 
and blank to insure that background arising from 
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cosmic rays and any light particle pileup would be 
canceled out completely. The useful counting rate at 
90° was 0.6 count per minute, and data collection for 
six months yielded approximately 10 000 useful counts 
at ajl angles. Two separate deuterated paraffin targets 
were used, and results were compared. 


CORRECTIONS AND ERRORS 
(a) Finite Thickness of Target 


Since the relative orientation of target and detectors 
remains fixed as the angle of detection of photoprotons 
is varied, differential proton absorption in the target 
should be the same for all angles. This would be strictly 
so were it not for the change in proton energy in the 
laboratory system with angle and the resultant change 
in proton energy loss in the target. The aluminum foils 
between target and detector were so chosen that at a 
given angle a proton leaving the center of the target 
would not reach the detector unless produced by a 
photon of energy exceeding 18 Mev. Protons reaching 
the detector from the front half of the target would 
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Fic. 3. Integral bias curves for the ZnS detectors taken with 
deuterated paraffin target and with normal paraffin target for 
the 90° angle. The difference curve is then extrapolated to zero 
bias to determine counting rate 


contain a portion produced by lower-energy protons; 
and conversely some of the protons produced by 
photons exceeding 18 Mev would be absorbed if origi- 
nating from the back half of the target. Figure 4 
illustrates the effect quantitatively for the two extreme 
angles of 30° and 150°. The area under the solid curve 
of the figure represents the relative number of protons 
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to be expected for an infinitely thin target. It is the 
product of the bremsstrahlung energy dependence 
(Schiff spectrum) and the photodisintegration cross- 
section energy dependence (Bethe-Peierls expression), 
cut off at 18 Mev. The two different cashed curves 
show how the area is modified for target absorption at 
the 30° and 150° angle settings. For each angle, the 


added protons from the front half of the target almost 
compensate the loss of protons from the back half. 


Figure 5 gives the calculated correction factor as a 
function of angle. Since this correction factor never 
exceeds 3 percent, application to the data should elimi 
nate target thickness affects to the order of 1 percent. 


(b) Geometric Factors 


Since the target changes its orientation with respect 
to the x-ray beam as the detection angle is varied, the 
25 Ba 2s 6d Be 2 a 
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Fic. 4. Curves illustrating etiect of finite target thickness 
lhe straight lines represent fraction of protons absorbed in target 
at a given energy. 


effective target thickness varies with angle. To normal- 
ize the data to the same effective target thickness with 
the degree of precision necessary and to assure that the 
center of the x-ray beam passed through the axis of 
rotation of the rotating unit, optical and photographic 
methods were used in the manner described in reference 
15. Angles between beam and target were known to 
+(0.5 degree, and angles between beam and detectors 
to +2 degrees. 

As the angle between target and incident beam is 
varied, the source of photoprotons changes shape from 
a circle of diameter 7 mm (when the target surface is 
perpendicular to the beam direction) to an ellipse of 
eccentricity two (when angle between target surface 
and beam is 30 degrees). This produces only second- 
order changes in the solid angle but requires that the 
target be uniform in thickness over a 14-mm diameter. 
The experiment was performed using two targets pre 
pared from deuterated wax obtained from different 
producers and results were the same within statistical 
uncertainties. The 30-degree and 150-degree data were 
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taken with the target perpendicular to the beam and 
repeated with the target 30 degrees to the beam. 
After target thickness normalization, the results again 
agreed. 

The finite angle subtended by the 
introduce an added symmetric term in any angular 
correlation measurement, the correction increasing as 
the detector angular size increases. Since this is a 


detectors will 


constant term, its importance depends on the observed 
percentage of symmetric component in the angular 
distribution. Using the method of Frankel,'? we have 
calculated this effect and find that it amounts to only 
2 percent of the measured symmetric component for 
the geometry of this experiment. Similarly, scattering 
in the aluminum absorbers can be neglected especially 
since they have been placed as close to the ZnS screens 
as possible to minimize the effect. 

To convert all data into center-of-mass 
correction must be made for change of center-of-mass 
solid angle with setting of detector. This correction 
amounts to approximately +12 percent over the angles 
of detection employed. Similarly, conversion of labora 
tory angles to center-of-mass angles results in a maxi- 
mum angular shift of approximately 3 degrees. 


system, 


(c) Energy Control 


Reference to Fig. 4 shows that the photoproton yield 
is sensitive to the maximum bremsstrahlung energy, 
which must be maintained constant throughout the 
experiment. Energy instability in operation of the 
betatron will be reflected in an instability in the useful 
photon flux. The betatron energy can be maintained 
to an accuracy of +0.1 Mev over long time intervals, 
as was indicated by periodic checks of the energy scale 
through measurement of photoneutron threshold of 
bismuth during the course of the experiment. Errors 
arising from energy fluctuations are to a large extent 
compensated by the use of the Ta(y,2) beam monitor, 
for as the maximum bremsstrahlung energy increases, 
the (y,v) yield from the monitor also increases and the 
photoproton yield from the deuterated paraflin remains 
essentially constant when normalized to a given number 
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of neutrons from the monitor. Figure 6 shows the 
monitor yield in neutrons per roentgen as a function of 
betatron energy, the betatron beam being also moni- 
tored by an ionization chamber and current integrator 
calibrated in roentgen. To test the compensation 
against energy fluctuations, the 90° proton yield per 
neutron was measured for a betatron energy of 22 Mev 
and 22.2 Mey, and variations were within the error of 
the experiment. Despite this, no data were used in 
which the monitor neutron yield per roentgen showed 
appreciable deviations from the statistical average. 


(d) Errors Affecting Total Cross Section 


For the determination of the value of the total cross 
section for the reaction, several additional uncertainties 
(that do not influence the angular distribution results) 
become important. The most serious of these is the 
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uncertainty in the determination of the exact number 
of photons in the portion of the bremsstrahlung used. 
This measurement involves the conversion of the re- 
sponse of an R thimble imbedded in Lucite into energy 
units to compute the total photon intensity in the 
betatron beam,!* and then involves the detailed shape 
of the bremsstrahlung distribution to calculate that 
portion of the beam in the energy interval between 18 
and 22 Mev.'* Without better measurements of the 
energy content of the beam, it would be difficult to 
estimate the photon intensity to better than 20 percent. 
Future contemplated calibrations with a pair spec- 
trometer should, however, improve the quoted total 
cross-section value. 

An additional uncertainty arises from the assumption 
that the ZnS screens have an efficiency of 100 percent 
for the detection of low-energy protons. From com- 
parison of photoproton yields, measured in other ele- 
ments, using the ZnS detectors with data taken using 
photographic plates and radioactive techniques, the 
ik iar an oe 8 
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sin’ axis gives value of symmetric component in angular distri- 
bution. 


efficiency of the detectors is believed to be 100 percent 
to within an accuracy of 5 percent. 

Other uncertainties, such as number of deuterium 
atoms in the target and exact solid angle subtended by 
the detectors, should be negligibly small compared 
with the above. 


RESULTS AND DISCUSSION 


Some five thousand useful counts were recorded at 
all angles from the two detectors in one experiment, 
and then the runs were repeated using a second deuter- 
ated paraffin target for a total of ten thousand counts. 
Figure 7 shows the resulting angular distribution 
observed by combining the results from both targets 
and both detectors. The data at 90° taken with the 
individual detectors agreed within 5 percent, while the 
two separate runs with different targets agreed within 
3 percent. 

18 Johns, Katz, Douglas, and Haslam, Phys. Rev. 80, 1062 


(1950). 
19 L. I. Schiff, Phys. Rev. 70, 87 (1946); 83, 252 (1951). 





PHOTODISINTEGRATION 


The curve drawn through the experimental points in 
Fig. 7 has the form 


f (0) = A+sin’O(1+ 26 cos), 


with A=0.132+0.041 and 6=0.1. Fitting the above 
parameters to the data was done in the usual manner 
of folding the observed angular readings about 90° as 
illustrated in Fig. 8, in which 


(6) = 3[f(0)+ f(189°—@) |= A+sin’0 


is plotted against sin*@. The resulting points should fall 
on a Straight line whose intercept with the sin’@ axis 
gives the value of A independent of the value of 8. 
The straight line drawn through the data of the figure 
is determined by the method of least squares. The 
observed value for A is consistent, for the most part, 
with previous observations of less accuracy at slightly 
reduced energies. 

Similarly, 8 can be determined independent of the 
assumed value for A by plotting /(@)—/(180°—é) 
against sin’*@ cos#. The determination of 8 is subject to 
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considerably greater statistical uncertainty. Its order 
of magnitude does, however, agree well with what 
should be expected at these energies and represents an 
additional check on the experiment. 

Integration of the angular distribution leads to a 


value of the total cross section, 
o=5.4 10-78 cm’. 


The uncertainty in the total cross section is large, and 
its agreement with the calculated value of Marshall 
and Guth for 50 percent exchange (5.5 10~** cm?) is 
fortuitous. 

The size of the isotropic term A in the measured 
angular distribution can arise only from the noncentral 
part of the neutron-proton interaction. Austern has 
attempted to estimate the quantitative effects resulting 
from the noncentral potential on the isotropic term 
and has shown that the results are sensitive to both 
the shape and percent of exchange in the tensor term. 
The calculations are not of sufficient accuracy to permit 
further conclusions at this time. 
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The Excitation Function for the Al’ (d,ap)Na*' Reaction* 
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The absolute cross section for the Al?"(d,ap)Na*™ (7y=15.1 hr) reaction has been measured as a function 
of deuteron energy from the threshold to 190 Mev. Targets were irradiated on the Berkeley 60-inch and 184 
inch cyclotrons. The observed threshold is 11.0+0.5 Mev; and the excitation function has a pronounced 
peak of 53 millibarns at approximately 22 Mev, falls to a broad minimum of 18 millibarns in the region of 60 
Mev, and then rises slowly to 22 millibarns at 190 Mev. 


INTRODUCTION 


HE excitation function for the Al*?(d,ap)Na™ 

reaction has been measured as a function of 
deuteron energy from the threshold to 190 Mev by the 
stacked foil technique. The absolute cross section for 
the reaction as a function of energy is of particular 
interest since the Na™ induced in aluminum foils 
irradiated concurrently with targets in the internal 
circulating beam of the Berkeley 184-inch frequency- 
modulated cyclotron can be used to monitor the deu- 
teron beam where direct measurement is not possible. 
Na” has a convenient half-life (15.1 hours)! for counting 
and is the principal activity produced by high energy 
deuteron bombardment of aluminum. F'5(7;= 112 min) 
is the major interfering nuclide,’ and this activity has 
decayed sufficiently 8 to 10 hours after bombardment 
that it is no longer detectable. 


* This work was done under the auspices of the U. S. Atomic 
Energy Comission. 

1 J. H. Sreb, Phys. Rev. 81, 469 (1951). 

2F. O. Bartell and S. Softky, Phys. Rev. 84, (1951). 


The excitation function has been measured previously 
for the energy region of interest,’ but in these experi- 
ments no attempt was made to correct for losses of beam 
due to multiple Coulomb scattering and nuclear ab- 
sorption, and errors due to loss of Na™ by recoil or Na™ 
induced by stripped and high-energy neutrons formed 
in the process of degrading the deuteron energy by the 
use of copper absorbers. 

The absolute cross section of the Al*?(d,ap)Na™ 
reaction has previously been measured for 190-Mev 
deuterons ;' but in view of the importance of the ab- 
solute value for the cross section, this measurement 
was repeated. 

PROCEDURE 
Irradiations 


Targets for the Berkeley 184-inch cyclotron were 
irradiated in the internal circulating beam and in the 


3W. W. Meinke, Ph.D. thesis, University of California, (un 
published). 
4H. Hubbard, Phys. Rev. 75, 1470 (1949). 
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internal and external electrostatically deflected beam 
for the energy region from threshold to 190 Mev. 

The targets for the internal circulating beam were 
1- and 2-mil aluminum foils about 1.5 cm long and 0.5 
em wide with 1-mil aluminum guard foils. The alumi- 
num foils were clamped in target holders which were 
attached to the movable probe head of the cyclotron, 
and the bombarding energies were adjusted by fixing 
the radial distance of the target from the origin of the 
beam. Since degradation of the energy and intensity 
of the high-energy deuterons in passing through these 
foils is essentially negligible, the targets could be con- 
sidered as thin targets. The beam intensity was approxi- 
mately 1 microampere. 

The targets for the internal and external electro- 
statically deflected beam were circular 1- and 2-mil 
aluminum foils of sufficient diameter that any scattered 
beam would be incident upon each foil. The relative 
cross sections for the energy region from threshold to 
190 Mev were determined by interspersing the alumi 
num foils between copper absorbers used to degrade 
the energy of the incident deuterons. The aluminum 
target foils were placed between aluminum guard foils 
to protect the targets from recoils from the copper® 
and to make corrections for loss of Na** due to recoils® 
unnecessary. Aluminum foils were placed beyond the 
range of the deuterons in order that corrections could 
be made for Na™ induced by high-energy neutrons. 
For the absolute cross-section measurements of the 
Al’?(d,ap)Na™ reaction at 190 Mev, the irradiations 
were done in the external electrostatically deflected 
beam. Single foils with guard foils were irradiated and 
the beam intensity measured by a Faraday cup arrange- 
ment as discussed in the section on beam current 
measurements. Collimators of }-inch diameter were 
used, and the intensities were approximately 10~? and 
10-4 microampere in the internal and external electro- 
statically deflected beams, respectively. 

The bombardments on the 60-inch cyclotron were 
done in the deflected beam and a $-inch collimator was 
used. The_beam intensity was approximately 1 micro- 
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Fic. 1. Effect of sample thickness on counting rate 
5 R. E. Batzel and G. T. Seaborg, Phys. Rev. 82, 607 (1951) 
6S. Fung and I. Perlman, Phys. Rev. 87, 623 (1952). 
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ampere, and irradiations covered the energy region 
from threshold to 19 Mev. 


Absolute Beta Counting 

The foils were counted on an end-window, argon- 
filled, chlorine-quenched Geiger counter tube used in 
conjunction with a scaling circuit. All samples were 
counted on “infinite”? aluminum backing. The counting 
yield of the particular working arrangement was deter- 
mined relative to a 44 geometry counter. 

The following procedure was used in determining 
the counting yield. The disintegration rate of an aliquot 
from a standard carrier-free solution of Na** was meas- 
ured in the 4% geometry proportional counter. Equal 
aliquots of this standard solution were placed in solu- 
tions containing varying amounts of NaCl carrier, 
the NaCl precipitated and placed on 1-cm* aluminum 
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Excitation function for the Al??(d,ap) Na? 
reaction, threshold to 19 Mev. 


Fic, 2. 


plates. The plates were counted in the working arrange- 
ment, and in this way the counting yield was determined 
as a function of sample thickness. In order to check 
these determinations, a stack of aluminum foils of 
varying thicknesses were irradiated with a well-colli- 
mated beam of 190-Mev deuterons, and the apparent 
specific activity measured as a function of sample 


thickness. The results of this determination were 
normalized to those from the NaCl measurements. As 
can be seen from the results in Fig. 2, the shape of the 
curve of counting rate as a function of sample thickness 
is the same for aluminum as it is for NaCl within ex- 
perimental error. The NaC] data in Fig. 1 were normal- 
ized to a weightless aliquot of the carrier-free solution 
of Na* counted on infinite aluminum backing. 


Beam Current Measurements 


The absolute cross section measurements at 190 Mev 
were made in the externally deflected beam of the 184- 
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inch cyclotron. Aluminum foils sandwiched between 
guard foils were placed on the face of the Faraday cup 
which was used to measure the amount of beam in- 
cident upon the target. The Faraday cup and vacuum 
system was the same as that used by Peterson ef al.” 
in determining the C"(p,pn)C" cross section. The only 
difference in experimental arrangement was the in- 
tegrating system, which in this case employed a vacuum- 
tube electrometer instead of a slide-back voltmeter to 
indicate voltage across the integrating capacitor. 

Capacitors used for current integration were poly- 
styrene dielectric units of very high leakage resistance, 
calibrated to better than 1 percent by both ac and de 
methods. The vacuum-tube electrometers were standard 
Radiation Laboratory circuits of the self-balancing 
type, having grid currents of approximately 107'® amp, 
whose output actuated a Leeds and Northrup ‘“‘Speedo- 
max” recorder. When the recorder pen reached full- 
scale deflection, a remote relay momentarily shorted 
the input capacitor. Thus, even on long runs the voltage 
across the integrating circuit was never very great. 
Using conventional techniques, this voltage measuring 
system was calibrated to better than 1 percent. 

A conventional Faraday cup arrangement was used 
for the 19-Mev measurements on the 60-inch cyclotron. 
The Faraday cup was evacuated to the same pressure 
as the cyclotron vacuum system, approximately 2 107° 
mm, and the field from the cyclotron magnet at the 
position of the Faraday cup was about 8000 gauss, 
easily precluding errors due to secondary electron 
emission. Because of the higher beam currents available 
for these measurements, a simpler beam integrator 
was employed. This system used a biased trigger circuit 
to actuate the capacitor shorting relay, indicating the 
number of operations on an electromechanical impulse 
register. Although differing in some details, the system 
resembled the combined current indicator and integrator 
described by Higinbotham and Rankowitz.* The limit 
of error in beam measurements on both cyclotrons has 
been taken as 1 percent, although both integrators 
were calibrated more accurately than this figure. 


RESULTS 


rhe absolute cross section for the Al*’(d,ap)Na™ 
reaction was found to be 22 millibarns for 190-Mev 
deuterons and 36 millibarns for 19-Mev deuterons. 
The excitation function for the energy region from 
threshold to 19 Mev is shown in Fig. 2, and the complete 
excitation function curve is shown in Fig. 3. 

The values of the cross section for the excitation func- 
tions were corrected for neutron background, and in 
the case of the 184-inch bombardments, for nuclear 
absorption of the deuteron beam. The degradation of 
the deuteron beam intensity as a function of distance 
traversed in the absorber stack was calculated by as- 

’ Aamodt, Peterson, and Phillips, Phys. Rev. 88, 739 (1952). 
aan A. Higinbotham and S. Rankowitz, Rev. Sci. Instr. 22, 688 
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Fic. 3. Excitation function for the AP"’(d,ap)Na™ reaction 
suming that copper has an effective cross section of 1.6 
barns for deuterons. The neutron background for the 
60-inch cyclotron determinations was assumed to be 
constant throughout the stack and was resolved on 
this basis. 

For the 184-inch cyclotron measurements the contri 
bution of the neutron induced activity was resolved 
by two methods. In one series of experiments the rela- 
tive excitation function for the formation of F'* from 
aluminum was measured by the stacked foil technique. 
The neutron contribution to the formation of F'* was 
found to be negligible, undoubtedly because of its high 
threshold for formation (approximately 50 Mev).* 
The only assumption necessary for obtaining a good 
relative excitation function for the reaction was the 
cross section for nuclear absorption of the deuteron 
beam. The ratio of F'* to Na™ counts per minute formed 
by deuteron irradiation was then measured as a function 
of energy from 50 to 190 Mev by bombarding thin 
targets in the internal circulating beam where the 
neutron background is unimportant. Thus, the cross 
section for formation of Na* was measured as a func- 
tion of energy in terms of observed counts of F'* with 
no attempt being made to correct the observed F'* 
counts to number of atoms formed, and with essentially 
no neutron background present. The second method 
was the actual resolution of the neutron background 
from the observed activity by assuming that the activ- 
ity in the aluminum foils placed beyond the range of 
190-Mev deuterons was induced by stripped and knock- 
on neutrons with a strong forward component of mo- 
mentum formed with a constant cross section and ab- 
sorbed with a 1-barn cross section by the copper. As 
can be seen from the results in Fig. 3, the cross sections 
determined by the two methods checked very well. 

The peak of the excitation function from 20 to 25 Mev 
is inherently ill-defined for two reasons; first, the distri 
bution in energies due to straggling of the deuterons 
after their passage through sufficient absorber to cut 
the energy to 25 Mev, and secondly, the initial energy 
spread of the external deflected deuteron beam. For 


example, an initially monochromatic beam of 190-Mey 
deuterons would have a mean square fluctuation in 
energy of about 4 Mev at 20 Mev. An initial energy 
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uncertainty of 2 Mev would lead to an energy difference 
of 20 Mev at an energy of 20 Mev and an energy dif- 
ference of 6 Mev at 50 Mev. 

As stated above, the energy scale at energies below 
50 Mev, because of the uncertainty in incident deuteron 
energy, is subject to serious question. In order to re- 
move the ambiguity in the deuteron beam energy, the 
energy scale was fixed by fitting the low-energy side 
of the excitation function peak to the curve resulting 
from the measurements on the 60-inch cyclotron. Cal- 
culations showed that an assumed incident deuteron 
energy of 190 Mev gave the best fit to the data in the 
low-energy region. 

The threshold for the reaction has been measured 
previously® and is in agreement with the threshold 
(11.0+0.5 Mev)_observed in the 60-inch cyclotron 
irradiation. 


DISCUSSION 


It is difficult to understand the large disagreement 
between the results of this work (22 millibarns) and the 
reported value (48 millibarns)* for the absolute cross 
section measurement of the Al*’(d,ap)Na™ reaction at 
190 Mev. However, the details of the previous work 
were never published, and it is felt that the errors in- 
herent in the present measurements are considerably 
less than +10 percent. 

Clarke® has shown that the shape of the Al®’(d,ap) Na™ 
excitation function in the energy region from threshold 
to 14 Mev is that expected by compound nucleus forma- 
tion with the subsequent evaporation of the proton 


9F. T. Clarke, Phys. Rev. 71, 187 (1947). 
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and alpha particle. The shape of the excitation function 
from 14 Mev on up to 40 Mev is still characteristic 
of compound nucleus formation. Undoubtedly, how- 
ever, there is some contribution to the reaction in 
this energy region due to electrical’ and mechanical"! 
stripping of the deuteron with the neutron of the 
deuteron causing an Al??(n,@)Na™ reaction. 

Above 40 to 50 Mev, compound nucleus formation 
becomes relatively less important, and single nucleon- 
nucleon collisions (including stripping followed by emis- 
sion of nucleons) become important. At 60 Mev, the 
proton of the deuteron has sufficient energy to produce 
Na™ by the Al?’?(p,3p2)Na™ reaction.” This is true at 
deuteron energies below 60 Mev but with lower proba- 
bility due to the momentum of the proton within the 
deuteron. The increasing probability, as the energy 
of the deuteron increases, that either nucleon of the 
deuteron can leave sufficient excitation energy with the 
nucleus to cause Na*™ to be formed by the emission of 
single nucleons from the excited nucleus, probably 
accounts for the rise in cross section with deuteron 
energy above 60 Mev. 

We wish to thank Mrs. E. B. King and Mr. G. H. 
Coleman of the Nuclear Chemistry Group for their 
assistance in the counting and in the determination of 
the counting yield of Na™. We also wish to thank 
Mr. James T. Vale and the group operating the 184- 
inch cyclotron, and Mr. G. B. Rossi and the group at 
the 60-inch cyclotron for the irradiations performed in 
the course of these studies. 


10S. M. Dancoff, Phys. Rev. 72, 1017 (1947). 
1 R. Serber, Phys. Rev. 72, 1008 (1947). 
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Characteristic x-rays produced when protons of 1.7- to 3-Mev energy are stopped in thick targets of Mo, 
Ag, Ta, Au, and Pb have been studied using a Nal scintillator. AK and L radiation for the three heavy ele 
ments produced well-separated differential pulse-height peaks, while only the A radiation was detectable for 
Mo and Ag. Cross sections for K ionization have been calculated, with corrections for the Auger effect, and 
compared with the theory. Ratios of experimental to theoretical cross sections vary from one to four, with 
good agreement for the light elements and low proton energies. The measured cross sections at 2.4-Mev pro 
ton energy are 11, 3.0, 0.036, 0.016, and 0.010 barns for Mo, Ag, Ta, Au, and Pb, respectively 


I. INTRODUCTION 


HE ionization of an atom through removal of an 

electron from an inner shell by the impact of a 
heavy particle (proton, deuteron, alpha particle) and 
the subsequent emission of an x-ray has received spor- 
adic attention since Chadwick and others in 1913 first 
observed and identified the characteristic x-rays of 
several elements exposed to alpha rays. A thorough in- 
vestigation of inner shell ionization in various elements 
by alpha particles from a polonium source was pub- 
lished in 1928 by Bothe and Franz! where references to 
the older work are also found. They used a Geiger 
counter to measure excitation functions up to an energy 
of 5.1 Mev. K-, L-, and M-shell x-rays were observed 
from elements with Z=12 to 30, Z=34 to 79, and 
7 = 83, respectively. An absolute cross-section measure- 
ment, using an ionization chamber, was made only for 
the A radiation from aluminum. Since this method was 
not sensitive enough to be applied to the considerably 
weaker x-ray intensities from elements of higher Z, all 
the other cross-section values in Bothe’s paper are only 
estimates which lead to the qualitative conclusion that 
the probability of x-ray excitation falls rapidly with in- 
creasing Z. For each element the cross section was 
shown to increase approximately as the 4.5th power of 
the incident energy. Comparing pairs of elements whose 
K- and L-absorption edges were about the same they 
found the x-ray intensities of the member of each pair 
to be approximately equal. 

Cork? in 1941 used deuterons with energies up to 10 
Mev and examined the blackening of photographic 
plates by x-rays from thirty-eight elements. While the 
qualitative features of Bothe’s conclusions were re- 
produced, i.e., increase of cross section with increasing 
energy and decreasing atomic number, no accurate 
quantitative results were presented. 

With protons as the incident particles the first suc- 
cessful experiments were performed by Gerthsen and 

* Supported by the U. S. Atomic Energy Commission. 

t Now at the University of Minnesota, Minneapolis, Minnesota 


1 W. Bothe and H. Franz, Z. Physik 52, 466 (1928) 
2 J. M. Cork, Phys. Rev. 59, 957 (1941). 


Reusse*® after Barton’ had vainly searched for x-rays 
produced by low energy protons. They used protons 
with energies between 30 and 150 kev and, with a 
Geiger counter, observed the K radiation from Al and 
M¢g as well as Z radiation from Se. Excitation functions 
were measured, and an absolute cross-section measure- 
ment for the A radiation from Al with an incident 
proton energy of 132 kev was later added by Peter.® 
(Jualitatively, the results were the same as those of 
Bothe and Friinz. 

Livingston, Genevese, and Konopinski® finally used 
protons up to 1.72 Mev. With an ionization chamber 
they measured the intensity as a function of Z (Z7=12 
to 42 for K-, Z=42 to 82 for L radiation) and esti- 
mated the order of magnitude of the cross sections. 

Related to the phenomenon under discussion here is 
the A-shell ionization accompanying the decay of 
a emitters such as Po*!’, where the @ particle ionizes 
directly the atom from which it has been emitted. 
Most recently Barber and Helm’? have investigated this 
effect for which theoretical probabilities were worked 
out by Migdal.® 

In the present experiments the use of a Nal scintilla 
tion counter as a detector of x-rays permits the study 
of the K radiations from elements above Z=42 and of 
the Z radiations from several of the highest Z elements 

all hard enough to be detected by the crystal, and, 
in the case of K radiation, too weak in intensity to have 
been measured by previous workers. 

Theoretical predictions for the cross sections to be 
expected for the A-shell ionization by slow protons and 
alpha particles were made by Henneberg?® in 1933. While 
all previously reported cross sections were, within the 
rather large experimental uncertainties, in agreement 
with Henneberg’s nonrelativistic theory, the present 
deviations from the calculated cross 


data indicate 


3(. Gerthsen and W. Reusse, Physik Z. 34, 478 (1933) 

4H. A. Barton, J. Franklin Inst. 209, 1 (1930). 

§ Otto von Peter, Ann. Physik 27, 299 (1936). 

6 Livingston, Genevese, Konopinski, Phys. Rev. 51, 835 (1937). 
7, W. Barber and R. Helm, Phys. Rev. 86, 275 (1952) 

* A. Migdal, J. phys. (U.S.S.R.) 4, 449 (1941) 

*W. Henneberg, Z. Physik 86, 592 (1933), 
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Fic. 1. Arrangement of target and scintillation detector 
sections, particularly for high atomic numbers. Al- 
though we have measured several cases of L-shell 
ionization, the corrections attributable to absorption 
are very large so that more refined measurements are 
needed in order to obtain reliable values of cross sec- 
tions. Furthermore there are no published theoretical 
calculations. 


Il. EXPERIMENTAL ARRANGEMENT 


Figure 1 shows the arrangement of target and de 
tector. The former was placed at an angle of 45° to the 
proton beam from the Van de Graaff accelerator and 
consisted of a flat plate held against an O-ring seal by 
atmospheric pressure. The x-radiation produced in the 
target passed through the 0.010-in. aluminum side 
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ic. 2. Thick target counting rates vs discriminating bias at 
proton energy 2.40 Mev. Rates are uncorrected for target and 
Al-air absorption. Scaler setting and current integrator charge are 
designated on each curve 
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window to the Nal scintillator two feet from the 
target. This crystal, of diameter 143 in. and thickness 3 
in., was manufactured and canned by the Harshaw 
Chemical Company. The aluminum can walls were 
0.025 in. thick. A Lucite light pipe 4 in. long coupled 
the crystal to the 5819 phototube. 

Pulses from the phototube were fed through a cathode 
follower preamplifier, A-1 linear amplifier, and single- 
channel differential pulse-height selector to a scaler. 
The current integrator for the proton beam consisted 
of a 0.002-uf condenser connected across an OB2 gas 
tube, which activated the scaler when the tube fired. 
This integrator was calibrated artificially by a constant 
current source for a known time, yielding a calibration 
of 0.100+0.003 microcoulombs per scaler count. Some 
of the later data were taken with a more elegant elec- 


ras.e J. Yields of K-shell x-rays from protons of energy E. 
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tronic integrator, with consistent results. In some cases 
scintillator counting rates were so high, even with beam 
currents well below one microampere, that considerable 
care had to be taken to avoid pileup of pulses in the 
associated circuits. 

Differential pulse-height distributions were measured 
for Mo, Ag, Ta, Au, and Pb. Photons of energy below 
about 10 kev gave pulses near tube noise and hence only 
those x-ray series with energies greater than this value 
were measured. Both K and L series were measurable 
for the three heavy elements and only the K series for 
Mo and Ag. Lines in a given series cannot, of course, 
be resolved. A differential pulse-height peak for a given 
series is obtained whose width is due partly to the 
presence of several lines of different energies in a series 
and partly to crystal and phototube resolution. Typical 
counting rate peaks taken with a 2-volt channel width 
are shown in Fig. 2, 





CHARACTERISTIC 


III. EXPERIMENTAL RESULTS 


To obtain the total number of x-rays produced in the 
target, the following calculations must be made: 


(a) Find the integrated number of counts under the 
counting rate peak. The number J of light quanta 
counted per V=5X10" incident protons is listed in 
column 5 of Table I. 

(b) Apply the solid angle correction for the 1}$-in. 
diameter scintillator at a distance of two feet from the 
target. 

(c) Correct for the absorption of x radiation in the 
target chamber window (0.010-in. Al), two feet of air, 
and the crystal housing (0.025-in. Al). C in column 6 
of Table I is the over-all correction factor. 

(d) Correct for the self-absorption in the target in 
the case of thick targets. The thick target results were 
supplemented by and found consistent with some thin 
target measurements on Ag and Au. 

The number of light quanta emitted from a thick 
target into a solid angle 2 per V incident protons of 
energy E& and range xp is given by 


Vnp f e# (0-H gf E(x) |dx, (1) 


where o[ E(x) ] denotes the cross section for ionization 
with K-shell x-ray emission. u is the average absorption 
coefficient of the target for its own characteristic x 
radiation, » denotes the number of target atoms per 
gram, and p is the density of the target 

The values of the quantity 


of ie 


are listed in column 7 of Table I. Evidently 


forC' J 


I (x0) of F(x) |dx (2) 


QV 


Io(xo) = nf o[ E(x) Jdx 


is the number of A-shell light quanta emitted when a 
proton is stopped in the target. 
Proceeding like Bothe and Frinz, we obtain by dif- 
ferentiation of Eq. (2) 
1 dJ,(x) 


a| E(x) 
np da 


n dE d(px) 


Substitution of this expression in Eq. (3) leads to 


1 o(x09) = T (xo) + “f T(x)dx 
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3. 1, of Eq. (2) as a function of proton energy in Mey 
for thick targets of Ag, Ta, and Pb. 


Since the cross section rather than the yield /o is of 
primary interest, we did not compute the latter here. 
I], as a function of energy has been plotted in Fig. 3 
for Ag, Au, and Pb. The derivative of J, was deter- 
mined graphically from these plots. Column 3 of 
Table II contains the cross sections evaluated from Eq. 
(4). The following computed average mass-absorption 
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Fic. 4. Comparison of experimental results with theoretical 
predictions. 7’ is defined in Eq. (7). The solid curve represents the 
theoretical function 49 (see text); the experimental points are 
related to the cross sections by Eq. (8). 


coefficients were employed: 


Element Mo Ag Ta Au Pb 


Av. mass-abs 
coeff. (cm?/g) 


18.3 13.5 3.38 2.61 Ie 


The very nearly exponential dependence of /, on £, 
within the proton energy range used, as seen in Fig. 3, 
was made the basis of an interpolation for the other 
elements. For the values of energy loss the calculations 
of Aron'® were used. 

Comparison with the theory is only possible after 
radiationless (Auger) transitions have been taken into 
account. Estimated correction factors were taken from 
Massey and Burhop."' ¢« in column 5 of Table IT is 
the total cross section for A-shell ionization. 


”W. A. Aron, University of California Radiation Laboratory 
Report-1325, 1951 (unpublished). 

"HH. S. W. Massey and E. H. S. Burhop, Proc. Roy. Soc, (Lon 
don) A153, 661 (1936) 
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IV. COMPARISON WITH THE THEORY 


Henneberg,’ having justified the use of the Born 
approximation in the analysis of K-shell ionization by 
slow heavy particles, obtained from Bethe’s general 
nonrelativistic theory an approximate formula for the 
cross section: 


3.51 
Py (n’) X 107!® cm?. 
70 


(6) 


6 is the ratio of the observed K-shell ionization energy 
Ex to the “ideal ionization energy in the absence of 
outer screening,” and #9 a dimensionless function de- 
fined by Henneberg, Eq. (13), and plotted as the solid 
curve in Fig. 4. The quantity 7’ is given as 


n =4mE/MO0Exk, 


M/m being the ratio of the mass of the heavy incident 
particle to the mass of the electron. 

Column 6 of Table II lists the theoretical cross sec- 
tions; column 7 gives the experimental quantity 


p= (7746 13.51) XoxrX10'*. (8) 


and the corresponding points appear on Fig. 4. The 
values of 6 used here were 0.82 for Mo and Ag, and 
0.86 for Ta, Au, and Pb, as computed from the rela- 
tivistic “ideal” ionization energies," although the use 
of relativistic values for the screening factor is a some- 
what inconsistent procedure. Nonrelativistic values of 
6 (0.85 for the two lighter and 0.95 for the three heavier 
elements) lead to theoretical cross sections smaller by 
ten to fifty percent than those listed in Table IT. 

The largest source of error in the experiment is in 
determining the value of J itself and we estimate this 
error to be not greater than 25 percent. It is evident 
from Table II and Fig. 4 that, while there is general 
agreement between experiment and theory, the latter 
predicts cross sections which are low, particularly for 
the heavy elements and for higher proton energies even 
when the smaller values for 6 are adopted. The fact 
that the discrepancy is greater for high atomic numbers 
than for low ones and the improvement due to rela- 
tivistic values for @ suggest that a consistent relativistic 
treatment of the A electrons might bring theory and 
experiment into closer agreement. 

2 We are indebted to H. Bethe and C. Walske for valuable 
comments 
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The polarization of the recoiling nucleons after the scattering of a pion by a nucleon is calculated. It is 
found that the recoiling nucleons are polarized in a direction perpendicular to the scattering plane and that 
the intensity ratio for spin parallel or antiparallel to this direction in several cases is quite large. Simple 
formulas are given for computing the polarization as a function of the scattering angle in terms of the 


phase shifts. 


HEN a pion is scattered by hydrogen, the 

recoiling proton will be polarized with the spin 
oriented preferentially in a direction perpendicular to 
the plane in which the scattering takes place. The 
purpose of this paper is to calculate the amount of 
polarization to be expected. 

In this discussion, we will take as a basis the analysis 
of the scattering process in terms of phase shifts,' and 
in particular, we will assume that only the phase shifts 
of the s and p waves will be important. We consider 
first the scattering of positive pions. The primary pion 
wave exp(ikz) may be scattered by a proton with spin 
up or with spin down. Let @ and 8 be the proton spin 
wave functions corresponding to the two cases. If 
initially the proton has spin up (a state), the scattered 
wave contains a superposition of states with spin up 
and with spin down. We can write, therefore, this 
scattered wave as follows: 


Sauk + Saab, ( 1 ) 


where Soa is the scattering amplitude for the wave 
with spin up and Sas for the wave with spin down. 
Similarly, if the spin was initially down (8 state), the 
scattered wave will be 


Spat Sef. { 2) 


By straightforward application of the scattering theory,’ 
one can express the scattering amplitudes S as follows: 


aa = Sg = f(r) {e3+ (2e33 + €31 )¢ os6} - ( 3 ) 


Sas= f(r) (€s1—€33) sinde'®, (4) 


Spa =— f(r) (€3; — €33) sinde~‘*. (5) 
The notation is the same as in A. The quantities 
€3, €33, €31 are expressed in terms of phase shifts by 


9 


e3= eas — I, €33 = e7'%38 = i. e31= er taal - i; (6) 


a; is the phase shift of the s wave; a33 and as; are the 
phase shifts of the p waves of the angular momentum 


* Research supported by a joint program of the U. S. Office of 
Naval Research and the U. S. Atomic Energy Commission. 

1 Anderson, Fermi, Nagle, and Yodh, Phys. Rev. 86, 793 
(1952); Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 155 
(1953), quoted as A. 

2 See, for example, C. L. Critchfield and D. C. Dodder, Phys. 
Rev. 76, 602 (1949). 


3 and 3, respectively. All these phase shifts belong to 
the isotopic spin 3 because in the scattering of positive 
pions by protons this is the only isotopic spin state. 
The function f(r) is 


f(r) =exp(tkr)/ (2tkr). (7) 


6 and ¢ are the polar angles defining the direction of 
the scattered pion in the center-of-mass system. We 
shall consider a scattering process in which the pion is 
scattered in the x,s plane corresponding to g=0. In 
this case, from (4) and (5) one has Sag= —Sga. If the 
spin of the proton before collision is down, the scattering 
wave given by (2) becomes then 


- Sapa + Saalte \ 8) 


If the protons against which the collision takes place 
are nonpolarized, there will be 50 percent probability 
that the initial spin is a and 50 percent probability that 
it is B. In the two cases the scattered waves shall be 
(1) and (8). It is clear from these formulas that the 
probability that the spin after the scattering is @ is 
50 percent; that is, the scattering will produce no 
polarization in the z direction as is otherwise evident 
for reasons of symmetry. Similarly, one would find that 
there is no polarization of the scattered proton in any 
direction parallel to the x, z plane. 

One finds, however, a polarization in the direction y 
perpendicular to the scattering plane. The amount of 
polarization can be obtained immediately by analyzing 
the scattered waves (1) and (8) in terms of the spin 
eigenfunctions, 

y=(a+iB)/V2 and 6=(a—ip)/v2, (9) 
corresponding to spin parallel or antiparallel to the y 
direction. If the initial spin was a, the scattered wave 
(1) can be written 


1 1 


(Sea = tS as y+ (SaattSag)6. ( 10) 
v2 


Vv 


In this case the probabilities that the spin is parallel 
or antiparallel with respect to y after the scattering are, 
therefore, proportional to 


|Saa—tSas|? and |SaatiSas|?. 


(11) 
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Similarly, if the initial spin was 8, the scattered wave 
(8) can be analyzed in terms of y and 6 and one finds 
that also for this case the probabilities for the resultant 
spin to be parallel or antiparallel to the y direction are 
proportional to the expressions (11). Observe that 
these two probabilities in general will be different 
because S,q and Sg are complex quantities. 

Substituting in (11) the expressions (3) and (4) with 
y¢=0, one finds that the probabilities that the scattered 
proton has spin parallel or antiparallel to y are pro- 
portional to 


I~ | est (2e33+- 31) COSOFi(eg1— 33) sind|*, (12) 


where the upper sign corresponds to spin parallel and 
the lower sign corresponds to spin antiparallel to y. 
The degree of polarization will, therefore, depend on 
the scattering angle. 

For example, the scattering of 120-Mev pions on 
protons has been interpreted in A in terms of a set of 
phase shifts, 

3.2 . a, = 9.0", 
a3 1B", 


aA33> 29.6 F 
Qa7V=- 28”. 


a3;=— 


3.9°, 


(13) 


31> 
Substituting these phase angles in (12), one obtains 


1.56 cos8+- 3.56 cos’0 
+ (0.66—0.34 cos@) sind. 


I,~1 
(14) 


For example, for 0=90°, this formula gives 7, = 1.66 
and /_=0.34. The ratio of the intensities polarized in 
opposite directions is therefore almost 5. 

The phase shifts (13) are not the only set that is 
compatible with the experiments. A second set can be 
obtained by changing the signs of all the phase shifts. 
Such a change does not affect the cross sections except 
at very small scattering angles where the interference 
with the Coulomb scattering becomes appreciable. On 
the other hand, changing the sign of the phase shifts 
has the effect of inverting the polarization direction, 
as one can see immediately from (12) and (6). There- 
fore, if it were possible to observe the polarization of 
the recoil protons, one could immediately decide which 
is the appropriate sign of the phase shifts. 

In addition to the indeterminacy of the signs, there 
is another set of angles that was given in A which 
represents the experimental data with about the same 
accuracy as the angles (13). This is the set of the Yang 
phase angles which are 


a3 15.4 


a31> 38.6 . 


Ot". 
-1.4°, 


ay3> 12.9 ’ 


ay= 3.8°. 


am 


(15) 


FE 
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Also for this case one can compute the intensities /, 
and J_ of the scattered protons polarized parallel and 
antiparallel to the y direction, and one finds that they 
are 


1, =1—1.56 cosé+ 3.49 cos’é 


¥ (0.82— 1.40 cos@) sin8. (16) 


The polarization for the Yang solution differs appreci- 
ably from the one corresponding to the phase angles 
(J3), so that again observation of the polarization 
might permit a discrimination between these two sets 
of phase shifts. 

We give now similar numerical results for the polar- 
ization produced in the scattering of negative pions by 
protons. In this case we must distinguish between the 
elastic scattering in which the recoiling nucleon is a 
proton and the charge exchange scattering in which the 
recoiling nucleon is a neutron. In the former case one 
obtains the polarization from a formula like (12) in 
which, however, é3, @33, and és; are replaced by 


(€3+2e€1)/3, (€334+2e13)/3, and (€3:4+2e1:)/3. 


For the case of the exchange scattering again the 
polarization of the recoiling neutron is obtained from a 
formula similar to (12) with the substitution of 


V2(e,;— 1) -. V2 (€33 —€13) 3 and V2 (e31:—11) 3. 


in place of e3, 39, and e;;. Assuming the phase shift 
angles (13), one finds at 120 Mev the following polar- 
ization formulas: For elastic scattering, 


I, =1+ 0.65 cos+ 2.42 cos’@+ (0.28+-0.21 cos@) sind. 


For the recoil neutron in the exchange scattering the 
corresponding formulas are 


I, =1—2.30 cos6+ 3.06 cos*6+ (0.72 —0.54 cos6) sind. 


If one assumes the phase angles (15) instead of (13), 
the polarization for elastic scattering is 


I, =1+-0.67 cos6+-2.47 cos*0 (0.20—0.62 cos@) sind. 


For the exchange scattering, one finds 


T,=1—2.22 cosé+ 2.87 cos’@# (0.92 — 1.37 cos@) siné. 


In many cases the polarization effect according to 
these formulas are very large and their observation, 
if possible, would offer an interesting method for 
improving our knowledge of the scattering of pions by 
nucleons. 
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Laminated emulsions have been exposed to the neutron and positive meson beam at the Nevis cyclotron 
In the case of the neutron exposure (300 Mev) it has been found that 21+3 percent of the emulsion stars 
originate in light nuclei. The number of fast protons and their angular distribution is similar in stars from 
light and heavy elements. The black tracks in light element stars show a marked forward excess. 

The energy range of the mesons incident on the laminated emulsions was from 50-80 Mev. 24-30 percent 
ff the emulsion stars originate in light nuclei. In about 15-20 percent of these cases, the scattered meson 
emerges from the nucleus. Charge exchange scattering, if present at all, amounts to less than 10 percent ot 
ill interactions. More than 70 percent of the interactions (stars) result in absorption of the incident meson 


Phe absorption occurs chiefly in nucleon pairs 


AMINATED emulsions (gelatin layers sand- 

wiched between emulsion layers) were introduced 
by Harding! in cosmic-ray experiments. Later Menon, 
Muirhead, and Rochat? used the same technique in 
in experiments with slow negative # mesons. In both 
cases the gelatin layers were sandwiched between 
Ilford C2 emulsions. Gelatin layers between G5 emul- 
sions were first used by Hodgson* in cosmic-ray experi- 
ments. 

The purpose of laminated emulsions is to separate 
the light and heavy emulsion elements in experiments 
investigating the cross section or disintegration proces- 
ses of particles incident on the emulsion. Furthermore, 
a study of the disintegration of light nuclei is perhaps 
simpler since the number of nucleons concerned is 
reduced and therefore effects resulting from statistical 
factors are diminished. 

The main disadvantage of laminated emulsions is 
that the scanning procedure required is more difficult 
and lengthy than the scanning of ordinary emulsions. 
The thickness of the gelatin layers and therefore the 
number of interacting nuclei must be kept small, since 
otherwise a relatively large number of shorter prongs 
ends in the gelatin without reaching the adjacent 
emulsion. Even with gelatin layers of 5-8 microns, 
the percentage of lost prongs is not negligible ; however, 
to some extent the number and charge of these lost 
prongs can be estimated from the known mean charge 


of gelatin nuclei. 
I. STARS INDUCED BY 300-MEV NEUTRONS 
A. Exposure 


Stratified emulsions consisting of gelatin layers‘ of 
about 7-8 microns sandwiched between layers of G5 


* Research carried out under auspices of the U. S. Atomic 
Energy Commission. 

1 J. B. Harding, Nature 163, 440 (1949); 
1951). 

2 Menon, Muirhead, and Rochat, Phil. Mag 

iP. E. Hodgson, Phil. Mag 42, 955 (1951) 

‘ The exact ratio of gelatin to emulsion thickness is important 
for the calculation of the ratio of cross sections in light and heavy 
elements and has been determined by an x-ray transmission 
method described in the Appendix 


Phil. Mag. 42, 63 


41, 583 (1950). 


emulsion have been exposed to the neutron beam of the 
Nevis cyclotron originating from a beryllium target 
The average energy of this neutron beam is 300 Mev, 
and the spectrum is peaked at 300 Mev.°® 


B. Star-Producing Cross Section in the Light 
Emulsion Nuclei 


The number of stars originating in the gelatin layers 
was compared with the number of emulsion stars. Areas 
used for the comparison were scanned twice independ- 
ently by two observers. From the ratio of stars in 
gelatin and emulsion layers and the known content of 
light elements in the emulsion itself, the number of 
stars which are due to these light elements was deter- 
mined. 

Counting in both emulsion and gelatin all stars with 
a prong number >2, we found (considering equal 
areas) 133 gelatin and 2190 emulsion stars. The ratio 
of the number of light elements in the emulsion (ex- 
cluding hydrogen) to the number in gelatin layers has 
been determined to be 2.95+-0.5; therefore, using these 
data, one finds that the percentage of all stars in the 
G5 emulsion which originate in light nuclei is 18+2 
percent. 

On the other hand, if we accept all two-pronged 
stars in the gelatin, assuming that on the average an 
additional short prong has probably been lost, but 
accept in the emulsion only two-pronged stars with a 
distinct recoil prong, we find that 21+3 percent of 
the emulsion stars have originated in light nuclei. The 
error in botl cases comprises the standard deviation 
and an uncertainty error of 10 percent made in deducing 
the ratio of light elements in the emulsion to light 
elements in the gelatin layers. In the first case (18 
percent) the percentage of light-nuclei stars may be 
underestimated, since 2-pronged stars in the gelatin 
layers with 1 short prong could have been overlooked, 
while some of the presumed 2-prong stars in the emul- 

5W. Godell, Nevis Cyclotron Laboratory Quarterly Report 
June 15, 1951 (unpublished) 


® Bernardini, Booth, and 
(1952 


Phys. Rey 85. 26 


Lindenbaum, 
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Fic. 1, Prong distribution of gelatin and emulsion stars 
induced by 300-Mev neutrons. 


sion may be scattering events. The second value (21 
percent) is probably an overestimate, and the true 
value should lie between these limits. 

Assuming a cross section proportional to A!, one 
would expect that 27 percent of all emulsion stars 
originate in light nuclei. Therefore even the second 
value (21 percent), implying an overestimate, is still 
less than the calculated percentage, thus showing a 
greater transparency of light nuclei. 

If one assumes the value 21+3 percent, one finds for 
neutrons of mean energy 300 Mev a relative opacity? of 
light (14) to heavy (100) emulsion nuclei, 


(Tight ‘a R?) (Theavy ‘a R*) =().71+0.11. 


The calculated value for the relative opacity of these 
nuclei, based on DeJurens’* data for the inelastic cross 
sections of various elements, is 0.71 for 270-Mev 
neutrons. From these data the inelastic cross section 
for emulsion nuclei (light plus heavy) becomes 
0.67 020m: 

Actually the experimental value of 0.71+0.11 should 
not be directly compared to the ratio of opacity de- 
duced from DeJurens’ total inelastic cross sections, 
since 1-pronged stars and inelastic scattering events 
without visible star formation were not included in the 
comparison. Since 3- and 4-pronged stars in light 
nuclei are probably favored, because of the low binding 
energy of a particles, the true ratio referring to total 
inelastic cross sections may still be smaller than 0.71. 

For much higher energies—-when meson production 
occurs—the percentage of emulsion stars originating in 
light nuclei (comparing stars of two or more prongs) 
will probably approach the calculated percentage of 
27 percent corresponding to their geometrical cross 
sections, since the transparency of nuclei becomes 


7 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 
8 J. DeJurens and B. J. Moyer, Phys. Rev. 81, 919 (1951). 


COLIVER. 


AND SMITH 

smaller and since at high energies stars of less than 
2 prongs in heavy elements are infrequent. For lower 
energies, the percentage of light nuclei stars can even 
exceed the value of 27 percent, because the high 
potential barrier of heavy nuclei tends to reduce the 
nurnber of stars of 2 or more prongs and also a greater 
number of collisions will occur in which only 1 or no 
charged particle is emitted. On the other hand, in 
light nuclei 3- and 4-pronged stars can originate even 
at very low energies (20 Mev). 

Therefore Harding’s result that 36+3 percent of all 
emulsion stars originate in light nuclei is not necessarily 
in contradiction with the value found in these experi- 
ments. Harding exposed the plates to cosmic rays at 
mountain altitudes and hence compared stars produced 
by nucleons of a wide spread of energies including many 
low-energy neutrons. 


C. Prong Distribution 


The mean prong number for emulsion stars is 3.65 
+0.1 and for gelatin stars 3.72+0.3. However, for 
gelatin stars this number has to be corrected for loss 
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Fic, 2. Range distribution of prongs in 0-100-micron interval 
from neutron-induced gelatin and emulsion stars. 


in gelatin layers. The correction factor depends on the 
length of the tracks in consideration and is greater for 
short tracks. The correction factor f is f= (1—1/2d) 
for /<d and f=d/2l for />d, where / is the length of the 
track and d the thickness of the gelatin layers. After 
applying the correction, the mean prong number in 
gelatin stars increases to 4.4+0.2. 

Of all gelatin stars, 25+-3 percent’ have prongs with 
range <5 microns; these prongs probably correspond 
to recoils with charge >2; in stars occurring in light 
elements occasionally Li* and Be® recoils have been ob- 


® Pp. E. Hodgson (reference 3) finds for cosmic-ray exposure at 
mountain altitude that 22+6 percent of all stars from light 
) g 
elements have recoils. 
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served here and by other authors."® From the total mean 
charge of gelatin nuclei, the mean prong number and 
the mean number of and charge of recoil fragments, the 
ratio of doubly to singly charged particles per star and 
the degree of disintegration can be estimated. Assuming 
a mean charge for the recoil fragments of 3.5 as a mean 
between charge 3 and 4 (since particles with charge 5 
are seldom observed), this ratio becomes 0.75+0.06. 
Harding and Perkins" find in light-element cosmic-ray 





80 


GREY TRACKS FROM GELATIN STARS (32) 
—--—— GREY TRACKS FROM EMULSION STARS (246) 


8 


> 
°o 





NO. OF GREYS % 
$ 


























SS — = 
0-30 31-60 61-90 91-120 121-150 
SPACE ANGLES (DEGREES) 


————E 
151-180 


Fic. 3. Angular distribution of grey tracks in neutron induced 
gelatin and emulsion stars. (Smooth curve represents isotropic 
distribution.) 


stars (mountain altitudes) an a/p ratio between 0.7 
and 1. 

Figure 1 compares the prong distribution (black and 
grey tracks) in gelatin and emulsion stars. Knowing the 
relative number of C, N, and O nuclei in gelatin and 
assuming a cross section proportional to A}, it has been 
attempted (curve III-0) to distribute the calculated 
missing prongs (<S5yu-recoil, 5-100u-a, > 100u-proton) 
among the stars of different prong number, so that the 
mean charge in the distribution becomes equal to 6.8, 
the mean charge of gelatin nuclei. Although the distribu- 
tion is more or less arbitrary, it probably is similar to 
the true one. 

Figure 2 gives for emulsion and gelatin stars the range 
distribution of tracks ending in the emulsion up to 100 
microns (14 Mev if the particles are a particles). In 
the case of gelatin stars the actual number has been 
corrected for loss. In both cases the equivalent range in 


10 P. E. Hodgson, Phil. Mag. 42, 207 (1951). 
4 Harding, Lattimore, and Perkins, Proc. Roy. Soc. (London) 


196, 325 (1949). 
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normal emulsion has been calculated taking into account 
the ratio of stopping power in gelatin and emulsion.” 

The observed preponderance of short prongs (with 
exception of recoil fragments, more frequent in stars 
from heavy elements) in gelatin stars can easily be 
explained by the low Coulomb barrier in light ele- 
ments.?"" This fact can be used for identification of 
stars from light elements within the emulsion, at least 
in the energy interval considered here. 


D. Number and Energy Distribution of Fast Protons 


The energy and angular distribution of grey tracks 
in gelatin and emulsion stars is very similar within the 
meager statistics (in the case of gelatin stars). The 
energy of the grey tracks was determined by grain 
counting up to grain densities of 4 times minimum, 
corresponding to protons of 60+6 Mev. In both 
gelatin and emulsion stars fast protons up to 300 Mev 
were observed, however, the number increases with 
decreasing energy. In both cases about 50 percent of 
the grey tracks have energies between 60 and 100 Mev. 

We found for gelatin stars, based on 118 stars only, 
that 37+5 percent of the stars have fast protons; in 
the emulsion, based on 760 stars, 31+2 percent of all 
stars have grey tracks. One would expect a greater 
percentage of fast protons in light nuclei to escape. 
However, the shorter path of the primary neutron 
inside the light nuclei tends to produce smaller nucleonic 
cascades and hence tends to counteract the first effect. 
One can estimate these effects by considering the col- 
lision mean free path in nuclear matter; it is found that 
they should approximately cancel each other, and this 
explains why the percentage of fast protons in gelatin 
and emulsion stars is approximately the same. In 
Table I the percentage of stars having at least one 
grey track >60 Mev (if proton) is listed for gelatin 
and emulsions stars as a function of the number of 
black tracks. 

In emulsion stars the percentage of stars with at least 
one grey track decreases with prong number as expected. 
However, in gelatin stars the percentage increases or 
at least within the wide statistical 
errors; this can be understood in terms of alpha- 
particle breakup and the limited number of nucleons 
present in light elements. 


, 


stays constant 


TABLE I. Neutron-induced stars. Percent of stars 
having at least one track E>60 Mev. 


Number of 
black tracks 


Gelatin stars Emulsion stars 


100 
43+8 
304-8 
2147 


2342.2 
26+ 2.6 
30+11 
46+ 22 18+3 
50+35 11+10 


J, J. Wilkins, Atomic Energy Research Establishment 


Report G/R 664, 1951 (unpublished). 
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lic. 4, Space-angle distribution of grey tracks with respect to 
incoming neutron beam (emulsion stars). 


E. Angular Distribution of Black Tracks 


Figure 3 gives the angular distribution (polar angle) 
of fast protons in gelatin stars in comparison to emulsion 
stars; the distribution is the same within the statistical 
error. The main direction of the neutron beam has been 
established by plotting the grey tracks in emulsion 
stars (see Fig. 4), knowing their forward peak® and 
weighting the center; this checked with the known 
geometry of exposure. 

In Fig. 5 the angular distribution of black tracks 
(polar angle) of 50 gelatin stars is plotted. There is a 
forward excess of 37+5 percent. The percentage of 
fast knock-on protons in the range of 30-60 Mev and 
pickup deuterons” contributing to this forward effect 
is estimated" to be at most 6 percent; therefore the 
major share of this effect is due to protons with energies 
smaller than 30 Mev and to a particles. 

It is difficult to estimate if this forward excess is 
connected with a center-of-mass motion of the evaporat- 
ing nucleus, if it is meaningful to speak in light elements 
about evaporation at all. It may be due to a kind of 
dragging forward resulting from the attractive forces 
of particles emitted with high velocity or may involve 
the lower-energy knock-ons in the nuclear cascade. 

The forward excess found in emulsion stars (pro- 
jected angle) is in good agreement within the error limits 
with results by Bernardini, Booth, and Lindenbaum.*® 
In combining the distribution found here for emulsion 
stars and gelatin stars, one obtains for heavy elements 
alone a forward excess of 33 percent. Therefore the 
share of black knock-ons emitted in heavy elements is 
even larger (33 percent) than the lower limit of 25 
percent claimed by these authors.® 


F. Conclusions 


21+3 percent of emulsion stars with at least 2 prongs 
and a recoil track originate in light nuclei when bom- 


13. Chew and M. Goldberger, Phys. Rev. 77, 470 (1950); 
1. Heidemann, Phys. Rev. 80, 171 (1950); J. Hadley and H. York, 
Phys. Rev. 80, 345 (1950) 

“Jn 20 percent of the gelatin stars the number of prongs with 
grain densities corresponding to proton energies between 30 and 


60 Mev has been determined 
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barded by neutrons of 300-Mev mean energy. At this 
energy the mean prong number in stars from light 
nuclei is greater than in heavy nuclei. The a/p ratio for 
light nuclei is approximately 0.75, and 25+5 percent 
of all stars have a recoil with charge >3. The number 
of fast protons and their angular distribution is similar 
in stars from light and heavy elements. The black 
tracks in light element stars show a marked forward 
excess (37+5 percent). With this angular distribution 
and the percentage of light element stars the forward 
excess of black prongs in heavy elements has been 
determined to be 3343 percent; therefore, at most, 
70 percent of black prongs in heavy elements are due to 
nuclear evaporation. 


II. STARS INDUCED BY POSITIVE = MESONS 
OF 50-80 MEV 


A. Exposure 


Stratified emulsions were exposed to the positive 
meson beam of the Columbia cyclotron. In one experi- 
ment the meson energy was between 70-80 Mev and 
in the other case 60+5 Mev. The plates during exposure 
were parallel to each other in grooves in Bakelite boxes, 
and the meson beam after passing through the cover 
of the box entered the emulsion surface at angles of 7 
and 10 degrees, respectively. 

The relation between thickness of 
gelatin layers was, for the one set of exposures used to 
determine the ratio of gelatin to emulsion stars, the 
same as in the neutron experiment. 

The incident mesons were identified mainly by grain 
count, position, dip, and projected angle. Laminated 
emulsions are not suitable for scattering measurements 
and nearly always show some distortion. Therefore 
scattering measurements were used only to discriminate 
between low-energy protons and mesons emitted in the 
observed nuclear disintegrations. 

The energy-grain density relation in these emulsions 
was established by grain count of minimum tracks 
and of mw mesons decaying in the emulsion. Only 
mesons with a grain count between 1.25 and 1.55 times 
minimum corresponding to energies between 50-80 
Mev were accepted for this investigation. The angular 
spread of the meson tracks accepted was +4° in the 
plane of the emulsion and +4° in the vertical plane. 
The mean grain density, mean azimuthal angle, and 
dip angle of the meson tracks were found by plotting 
grain density of tracks versus dip angle and azimuthal 
angle of tracks entering the emulsion. 
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B. Star-Producing Cross Section in the 
Light-Emulsion Nuclei 


For the comparison of star production in gelatin and 
emulsion, area scanning was used since scanning along 
the track has proven too lengthy especially in relation 
to the thin gelatin layers. The percentage of meson 
stars in the light elements of the emulsion was found 
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to be 0.30.12 percent. The large error is due to the 
small number of gelatin stars found in our experiment, 
since only one set of plates with the lower exposure 
time could be used for this comparison. 

Another possibility of evaluating this ratio consists 
in the identification of stars resulting from light ele- 
ments among the emulsion stars. The Coulomb barrier 
in heavy elements does not permit the emission of 
a particles below a minimum energy of 8 Mev; further- 
more, emission of recoil particles from heavy elements 
is very improbable on account of the low kinetic energy 
of the incoming meson and, as will be pointed out later, 
because of the nearly isotropic distribution of the 
particles emitted in the disintegration. Finally, it is 
to be expected that the number of charged particles 
emitted in the disintegration of light elements will in 
most cases be equal to or greater than 3 and that 
therefore most of the smaller stars originate in heavy 
elements. 

Applying these criteria to emulsion stars, one esti- 
mates that at least 24 out of 93 emulsion stars or 26 
percent of the emulsion stars originate in light elements. 

Taking into account that some 1-pronged stars 
originating in heavy nuclei may have been missed in 
our method of scanning and estimating these amounts 
by the results on prong distribution of emulsion stars 
published by Bernardini and Levy,'® the lower limit for 
the contribution of stars in the light elements of the 
emulsion becomes 24 percent while the upper limit is 
estimated to 30 percent. 

In this comparison inelastic scattering events without 
accompanying stars are not included and an additional 
correction has to be applied. The number of these 
events in relation to star events, as well as the inelastic 
cross section of the emulsion nuclei as a whole, has been 
published by these authors for various meson energies.'® 
In light elements the energy loss of 20 Mev of the 
scattered meson can lead to star formation, but in the 
heavy elements at the most 1 charged particle can 
leave the nucleus. Therefore the error introduced will 
not be appreciable if one attributes all the scattering 
events (scattering without star formation) observed by 
these authors in the emulsion to the heavy-emulsion 
nuclei. 

By increasing the total number of events found in 
these experiments in the proportion found by Bernardini 
and co-workers!® in order to correspond to the sum of 
stars plus inelastic scattering, the percentage of events 
found in the light elements alone (only stars) decreases 
to 21.8 percent, and introducing the cross section 0.67 
barn!® found for the “emulsion nuclei,” one obtains as 
lower 0.6¢g0m for the light-emulsion nuclei in the 
energy between 50 and 80 Mev.'® 


18 G. Bernardini and F. Levy, Phys. Rev. 84, 610 (1951). 
16 A, M. Shapiro, Phys. Rev. 84, 1063 (1951). 
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C. Prong Distribution 


Che mean prong number in gelatin stars is 4.7+0.1. 
After applying a suitable correction for loss of prongs 
in the gelatin layers, the mean prong number becomes 
5.36+0.5. The mean charge released in gelatin stars 
is 7.8, taking into account the additional charge of the 
incoming meson. 

The number of particles emitted in the disintegration 
is essentially the same as in neutron stars (300 Mev), 
considering again the additional charge contributed by 
the meson. The proportion of @ particles, protons, and 
particles with charge >2 among the emitted disintegra- 
tions products can only be estimated in the same way 
as in the case of neutron stars. 

From the number of emulsion stars with very short 
prongs, identified as stars from light elements, and the 
number of these prongs in gelatin stars (corrected for 
loss in the gelatin layers), one can estimate that in 
20-25 percent of all light element disintegrations, 
particles with charge >2 are emitted. Attributing to 
these recoil particles a mean charge of 3.5 as in the case 
of neutron stars, one obtains an a@/p ratio between 
0.6 and 0.8. In about 50 percent of the cases, 4 singly 
charged particles leave the nucleus. The situation in 
this respect is similar to the case of neutron stars. On 
the other hand, it seems that the energy left to the 
disintegrating nucleus after the emission of fast particles 
is even somewhat higher than in the neutron case (in 
spite of the lower energy available), since the average 
range of the slow particles, presumably predominantly 
a particles, is greater in the meson case. The higher 
excitation energy can be accounted for by the charac- 
teristic absorption process of mesons in this energy 
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Fic. 5. Space-angle distribution of black prongs in neutron 
induced gelatin stars. (Smooth dotted curve represents isotropic 
distribution.) 
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hic. 6. Range distribution comparison of short prongs (<100 
microns) in neutron- and meson-induced gelatin stars. 


interval. In Fig. 6 the percentage of prongs in different 
energy intervals—normalized to the total number of 
prongs ending between 5 and 100 microns—is plotted 
for meson and neutron stars. 

In Table II are listed 39 gelatin and 93 emulsion stars 
classified according to their number of black and light 
tracks. The small number on the upper right side of the 
figures represents the number of stars with outgoing 
inelastically scattered mesons, identified by grain count 
and scattering. Among the gelatin stars 3 with outgoing 
mesons in the energy interval between 15 and 20 Mev 
have been found. 

In two cases of probably incomplete stars with 2 
heavy prongs (charge is apparently not conserved and, 
therefore, at least 1 additional prong is missing) the 
outgoing fast particle could be a meson; however, in 
both cases the tracks are too short to decide between 
proton and meson. Considering in addition the stars 
from light elements identified among the emulsion 


TABLE IT. w*-induced events. Frequency of stars versus prongs. 


No. of outgoing 


light tracks No. of outgoing black tracks® 





6 
gelatin : 3 6 
emulsion 
gelatin 
emulsion 
gelatin 


emulsion 4 | 





*® Superscript number designates number of events that have an outgoing 
meson, These events are included in the number of stars 
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stars, one finds 5 more cases in which the scattered 
meson leaves the nucleus. In one case, the disintegration 
of a carbon nucleus, all prongs end in the emulsion and 
the outgoing meson has a relatively low energy of 7.6 
Mev. 

Therefore, out of 53 stars originating in light ele- 
ments, 8-10 cases or 15 to 20 percent are the result of 
inelastic scattering of the incoming meson. 

In 8 out of 39 gelatin stars, or 12 out of 53 gelatin plus 
emulsion light-element stars (that is, in about 22 
percent of the cases), one observes two fast protons 


TABLE III. r*-induced events. Energy distribution 
of grey tracks. 


Energy in Mev 


30-60 90 120 150 


Gelatin stars 
14 with 1 grey track 
8 with 2 grey tracks 
Emulsion stars 
24 with 1 grey track 
8 with 2 grey tracks 


leaving the nucleus. In about 37 percent only 1 fast 
proton is emitted in the disintegration. 

Table III gives the energy distribution of grey tracks 
in gelatin and emulsion stars separately for stars with 
1 and 2 fast protons. 

The angular distribution (polar angle) between 
incoming meson and outgoing fast particle is listed in 
Table IV for gelatin and emulsion stars and again 
separately for stars with one and two fast prongs. The 
distribution in both cases is very wide,'® contrary to 
the findings in neutron stars. Finally in Table V, for 


TABLE IV. w*-induced events. Angular 
distribution of grey tracks. 


0-30° 60° 90 120° 


150° 180° 


Gelatin stars 
14 with 1 grey track 3 
8 with 2 grey tracks 2 
Emulsion stars 
24 with 1 grey track 
8 with 2 grey tracks 


events with two outgoing fast protons, the angles 
between these two prongs are listed. 

The energy and angular distribution in the events 
with two fast prongs is not inconsistent with the two- 
nucleon absorption process (r++p+n—2p),!” if we 
consider the possibility of additional scattering of the 
fast prongs and the uncertainty involved in angular 
measurements. 

In one case, where the angle between the two out- 
going fast particles is 170+5°, both fast particles have 


7 Byfield, Kessler, and Lederman, Phys. Rev.. 86, 17 (1952). 
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an energy of 6545 Mev, estimated by grain count. 
Therefore this case could be explained by a meson 
coming to rest before being absorbed in a proton- 
neutron pair. 

In this connection another star found among the 
emulsion stars is of interest (Fig. 7). Track 1 is the 
incoming meson with energy 65+7 Mev; track 2 is a 
proton of 68+5 Mev, prong 3 has a range of 10 microns 
and shows the typical hammerhead plus fast electron ; 
finally, track 4 is black and leaves the emulsion after 
136 microns and cannot be identified. Since it is im- 
probable that prong 3 can be emitted in the disinte- 
gration of a heavy element because of its low energy, 
one has to assume for reasons of charge conservation 
(total charge should be 7.8), that this prong is B* and 
not Li’. Here it seems possible, judging from momentum 
conservation considerations, that the incoming meson 
has been initially scattered, exciting the nucleus before 
being absorbed in a n-p or n-n pair; while the forward 
emitted nucleon leaves the nucleus without collision, 
the backwards emitted particle completes the disruption 
of the excited nucleus. The disintegrating nucleus is 
probably carbon if track 4 is a proton or deuteron and 
nitrogen if track 4 is an alpha particle and the absorp- 
tion occurred in a n-n pair. 


TABLE V. x*-induced events. Angular relation 
between grey tracks. 


tracks 
150 


Angle bet ween 
90 


grey 


0-30 60 120 180 


8 gelatin stars 0 0 : ; 0 
8 emulsion stars 0 0 ‘ 1 


On the other hand, there are 6 cases among stars with 
2 fast protons in which the energy of at least 1 of the 
emifted particles indicates that the absorption was not 
preceded by inelastic scattering. 

In judging the frequency of events with 2 fast tracks, 
one has to consider the small probability that both 
fast particles leave the nucleus with energies > 30 Mev. 
Therefore, the actual number of events corresponding 
to the two-nucleon absorption process will be greater, 
and some additional events in the classes of stars with 
one or no fast particles will belong to the same process, 
while others out of these two classes could account for 
the absorption of the meson in neutron pairs. 

However, there are a few cases among the gelatin 
and emulsion stars—10 percent among the stars of 
light nuclei—where the energy of the single fast prong 
is too high to be consistent with the 2-nucleon absorp- 
tion process. Nevertheless, these events also have to be 
interpreted as absorption processes, since the kinetic 
energy of the outgoing protons alone, and therefore 
certainly the total energy dissipated, is greater than 
the kinetic energy of the incoming meson. These events 
can be accounted for by multinucleon absorption 
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processes.?'* The actual percentage of events caused by 
multi-nucleon absorption will probably be greater than 
10 percent, since cases where the absorption process is 
preceded by meson scattering or succeeded by scattering 
of the emitted fast proton will not be recognized as 
belonging to the same group. From the experimental 
results and the known mean free path of protons for 
the energy interval under consideration, the highest 
possible contribution of multi-nucleon absorption is 
estimated to be 30 percent and therefore definitely 
smaller than the 2-nucleon absorption process. That is 
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Fic. 8. Space-angle distribution of black prongs in meson- 
induced gelatin stars. (Smooth curve represents isotropic distribu- 
tion.) 

18S. Tamor, Phys. Rev. 77, 412 (1950); also see R. Marshak, 
Meson Physics (McGraw-Hill Book Company, Inc., New York, 
1952). 
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hic. 9. X-ray transmission ratio versus weight of emulsion 


(Eastman NTB3 pellicles). 


different from the case of slow meson (at rest) absorp 
tion, where multi-nucleon absorption is the predominant 
proc ess. 

Among 14 stars in light elements without fast prongs 
are 5 cases where, because of possible loss of prongs 
in gelatin layers or uncertainty in the identification of 
tracks, it is impossible to judge the energy dissipated 
in these stars relative to the energy of the incoming 
meson. Therefore it is not impossible that at least in 
some of these cases charge exchange may have occurred ; 
the contribution of charge exchange in light elements, 
if present at all, is then at the most 10 percent. 


D. Angular Distribution of Black Tracks 


Figure 8 shows the angular distribution (polar angle) 
of black tracks in gelatin stars. Contrary to the case 
with neutron stars, the distribution is isotropic within 
the limits of error. 

One finds a similar difference comparing emulsion 
stars induced by neutrons and mesons. In the later case 
the distribution of black prongs is nearly isotropic. In the 
case of light elements the difference in the distribution 
could be connected with the difference in momentum 
transfer to the nucleus as a whole. However, in stars of 
heavy nuclei the low momentum transfer of neutron or 
meson to the nucleus cannot influence the distribution of 
emitted particles. Therefore it is more reasonable to 
assume that, in both cases, stars in light and heavy 
elements, the angular distribution of black tracks is 
strongly influenced by the presence of low-energy 
knock-ons. Since in meson stars the distribution of fast 
prongs is very wide, the low-energy knock-ons will be 
nearly isotropically distributed and not distinguishable 
in their direction from evaporation prongs. 
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Summarizing the results in stars in light-emulsion 
nuclei induced by positive mesons in the energy interval 
of 50-80 Mev, one can state that 24-30 percent of 
emulsion stars originate in the light nuclei of the emul- 
sion; as lower limit of the opacity of light nuclei the 
value 0.64 has been found. In about 15 to 20 percent 
of the cases the meson emerges from the light nucleus 
after having suffered inelastic scattering. Charge ex- 
change scattering, if present at all, is very small (< 10 
percent). In most cases absorption of the incoming 
meson takes place. The absorption occurs chiefly in 
nucleon pairs. This follows from the great number of 
stars with 2 fast protons emitted with wide angular 
separation and the small number of single protons 
emitted with energy greater than 120 Mev. Multi- 
nucleon absorption occurs in less than 30 percent. It 
cannot be decided to what degree the absorption is 
preceded by inelastic scattering; however, the higher 
frequency of 2-nucleon absorption in comparison to 
the multi-nucleon process prevalent in the absorption 
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Fic. 10. X-ray absorption versus weight 
of emulsion (Ilford). 


of mesons at rest suggests that in most cases the meson 
does not lost its entire energy, even if initially scattered. 

The authors wish to express their thanks to Dr. G. 
Bernardini for exposing the plates to the neutron and 
meson beam, to Dr. S. Lindenbaum for exposing one 
set of plates to the meson beam and for many interesting 
and stimulating discussions. Many thanks are due 
Mrs. EF. Medd for her accurate and exacting work in 
scanning the plates and to Mrs. E. Schwarzer for her 
careful work in developing the plates. 


APPENDIX 


In problems connected with measurements of cross section 
an accurate knowledge of the mass of the exposed emulsion is 
necessary. 

Mass determination of unprocessed emulsions can be performed 
by weighing the plate before and after processing and by ascribing 
the difference in weight to the quantity of silver halides and water 
soluble constituents removed during processing. Another method 
consists in micrometric measurement of the emulsion thickness 
before and after development. In both cases the operations have 
to be performed in the darkroom, and it is necessary to condition 
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the emulsion to the darkroom humidity since both weight and 
emulsion thickness depend on the water content of the emulsion 

We therefore investigated another possibility for mass deter 
mination based on x-ray transmission, especially useful for the 
experiments on stratified emulsions. 

The x-ray beam used for this purpose should !-e monochromatic 
or at least not change its quality within the range of the absorp 
tion measurements which generally comprises plates with 50 to 600g 
emulsion thickness. Furthermore it is important that the peneirat 
ing power of the x-radiation should be appropriate in order to 
obtain appreciable changes in transmission for only small changes 
in emulsion thickness. As silver and bromine are the main con- 
stituents (per weight) of the emulsion, it is advisable to work 
near the short-wave edge of the A line of silver. 

In the experiments a Norelco x-ray diffraction unit and an 
x-ray tube with Cu or Fe cathode was used and operated at 40 
kev and 20 ma. The unit has four symmetrically located exit 
windows; two of these windows were used, one for the actual 
measurement and the other for monitoring the beam. In front of 
both windows diaphragms were placed with }-mm_ opening 
diameter in order to limit the size of the x-ray spot in the emulsion 
The measurements were made with ionization chambers and the 
actual measurement always related to the monitoring beam and a 
carefully weighed standard emulsion and standard glass. 

Figure 9 shows the transmission curve for a series of pellicles 
(NTB Eastman-Kodak emulsion) measured individually and 
then in groups of 2, 3, and 4 together. In this semilogarithmic 
curve, the weights of the emulsions per cm? (weighed at the same 
relative humidity) is plotted versus the transmitted radiation. 
The linearity of this curve proves the applicability of the method. 
The method is sensitive, since the radiation is dimished by a 
factor 30 while the weight per cm? of the combined emulsions 
varies only by a factor of 4.75 
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Figure 10 gives the results obtained with Ilford G5 emulsions 
of about 200, 300, 400, and 600 microns. The abscissas are the 
weights of the plates per cm? after subtracting the weights of the 
corresponding glass slides. The ordinates correspond to the 
product femd calculated from the expression 
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It was found that the attenuation of glass slides (same batch 
vary more than +3 percent a 300-micron 
emulsion five times more radiation is absorbed in the emulsion 
than in the corresponding glass slide, the error introduced is 
negligible. This fact has an advantage over the weighing method, 
where the weight of the glass slide—in the case of the 300g 
emulsion—is about 3 times greater than the emulsion weight 

The point of the curve 2a with the letter 1 refers to the lami 
nated emulsion plate having alternate layers of about 74 and 
emulsion layers of about 354. These emulsions were weighed 


does not Since in 


before development, after soaking in cold water and after process 
ing. After each step the emulsion was conditioned to the same 
value of humidity. The thickness of emulsion and gelatin layers 
after processing was measured microscopically at various degrees 
Finally the 


emulsion was dissolved and weight and x-ray transmission of the 


of humidity before and after incorporating glycerin 
glass slide were determined. From these measurements and the 
known composition of the emulsion and gelatin, we obtained the 
weight of the gelatin layers. The point 1, weight of laminated 
emulsion minus weight of the gelatin layers, fits the transmission 
curve quite well. In the case of the stratified emulsions used in 
the neutron experiment and in one set of meson exposures, the 
ratio of light elements in emulsion to light elements in the gelatin 
layers in the dry plate (the emulsions were kept in the refrigerator 


before exposure) was determined to 2.95 0.3 
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The Cosmic-Ray Albedo* 


S. B. TREIMAN 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 
(Received May 12, 1953) 


The fraction of splash albedo radiation leaving the earth which goes into (bound) orbits leading back to the 
earth is discussed in the Stoermer approximation. It is shown that the returning particles arrive at latitudes 


very close to the latitudes from which they leave the earth 


turning radiation should be roughly isotropic. 


I, INTRODUCTION 
OCKET'? and _ balloon* measurements carried 
out in recent years suggest that at the top of the 
atmosphere an appreciable flux of cosmic radiation is 
directed toward the upper hemisphere. This albedo 
radiation presumably consists of secondary particles 
produced in the interactions initiated in the atmos- 
phere by primary cosmic radiation; and as would be 
expected on the basis of such an interpretation, the 
albedo appears to be most intense at large zenith angles.' 
Some of the albedo particles which emerge from the 
* Supported by the joint program of the U. S. Atomic Energy 
Commission and the U. S. Office of Naval Research 
1 J. A. Van Allen and A. V. Ganges, Phys. Rev 
79, 51 (1950). 
2S. F. Singer, Phys. Rev. 77, 729 (1950); 80, 47 (1950). 
Winckler, Stix, Dwight, and Sabin, Phys. Rev. 79, 656 (1950). 


78, 50 (1950); 


A qualitative argument indicates that the re 


atmosphere can be expected to escape the earth’s 
magnetic field; but some of them may be trapped in 
bound orbits, in which case they must eventually re- 
turn to the earth in the “primary” radiation, We shall 
distinguish between two kinds of albedo radiation at 
the top of the atmosphere: splash albedo (particles 
whose direction of motion lies in the upper hemisphere) ; 
and albedo primaries (returning albedo particles, whose 
direction of motion lies in the lower hemisphere). This 
distinction is based only on direction of motion at the 
top of the atmosphere. A third class of particles at the 
top of the atmosphere consists of true primary radia 
tion. The splash albedo can be distinguished experi 
mentally by means of Cerenkov counters, for example.‘ 


J. R. Winckler, Phys. Rev. 85, 1053-1054 (1952). 
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On the other hand, the experimental distinction between 
albedo and true primaries is more difficult and must 
depend, as we shall see, on the fact that the forbidden 
Stoermer cones for true primary radiation are allowed 
for albedo primaries. For example, albedo primaries 
can arrive at the magnetic equator from the vertical 
direction with Stoermer energies below 0.5, which is 
the approximate lower limit for true primaries. 

The existence of an appreciable flux of albedo prima- 
ries arriving at the top of the atmosphere would of 
course create difficulties in the present-day interpreta- 
tion of cosmic-ray geomagnetic effects and would ob- 
scure attempts to determine the true primary cosmic- 
ray spectrum. This effect would be expected to be more 
serious for protons than for heavy nuclei: the possi- 
bility that the splash albedo contains an appreciable 
number of heavy nuclei can probably be ruled out. 
These particles, which would result from the breakup 
in the atmosphere of heavier primary nuclei, are known 
to preserve very closely the direction of motion of the 
parent nuclei, On the other hand, it is possible that low- 
energy electrons constitute a large fraction of the splash 
albedo. Perlow ef al.® find an appreciable number of 
low-energy electrons in the “primary” radiation at 
A\=41°, and they interpret these as albedo primaries. 
At the same time, it is known that energetic electrons 
(>1 Bev) are at most very rare in the incoming radia- 
tion at the top of the atmosphere.’ This, however, is 
consistent with Singer’s observation? that energetic 
electrons (230 Mev) do not contribute significantly 
to the splash albedo. 

The purpose of the present work is to provide a pre- 
liminary discussion of the following questions: (1) 
What fraction of the splash albedo radiation emerging 
from the atmosphere returns to the earth, i.e., reappears 
at the top of the atmosphere as albedo primary radia- 
tion? (2) How do these returning particles distribute 
themselves with respect to latitude and direction of 
arrival? 

II. RELATION BETWEEN SPLASH AND PRIMARY 

ALBEDO INTENSITIES 


The detailed behavior of charged particles emerging 
from the atmosphere can be obtained only by numerical 
computation of the orbits in the earth’s magnetic field. 
For the orbits of interest in the present discussion, i.e., 
those which return to the earth, the quadrupole term 
of the earth’s field is not of negligible importance.’ 
Nevertheless, if one considers only the dominant, 
dipole term, several interesting and semiquantitative 
results can be obtained. The Stoermer integral of motion 
for a particle of charge e and momentum 4, in the field 


* Perlow, Davis, Kissinger, and Shipman, Phys. Rev. 88, 321 
(1952). See also G. J. Perlow and J. D. Shipman, Phys. Rev. 71, 
325 (1947); S. E. Golian and E. H. Krause, Phys. Rev. 71, 918 
(1947). 

* Critchfield, Ney, and Oleska, Phys. Rev. 85, 461 (1952). 

7 The author wishes to thank Professor M. S. Vallarta for an 
interesting discussion on the role of the quadrupole term. 
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of the earth’s dipole, is given by 


a== — Rcosdcosx+cos?A\/R, (1) 
where 


R=r(cp/eM)}. (2) 


The position of the particle is specified by the magnetic 
latitude A and the radial distance r from the dipole M; 
x is the angle between the velocity vector and a refer- 
ence vector directed toward the east. The Stoermer 
energy R, is the value of R at the earth’s surface (r=r,). 

It is known from Stoermer theory, which is based on 
Eq. (1), that particles for which a> 2 and R,<1 cannot 
reach the earth from infinity. These conditions define 
the forbidden Stoermer cones. Conversely, the same 
Stoermer cones are easily seen to define the directions 
within which particles leaving the earth (splash albedo) 
cannot escape to infinity. Thus, the familiar Stoermer 
expression for the cutoff energy R. as a function of 
latitude and direction of motion represents a limit below 
which particles leaving the earth (at latitude \ and with 
direction of motion x) cannot escape the earth’s field, 


R,=cos’/[ 1+ (14 cosx cos*d)!]., (3) 


Even of those particles which go into unbounded orbits 
[R.(A,x) > R.(A,x) ], some may be led back to the earth 

although the trajectories would in principle go off 
to infinity if the earth were transparent. The calculation 
of this effect requires detailed study of individual 
trajectories. We shall instead use the simple Stoermer 
approximation and therefore obtain a lower limit for 
the number of albedo particles that return to the earth. 

A second consequence of Eq. (1) is the following. 
Consider a particle which leaves the earth with a given 
value of the parameter a [as determined, from Eq. (1), 
by the energy R, and the latitude and direction of 
motion upon leaving the earth ]. The range of latitude 
within which the particle can return to the earth is 
determined by setting R= R, and allowing cosx to vary 
between 1 and —1. We are considering only the case 
where a> 2. If we assume, further, that R.<1, we see 
that the second term on the right-hand side of Eq. (1) 
is dominant; ie., the particle returns very closely 
to the same latitude from which it left the earth 
although the longitude and direction of arrival may be 
very much changed. For example, a particle of Stoermer 
energy 0.2 (proton kinetic energy ~1.6 Bev) which 
leaves the earth in the vertical direction at \=45° must 
return to the earth within ~1.5° of \=45°. 

In summary then, if we know the energy and angular 
distribution of the splash albedo at a given latitude, 
we can obtain from Eq. (3) a lower limit on the number 
of particles which must return to the earth; and from 
the discussion of the preceding paragraph, we conclude 
that these particles return essentially to the original 
latitude. Thus, in the Stoermer approximation, the 
number of particles which return within an element 
of latitude is proportional to the number which leave 
from the same element. 
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The only question which now remains is how do the 
returning particles (albedo primaries) distribute them- 
selves with respect to direction of arrival x? The answer 
to this requires a detailed study of individual orbits. 
However, we shall again content ourselves with a 
qualitative discussion. It is known experimentally that 
the splash albedo is most intense at large zenith angles; 
but after the particles leave the earth, the complicated 
bending in the earth’s magnetic field might well be 
expected to wash out this strong angular dependence, 
so that upon returning to the earth the radiation is 
more nearly isotropic. One might attempt to justify 
this assertion with the following argument, which is 
based on ideas contained in the paper of Kane, Shanley, 
and Wheeler.* 

Imagine that the earth emits splash albedo radiation 
but is otherwise transparent to cosmic radiation. 
Particles which are emitted in bound orbits and whose 
energy and parameter of motion lie within specified 
intervals AR, and Aa will wander about in more or 
less complicated paths and eventually, by a kind of 
quasi-ergodic hypothesis, approach indefinitely closely 
to all points in phase space consistent with Eq. (1). 
An application of Liouville’s theorem then shows that 
the intensity will be constant throughout the allowed 
volume. Since the parameter a depends only very little 
on x at the surface of the earth (for the case R,<1 and 
a>2 which we are considering), it follows that the in- 
tensity of returning radiation at the surface of the earth 
is virtually independent of x. 

As a first approximation it may be reasonable to 
assume that the above situation prevails even in the 
presence of the opaque earth. 


III. DISCUSSION OF EXPERIMENTAL EVIDENCE 


As we have seen, splash albedo radiation which leaves 
the earth with energies below the cutoff [see Eq. (3) ] 
must necessarily return to the earth. Conversely, any 


experimental evidence for particles with energies below 
the cutoff in the “primary” radiation at the top of the 
atmosphere would most easily be explained in terms 


of returning albedo. 

Van Allen and Ganges,' by means of counter. tele- 
scopes, have measured the cosmic-ray intensity as a 
function of zenith angle 6 (averaged over azimuth) a 

8’ Kane, Shanley, and Wheeler, Revs. Modern Phys. 21, 
(1949). 
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rocket altitudes above the magnetic equator. The 
zenith-angle dependence is given by 


1(0)=K(1+0.6 siné), (4) 


where K=0.028 particles/cm*-sec-sterad. The counter 
telescope which was employed does not distinguish 
between downward-moving and upward-moving (splash 
albedo) radiation. But for any reasonable choice of 
spectrum, it turns out that the true primary radiation 
should if anything show a slight decrease with increasing 
zenith angle. The expression 0.6K sin@ may therefore 
be taken to represent the zenith angle dependence of 
splash albedo—if we assume, conservatively, that the 
intensity of splash albedo is zero in the precisely vertical 
direction. Singer? has likewise found a large zenith 
angle dependence (at A=41°), which he interprets 
in terms of the contribution of splash albedo. If the 
above expression is accepted, and if the assumption 
is made that the bulk of the splash albedo particles have 
energies below the lowest cutoff value at the equator 
(~10 Bev for protons), then one finds that as many as 
40 percent of the incoming particles at the equator are 
albedo primaries; and in accordance with our previous 
arguments, one would expect these particles to be dis- 
tributed isotropically over the upper hemisphere. 

The experimental information on splash albedo in- 
tensities is, of course, far from complete, and it may be 
that the figures adopted here are too large. Nevertheless, 
the possibility that so large a fraction of the primary 
radiation at the equator consists of returning albedo 
particles would seem to merit further investigation. 
For latitudes increasingly far removed from the equator, 
the cutoff energies are decreasing and the fraction of 
splash albedo radiation which returns to the earth 
becomes of smaller importance. At the poles, in the 
limit of the Stoermer approximation, the intensity of 
albedo primaries vanishes. 

Experimental information on albedo primary radia- 
tion is at present rather limited. However, Perlow and 
co-workers® have recently published the results of meas 
urements carried out above the atmosphere at A=41°. 
They find that some 15 percent of the incoming charged- 
particle radiation consists of low-energy particles, 
which they interpret as returning albedo radiation. 
The intensity appears to be insensitive to zenith angle. 

The author wishes to express his thanks to Pro- 
fessor Vallarta, Professor Winckler, and Professor Van 
Allen for valuable discussion. 
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The Scattering and Absorption of «+ Mesons by Aluminum 


James F. Tracy 
Radiation Laboratory, Department of Physics, University of California, Berkeley, California 
(Received March 16, 1953) 


Phe interaction of x* 


five {-inch aluminum plates. Meson energies ranged from 25 to 100 Mev. 20 stops, 34 scatters > 30 


mesons with aluminum has been studied in a magnet cloud chamber containing 


, and 


57 stars were observed. A 1-prong star and a 70-Mev electron-positron pair in coincidence was interpreted 
as an inelastic charge-exchange scatter. All stops are reasonably accounted for by scatters and stars hidden 


by the geometry. The cross sections rise steeply with energy. The scattering (elastic plus inelastic) 


is very 


roughly isotropic except for a dip in the 60° to 90° interval Corrected absolute cross sections for the 25-45-, 
45-70-, and 70-100-Mev intervals, respectively, are o(scat), 70423, 312474, and 216482 mb; o(star), 


1764-34, 2994-62, and 3324100 mb; and a(total), 246443, 611495, and 5484129 mb 
and a description of experimental procedures are given 


INTRODUCTION 


HE meson flux available and the estimated cross 
sections were such that it appeared profitable to 
undertake a cloud-chamber study of the interaction of 
pi-mesons with aluminum. A cloud-chamber study has 
the advantage of providing more detailed information 
concerning individual events than do other techniques. 
Aluminum met the need for a fairly light (low Z) 
nucleus to minimize Coulomb scattering and is a solid 
easily handled in a cloud chamber. 

Many workers have been studying meson interac 
tions. There is now a considerable amount of data on 
both interactions with nucleons and with complex 
nuclei. Much more data are still needed, of course, to 
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Fic. 1. Absolute cross sections for the interaction of positive 
pions with aluminum. The data are based upon 111 events, which 
included stars and stops. The stops have been 
apportioned between the scatters and stars in accordance with 
The scattering cross sections 


scatters 30 


calculated geometrical corrections 
have been extended to include the angles from 0° to 30° by using 
the average differential cross section between 30° and 180° to 
obtain a total scattering cross section over 4m steradians. No 
distinction between and inelastic scattering events has 
been attempted. Standard deviations, based upon statistics only, 
and energy groupings are indicated for the abscissas and ordinates, 


} { 
Clasti¢ 


respec tively (@eota| = Fetar t+ ocat 


Detailed results 


fill in and extend the broad outlines of current knowl 
edge. For an excellent review article and an extensive 
bibliography of the experimental work in meson physics 
through 1950, see Marshak.' References to some of the 
more recent work will be made later. A more detailed 
the investigation is available 
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Fic. 2. Differential cross sections for scattering of positive 
pions by aluminum. The plotted points are experimental values 
based upon 114 scatters between 10° and 180° (34, between 30° 
and 180°) of pions having energies between 25 and 100 Mev 
(mean energy=49 Mev). Standard deviations, based upon 
statistics, and angular groupings are indicated. The solid curves 
represent theoretical single Coulomb scattering at two different 
energies for comparison purposes. The inset reproduces a portion 
of the same data to an enlarged ordinate scale. 


'R. E. Marshak in Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1952), Vol. I. 

2 J. F. Tracy, University of California Radiation Laboratory 
Report UCRL-2013, 1952 (unpublished 
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SCATTERING AND ABSORPTION OF MESONS BY Al 


TaBLe I. Data on the interaction of 25-100-Mev positive pions with aluminum.* 


\bsolute cross sections 
corrected for geometry 
Observed number of event Corrected number of event and mu-contamination 
nergy Scatters 1-prong 2-prong Seatters l-prong 4 : (millibarns 
interval op > x) stars stars >30 stars ar Scattering Star production Potal 
Mey 4 nS n ne Vi ‘ Porat star Ftotal 


18 , 4.! 70+23 176437 246+ 43 
18 : 5. i 31247 299+-62 611495 


7 6 : : 2 216482 332+ 100 5484129 


20 34 34 : 3 29.2 38 162+ 28 234431 396+ 41 


* The definition of symbols is given in Appendix II. Elastic and inelastic scatters have not been separated. The absolute cross sections have been cor 
rected for events hidden by geometry and for the error in the pion count introduced by the muon contamination. The absolute scattering cross sections 
have been computed by extending the average differential cross section for scatters $0° over the total solid angle ot 4m steradians. The indicated uncer 
tainties are standard deviations based upon numbers of events only. Most of these cross sections are presented graphically in Fig. 1 


TABLE II, Data on the scattering of 25-100-Mev positive pions by aluminum.* 
Scattering angle—@ (angular interval in degrees). 


25-30 30-00 60-90 ( d 120-150 150-180 30-180 


Number of scatters actually observed 


3 
6 5 
2 ; 3 


24 13 11 10 
Number of scatters after correction for those h geometry 
24.0 16.0 8.0 7.0 3.1 3.0 
415-70 8.0 6.0 2.0 3.0 5.9 
70-100 1.0 2.0 0.0 3.0 3.1 
(Total) - 
5-100 33.0 24.0 10.0 13.0 hae 


Corrected differential scattering cross section la ‘dX (millibarns /steradian 


Total) 976 520 : 182 18.5 3.4 18.9 94 20.0 
25-100 +170 +106 : +50 +5.6 +2.4 +6.0 +3,8 +89 


* Klastic and inelastic scatters were not distinguishable and have not been separated. The differential scattering cross sections have been corrected for 


scatters hidden by the geometry and for the error in the pion count introduced by the muon contamination. The indicated uncertainties are standard 


deviations based upon numbers of events only. These cross sections are presented graphically in Fig. 2. It will be noted that the right-hand column includes 
all scatters 230°. The differential cross section in the right-hand column is, thus, the average for all angles xO Phe total counts in the 10°-15° and 
15°-20° intervals should probably be reduced by two each, as « correction for ru decays 


RESULTS there is definite indication of a minimum between 60° 


The results are presented graphically in Figs. 1 and 2 and 90°, This minimum may be attributable to diffrac 


and numerically, in more detail, in Tables I, II, and 

III. Additional information is set forth below. The data Pan_e IIT. Data on the total amount of aluminun 
presented in this paper refer to the laboratory system. traversed by the meson beam.* 

This is essentially the same, however, as the center-of 

mass system because the mass of the aluminum nucleus Be! 


accepted Correction 


is so much greater than the meson mass. iat hae asm eects 
It is apparent that the absolute scattering, star, and D (“Ghat AD Gem AD 
total cross sections (Fig. 1 and Table I) have a rapid - - ; 
rise with energy and that the total cross section equals 7 5180 1 roe ; 33%) 7 .300(4 ai 
g + 33% 3.830(+ 12% 
the nuclear area [=(741)!=550 millibarns, r=14 7 2 370( +339 1760 411% 
< 10-" cm ] in the 60-Mev region and drops to half this 
value near 30 Mev. It is not clear whether it continues 
to rise, levels off, or eventually drops down again 


99.3 15.310 2.420(4+33% 12.890(+ 6% 


“ant the average energy witl 


beyond 60 Mev. The star production cross section is sapect to g/cm? of aluminum travers se aaa “ag Pde 
“ ‘ ° . . path i t percent 33 at n ” ination 
about half again as large as the (elastic plus inelastic) neertaint; ; in he “ero anes ated 
° . righ con s < . er the 
scattering cross section. iy ch ener nte t! ry se those of tte 


lata, when multiplied by the ite numbers 


Within the statistics, it appears possible to char- — o:. rive the respective cross sections in Tables | and II. (The total 
a . : . f ceptal tracks upon which the above dat ire based wi 
acterize the nuclear scattering as isotropic, although ; F ' 


ig to 15 359 plate traversal 
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SCATTERING AND 
emitted more than two ionizing fragments but that 
these additional fragments were too slow to escape the 
aluminum plates. Of the 83 star prongs that were 
observed, 49 were “fast” and 34 were “slow.” The 
great majority of prongs appeared to be protons; for 
purposes of estimating prong energies, all were assumed 
to be protons. Fast protons were those estimated to 
have energies >30 Mev and slow prongs were 
those estimated to have energies <30 Mev. The 
angular distribution of the fast prongs was isotropic; 
their forward-to-backward ratio being 24:25. The 
slow prongs, on the other hand, were predominantly 
forward; their forward-to-backward ratio being 25:9. 
It is of interest to note the number of 2-prong stars 
whose prongs were in approximately opposite directions. 
Altogether, there were five stars in which the prongs 
were opposite to within 30°, In three cases, where both 
prongs were fast, the included angle between the two 
prongs differed from 180° by 16°, 28°, and 30°, respec- 
tively. In two other stars, having one fast prong and 
one slow prong, the included angle differed from 180 
by 16° and 29°, respectively. This two-proton phe- 
nomenon has been reported before,®® and it has been 
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pointed out that this is evidence favoring a model 
proposed by Brueckner, Serber, and Watson.’ These 
authors have suggested that the positive pion is ab- 
sorbed by a neutron in the nucleus, and the recoil is 
taken up by an adjacent nucleon. The neutron-turned 
proton and the recoiling nucleon are ejected in opposite 
directions from their position in the nuclear structure 
with 70 Mev of kinetic energy each. If the recoiling 
nucleon is a proton then two oppositely-moving protons 
may be seen to emerge. 

Of the many events photographed in the chamber, 
only one was strikingly unusual. It is shown in Fig. 3. 
An 88-Mev pion entered the third plate and a proton 
of approximately 51 Mev was ejected nearly straight 
forward (@=6°). In coincidence with this “1l-prong 
star” is a 70-Mev electron-positron pair. This event is 
interpreted as an inelastic charge-exchange scattering 
event (x++n—p+rn°). The decay of the resultant 
neutral pion is presumed to have given rise to the 
electron pair. This event might also be interpreted as a 
radiative capture process (r++n—p+y), wherein the 
photon is converted into an electron-positron pair in 
the aluminum. As Rankin and Bradner® have pointed 
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6G. Bernardini and F. Levy, Phys. Rev. 84, 610 (1951). 
7 Brueckner, Serber, and Watson, Phys. Rev. 84, 258 (1951 
* B. Rankin and H. Bradner, Phys. Rev. 87, 553 (1952) 
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out, this latter eventuality is very unlikely. The inverse 
photomeson production cross section is extremely small,® 
and one can infer from detailed balancing arguments 
that the inverse radiative capture process is likewise 
extremely unlikely. 

The coincidence of the 1-prong star and the pair 
could hardly have been accidental. One can estimate 
the probability of an accidental coincidence from the 
fact that perhaps 30 high-energy pairs occurred in the 
((0-odd pictures scanned. If one assumes conservatively 
that a pair and a star have to intersect within the same 
().2-inch section of aluminum plate before 
appearing to be in “coincidence,” then the accidental 
rate per star is 10~°. This probability is reduced still 
more when one considers that all other pairs seen in the 
chamber pointed back toward the CH: target (Fig. 4). 
The pair in Fig. 3 is almost at 90° to the target direction 
and could not have been created by a gamma-ray from 
that source. 

One can only conclude that the pair was the result of 
a mw’ decay associated with the 1-prong star. (Since the 
r® mean life is less than 5& 10-4 sec," it could not have 
traveled more than 10-* cm before decaying.) The °’s 
usual mode of decay is into two photons, each of 70 Mev 
in the center-of-mass system. A radiation length in 
aluminum is 9.7 cm, and it may be readily supposed 
that the one electron-positron pair observed is the 
only conversion that occurred among possibly 100 
photons resulting from half that number of charge- 
exchange scatters. It is thus entirely possible that a 
number of the other 1-prong stars observed were also 
associated with inelastic charge-exchange scatters. 

The pair might also have arisen directly from the 
neutral pion decay." Steinberger’ has very recently 
found that two percent of ° decays result directly in an 
electron pair and a single gamma, in competition with 


square 


the two-gamma process. 


DISCUSSION 


It is useful to consider the nuclear absorption of 
pions which come to rest in matter because of the 
insight given into the nuclear interaction of mesons in 
flight. A stopped negative pion is essentially always 
captured by a nucleus. Once inside the nucleus the 
meson may be considered to be captured by a proton 
which is part of, say, a deuteron or an alpha-particle 
subgroup.":'* The proton is transformed into a neutron 
(x + p—on+-K.E.) that receives, as kinetic energy, half 
of the 140-Mev meson rest mass. Momentum conser- 
vation requires that another particle in the subgroup, 
either a neutron or a proton, receive the other half of 
the 140 Mev. Thus in the primary absorption event 
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two fast nucleons, moving in opposite directions and 
each with about 70-Mev energy, are created. These 
may escape directly, leaving the residual nucleus with 
only a small excitation, or both primary nucleons may 
suffer energy degradation by collisions with other 
nucleons on tke way out causing one or two additional 
fast nucleons to be ejected, and/or leaving the residual 
nucleus in a highly-excited state. This residual excita- 
tion can be dissipated by the subsequent “boiling off” 
of slower fragments. One of the primary fast nucleons 
is always a neutron and often the other is also. In this 
latter event both neutrons may escape without colli- 
sions, or may make only collisions yielding additional 
neutrons. When no ionizing particles are emitted, such 
an event will appear as a meson disappearance or 
“stop.” 

The consequence of the absorption by a nucleus of a 
50-Mev “fast”? meson should not be too different from 
those of the absorption of a ‘‘slow” meson after coming 
to rest. The meson rest mass will still be the major 
contributor to the energy released. Here there is, how- 
ever, the possibility of the absorption of positive as 
well as negative pions, because the repulsive Coulomb 
potential barrier is now low relative to the pion kinetic 
energy. From charge-symmetry considerations, one 
expects positive pion events to “mirror” negative pion 
events, i.e., neutrons to replace protons, and vice versa. 
In the case of fast mesons, of course, one expects 
scattering events as well as absorption events. 

Recent work of other investigators includes successful 
attacks using electronic techniques on meson interac- 
tions with “free” nucleons,'*” in addition to studies 
using various techniques on interactions with complex 
nuclei.®:6.8.%*5 One group has used the diffusion cloud 
chamber for meson-proton and meson-alpha-particle 
experiments,”®?? 

Most experimenters have used pions in the energy 
range between 50 and 100 Mev. Work with negative 
pions predominates. The general features of pion 
interactions with complex nuclei are shared by both 


positive and negative varieties. The total cross sections 
(in the above-mentioned energy interval) are approxi 
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mately equal to the nuclear areas (geometrical cross 
sections) ; inelastic events (i.e., absorptions and inelastic 
scatters) occur somewhat more frequently than elastic 
(scattering) events; and there is a high probability for 
large angle, single scatters. There is at least one marked 
difference between the two signs, however. A large 
fraction of negative pion and few, if any, positive pion 
absorption events are disappearances. This difference 
may be understood by noting that a positive pion 
always produces within the nucleus at least one fast 
proton, while a negative pion similarly always produces 
at least one neutron. When the second fast nucleon, is 
likewise a neutron, the negative pion may suffer a 
disappearance. 

More recently, especially 
hydrogen and deuterium, it has been found that the 
total cross sections increase rapidly with energy up to 
energies of 100 or more Mev.®!>!7'522) Somewhere 
beyond 100 Mev the cross sections begin to level off. 
At very high energies, at 920 Mev, as obtained is 
cosmic rays, the total cross sections on carbon and 
lead have dropped down to about 75 percent of the 


with observations on 


nuclear area.”® 

The results obtained in the present experiment 
(Figs. 1 and 2, and Tables I and II) are in general 
agreement with the statements made above. A direct 
comparison with the published data on total cross 
sections for aluminum can be made. Camac ef al.,?° 
apparently using equal numbers of positive and nega- 
live pions of about 45 Mev, obtained 480+140 mb; 
Chedester ef a/.,” using 85-Mev negative pions, obtained 
623425 mb; and Martin ef al.,”' using 109-Mev and 
133-Mev negative pions, obtained 590+60 mb and 
580+50 mb, respectively. The author’s results are in 
agreement with these data. It will be noted that the 
results of Martin ef al. indicate a leveling off somewhere 
beyond 100 Mev. 

Camac et al. have also separated star events from 
scattering events. They did not distinguish between 
scatters and single-prong stars (they lumped these 
together) because the two kinds of events, in the 
absence of a magnetic field, had similar appearances in 
their cloud chamber. With this restriction, they ob- 
served six stars and nine scatters > 20°, which is in 
rough agreement with the author’s corrected data; 
i.e., 38 2-prong stars and 73 1-prong stars plus scatters 
> 30°, 

Byfield ef a/.° have made a magnet cloud-chamber 
study of both negative and positive 62-Mev pions on 
carbon. They have distinguished elastic from inelastic 
scatters and, for positive pions, have obtained (star) 
= 153+22 mb, o(elastic scattering) =89+10 mb, and 
a(inelastic scattering)=15+8 mb. If their elastic and 
inelastic scattering cross sections are combined, one 
finds the ratio of star events to scattering events to be 
3:2. This is precisely the ratio the author has obtained 
Piccioni, Phys. Rev. $7, 531 (1952 
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for aluminum. A further interesting comparison can be 
made: Byfield et al. list the proton star prongs >40 
Mev. The ratio of number of fast prongs to number of 
stars is 161:153 (=1.05). The like quantity for the 
author’s experiment is 49:67 (=0.73). This difference 
between carbon and aluminum is not surprising; fast 
protons are more likely to suffer collisions and to be 
more degraded in energy when leaving the larger 
nucleus-aluminum. 

In the present work, all of the 20 stops observed 
(i.e., disappearances—see Table I) were assumed not 
to be true disappearances but rather stars and scatters 
that were hidden by the geometry. This assumption 
seems reasonable as all of the observed stops can be 
accounted for by the geometrical corrections applied to 
the observed stars and scatters. The validity of the 
assumption is further substantiated by the work of 
others in studies of fast positive pions in emulsions 
sernardini and Levy® observed no disappearances in 
the course of finding 41 scatters >40° and 118 stars 
Similarly, Rankin and Bradner* discovered no disap 
pearances while finding five scatters >30° and 11 stars 


EXPERIMENTAL PROCEDURE 


Positive ions of about 50-Mev energy were produced 
by bombarding a polyethylene (CH) target with the 
340-Mev pulsed proton beam of the 184-inch Berkeley 
cyclotron and were then channeled into an array of 
five parallel aluminum plates inside a Wilson cloud 
chamber placed in a 5200-gauss magnetic field. Meson 
induced events occurring in the chamber were recorded 
by a stereoscopic camera. These stereoscopic photo 
graphs were then reprojected upon a movable screen in 
a manner permitting the original three-dimensional 
configuration of events to be observed and measured 
By a sampling procedure, the energy spectrum and total 
path lengths for mesons traversing the aluminum plates 
were determined. Finally, after counting the events, 
applying certain geometrical weighting factors, and 
making allowances for contaminating particles in the 
pion beam, the desired scattering and absorption cross 
sections were obtained. The details of this procedure 


are outlined in what follows 


Production and Recording of Events 


The experimental arrangement is indicated in Fig. 4. 
rhe pions were produced in an arrangement used by 
Richman, Skinner, Merritt, and Youtz.*® The steering 
magnet turned the mesons through 90° into an 8X 24- 
inch tunnel in the concrete shielding from whence they 
entered the cloud chamber outside. The meson tra 
jectories were surveyed by means of a flexible stranded 
copper wire subject to a measured tension and carrying 
a predetermined electric current to simulate a particular 
meson momentum. The meson beam was defined by 
careful collimation to minimize the number of protons 
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and decay muons entering the chamber. The spectrum 
of meson energies is indicated in Fig. 5. 

The Wilson cloud chamber used was developed by 
Powell.* It is 22 inches in diameter, has a sensitive 
region 34 inches deep, was filled with about one atmos- 
phere of argon gas, and was operated in a 5200-gauss 
magnetic field. 5200 gauss was a compromise. A higher 
field was desirable to increase the curvature of the 
mesons and thus make possible more accurate measure- 
ments of their momentum; a lower field was needed to 
reduce the curvature in order that mesons might more 
readily enter the chamber and also has the advantage 
of permitting a more accurate measurement of scatter- 
ing angle. The plates used were of 2S commercially 
pure aluminum, which has a minimum purity of 99 
percent. The plates were § inch (0.858 g/cm?) thick 
and spaced at two-inch intervals. 


Measurement and Reduction of Data 


All counting and measuring of events was done with 
a special stereoscopic projector developed for the general 
use of the Radiation Laboratory cloud-chamber group, 
under Powell.*' The geometrical criteria by which meson 
tracks and events were accepted are discussed here. 
The section on “Meson Beam Contamination” states 
the means by which mesons were distinguished from 
heavier particles, and the manner in which positron 
and mu-contaminations were handled. Acceptable 
tracks were required to lie well within the illuminated 
region, to have sufficient track length before the first 
plate to permit good curvature measurements, and to 





“sh T ¥ T 


\. ACCEPTED TRACKS 


1? BEAM (* ACCEPTED 
TRACKS MINUS wt 
CONTAMINATION) 


CALCULATED yt 
CONTAMINATION 


NUMBER/MEV 











4 ee ~p-—----—- EF 
40 60 60 100 
ENERGY IN MEV 


Fic. 5. Energy spectra for the meson beam at the cloud chamber 
These data are based upon a sample of 628 accepted tracks 
measured before the first plate. Accepted tracks satisfied certain 
criteria regarding ionization, position, and direction intended to 
identify them as positive pions, but which did not exclude posi 
trons and positive muons of acceptable Bp. Positron contamination 
was negligible. The energies plotted for the wt contamination 
are the energies of pions having the calculated muon Bp’s. Stand 
ard deviations and energy groupings are indicated for the accepted 
tracks. 
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satisfy certain conditions regarding the horizontal and 
vertical angles with which they entered the first 
aluminum plate. Figure 6 serves to illustrate how the 
first plate was divided into four intervals, I to IV, for 
the purpose of grouping the incoming tracks. Tracks 
passing to the left of I or the right of IV were con- 
sidered too short (they were less than 7 cm long) for 
good curvature measurements. The vertical white lines 
near the left end of each plate indicate the points 
beyond which a track traversal was not counted; 
meson scatters or star fragments originating to the left 
of these lines were considered likely to be overlooked. 

The acceptable values for the vertical (dip) angle @ 
were taken to be those within +3° of the horizontal. 
All but two or three percent of the otherwise acceptable 
tracks lay within this range; those outside were con- 
sidered more likely to be muons from the decay of 
pions in flight than pions, themselves. The acceptable 
range for values of the horizontal (beam) angle 8 at 
the first plate was determined in the following way: 
The tracks were separated into groups I to IV, according 
to their point of entry into the first plate. Tracks within 
each group were divided, in turn, into thrée radius-of- 
curvature groups. Frequency distributions for values of 
8 were then plotted for each subgroup. These had the 
general appearance of Gaussian curves. In each sub- 
group all but about five percent of the tracks lay within 
+4° of the average value for the subgroup. This was 
considered the acceptable range for pions in the partic- 
ular subgroup. Mesons outside these ranges were 
considered to have too great a likelihood of being 
muons. 

About 10 percent of the photographs were judged to 
have too many tracks to be of use. That is, the tracks 
were so numerous that they frequently overlapped and 
were thus difficult, if not impossible, to follow through 
the aluminum plates. Such pictures were rejected 
without attempting to discover possible events in order 
to avoid any bias toward using photographs which 
appeared to contain events. 

A sampling procedure was used to predict the total 
path in the aluminum. Approximately one-fifth of the 
600-odd good photographs were selected at random 
and used in the sampling. The measurements made on 
these tracks were also used to determine the energy 
distribution before the first plate (Fig. 4) and the 
energy spectrum at the plate centers as a function of 
number of traversals/Mev (Fig. 7). 

It will be noted in Fig. 7 that the meson energies at 
the plate centers have been divided into three intervals: 
25-45 Mev; 45-70 Mev; and 70-100 Mev, with mean 
energies [= (}-g/cm? of aluminum traversed X energy 
in Mev)/(>-g/cm? of aluminum traversed) ] of 36, 55, 
and 82 Mev, respectively. Cross-section determinations 
were based upon the predicted total g/cm? of aluminum 
traversed in each of these energy intervals, determined 
by a direct summation of the sampled path lengths 
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Fic. 6. A representative photograph of chamber. The mesons enter at the bottom in thin, curving, nearly parallel paths. Circled 
is a 1-prong star; a 42-Mev pion enters the second plate and one disintegration fragment (probably a proton) leaves at an angle of 
155° to the direction of the incoming meson. The four open arrows at the bottom indicate energetic protons (>70 Mev) that have 
traversed all five plates. The sing!e solid arrow at the top points to a slower heavy particle (presumably a proton) that soon stops 
The thin, highly curved and spiralled tracks are electrons or (infrequently) positrons. The white bars across the plates have reference 
to track selection criteria. The crosses at top and bottom center are fiducial marks, spaced twelve inches apart 


within each energy interval and not by integration 
under the curve of Fig. 7. 

The great majority of tracks were enumerated by a 
“rapid count” procedure; a detailed measurement of 
each track was not made. It usually was possible by a 
visual inspection of a stereophotograph to determine 
whether or not a track met the criteria for acceptance. 
In doubtful cases—amounting to approximately ten 
percent of the total number—detailed measurements 
were made. The rapid count covered all pictures used, 


including those gone over in the detailed count under 
the sampling procedure outlined above. A comparison 
of the number of tracks enumerated in the detailed 
count (850) with those in the rapid count (851) covering 
the same random sample of photographs established 
the validity of the procedure. 3976 tracks (making 
15 359 aluminum plate traversals) were enumerated in 
the rapid count. 

Events (scatters 2 10°, stops, and stars) were looked 
for by carefully following, in the stereoprojector, each 
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Fic. 7. Spectrum of meson energies at the centers of the alumi 
num plates as a function of single plate traversals/Mev. These 
data are based upon a sample of 628 incoming tracks. No cor 
rection for muon contamination have been made. The dashed 
vertical lines indicate the three energy intervals (25-45, 45-70, 
and 70-100 Mev) into which the data were divided for cross 
section determinations. The mean energy for each interval is 
also indicated 


of the 3976 tracks on its path through the aluminum 
until it either; (1) successfully traversed the five plates, 
(2) finally traveled out of the acceptable region, or (3) 
initiated an event in one of the plates. (Rarely, a pion 
would decay into a muon between plates. Plate tra- 
versals by such muons were not, of course, considered.) 
Every pion initiating an event (3) was measured in 
detail. In addition, the position and characteristics of 
the event itself were determined, especially the angular 
relationship of the incoming and outgoing tracks. The 
coincidence of incoming and_ scattered meson, or 
incoming meson and outgoing disintegration fragments, 
within an aluminum plate was carefully verified. This 
could be done to within +0.1 inch vertically and 
+0.05 inch, or better, horizontally. Stops were exam- 
ined carefully to be certain that no nearby tracks 
might have originated from the place of disappearance. 
As a check on the reliability with which tracks and 
events were counted, five percent of the photographs 
were examined independently by two different persons. 
There was essential agreement between the independent 
counts 

An important point is that, although it was possible 
to distinguish a scattered meson from a 1-prong disinte- 
gration by the difference in ionization, it was not usually 
possible to establish the scattered meson’s or disinte- 
gration (star) fragment’s energy with precision. This 
was because of the short path length and the gas 
turbulence between plates. In a few exceptional cases 
where the scattered meson or star fragment entered the 
region before the first plate or after the fifth plate, good 
curvature measurements could be made. There were 
not enough of these to be statistically significant. In 
most cases, order-of-magnitude estimates of energy 
were possible, particularly in the case of star fragments, 
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by observing the ionization of the track and/or the 
change in ionization after passing through an aluminum 
plate. 

MESON BEAM CONTAMINATION 


Not all the particles entering the cloud chamber were 
pi-mesons. It was necessary,’ of course, either to be able 
to recognize the contaminating particles or to have 
information available from which their numbers could 
be determined in order to evaluate the cross sections 
correctly. Among the possible ionizing contaminants 
were protons (and heavier particles), mu-mesons, and 
positrons. Except for a small background of extraneous 
tracks produced in the chamber by them, the non- 
ionizing neutrons and gamma rays presented no diffi- 
culty. The few negative particles, presumably electrons, 
presented no problem either, since they were readily 
detected by their negative curvatures. 

Protons constituted approximately one-fourth of the 
particles in the beam and were differentiated from 
mesons by their much higher specific ionization and/or 
greater radius of curvature. While protons are readily 
distinguished from pions of the same Bp, muons and 
positrons are not. For the Bp range of values of interest 
in this experiment, pions have a specific ionization not 
more than 150 percent that of muons of the same 
radius and not more than two times that for positrons 
(or electrons) of the same radius. For this reason it 
was not possible to distinguish the latter two particles 
from pions. The extent of the muon and _ positron 
contamination was determined indirectly. 

The muons in the meson beam originated from the 
decay of pions in flight. In principle it is possible to 
determine the muons expected to enter the chamber if, 
among other things, one knows the experimental 
geometry and the pion beam intensity, energy spectrum, 
and decay constant. In practice it was necessary to use 
a number of simplifying mathematical approximations 
and to make certain assumptions concerning the pion 
beam intensity and energy spectrum. The mean life of 
the positive pi-meson was taken to be 2.55X10-5 
sec,2-8 The “equivalent energy” distribution obtained 
for the muons contaminating the beam is indicated in 
Fig. 5. (By “equivalent energy” is meant that energy 
which a pion would have if it had the same Bp as that 
of the muon being considered.) The number of muons 
was computed to be 13 percent of the total number of 
pions in the meson beam. Because of large uncertainties 
that entered into the computations, this figure may be 
in error by +33 percent. The required corrections in 
the aluminum path lengths are indicated in Table II. 

In addition to the indirect calculation of the muon 
content of the beam, a direct measure of the contami 
nation was attempted in two ways: (1) by ascertaining 

*® Chamberlain, Mozley, Steinberger, and Wiegand, Phys. Rev 
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the ratio of muons to pions stopped in nuclear emulsions 
placed in the beam and (2) by counting the r-u decays 
occurring before the first plate in the chamber, inferring 
from these data the total number of pions which must 
have entered and comparing the inferred number with 
the number obtained by actual count. The statistics 
obtained with these methods were too poor to do more 
than indicate no lack of agreement with the calculated 
contamination. 

It has been possible to place an upper limit on the 
positron contamination. This limit was obtained by 
imagining all the particles in the beam that were 
accepted as mesons to have been positrons instead, 
and computing, from data available in Heitler,*® the 
number of times these positrons would be expected to 
radiate more than three-fourths of their energy in 
traversing an aluminum plate. Any positron undergoing 
such a radiative loss would have emerged from the 
plate with its radius of curvature reduced in direct 
proportion to its loss of energy, but with no significant 
change in its specific ionization; no such events were 
observed. A pion suffering such a large change in radius 
would also undergo a large and discernible change in 
specific ionization. 


GEOMETRICAL CORRECTIONS 
One observes three types of meson-induced events in 
the aluminum plates: (1) scatters, (2), disintegrations 


or “stars,” and (3) stops. Type (3) presumably might 
represent: either (a) a real stop involving charge- 
exchange scattering and the emission of a neutral pion 
and no charged particles; (b) a real stop involving 
meson capture and the subsequent emission of neutrons 
and slow charged particles of insufficient energy to 
escape the aluminum; or (c) a “‘pseudo”’ stop, corre- 
sponding to types 1 or 2 above, in which the outgoing 
charged particles are hidden by the geometry. It is 
possible, in principle at least, to take the observed 
events of types 1 and 2 and calculate from geometrical 
considerations the most probable additional number 
of events which would have appeared as pseudo stops. 
Where one is dealing with pions of positive charge 
few, if any, real stops corresponding to case (b) are 
expected. One imagines the incoming positive pion to 
be absorbed by a neutron within the nucleus and to 
give rise to at least one fast proton, which evolves into 
a star of at least one prong. Then the difference between 
the observed stops (3) and the number of pseudostops 
(c) predicted by geometrically-based calculations should 
approximate the number corresponding to case (a), 
charge-exchange scattering. Even in case (a), of course, 
a neutron is converted into a proton which, if given 
sufficient energy, will escape and give rise to a 1-prong 
star. 

By idealizing the geometry somewhat and con- 
structing a simple ‘analog computer’’ (Fig. 8), the 
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evaluation of the geometrical corrections was made 
with a minimum of effort. The procedure used is 
summarized in Appendix I. 


ERRORS 

The probable errors in the energy determinations are 
estimated to have been less than five percent; this is 
much less than the width of the energy groupings used. 
Errors in cross-section determinations were in most 
cases much less than the statistical uncertainties. 

The important quantities bearing upon the accuracy 
of the energy determinations are: mass of the meson, 
radius of curvature, magnetic field strength, rate of 
energy loss in aluminum, and path length in aluminum. 
The present uncertainty in the positive pion mass is 
about one percent.*’?** The true radius of curvature p 
of a track may be obscured by multiple Coulomb 
scattering in the gas, turbulence in the gas, and errors 
in fitting template curves to the tracks. The probable 
error in p owing to these causes is estimated to have 
been about three percent. The maximum uncertainty 
in the magnetic field intensity B was three percent. 
The probable error in energy owing to the errors in Bp 
is estimated to have been less than five percent. 

Measurements were only made on tracks before they 
entered the first plate. Between plates the separation 
was too small, and the turbulence too great to permit 
satisfactory measurements there. In order to fix the 
energy of a meson beyond the first plate, i.e., at the 
centers of succeeding plates, it was necessary to calcu 
late the loss of energy by ionization in the aluminum 
and to subtract this loss from the meson’s energy before 
it entered the first plate. Errors in energy introduced 
by ionization loss calculations were less than one per- 
cent. 

The largest uncertainties in the cross sections derive 
from the statistics and are indicated in Table I. A 


Fic. 8. “Analog computer.” This device aided in evaluating 
the geometrical corrections by determining the weighting factors 
to be applied to the several kinds of events 
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second uncertainty is introduced by the muon con- 
tamination which falsifies the count of pions traversing 
the aluminum. The correction in path length for this 
contamination is indicated in Table III. The 33 percent 
uncertainty is an estimated maximum and leads to 
uncertainties in the path length which in all cases are 
less than, and usually much less than, the statistical 
uncertainties, It has been shown by other experi- 
menters®” that the interaction between muons and 
nucleons is very weak, certainly much less than a 
millibarn. It has therefore been assumed that no 
disintegrations or large-angle scatters were induced by 
muons. 

One also has to consider the reliability with which 
events were counted and identified. Each photograph 
was scanned very carefully for events and it is not 
believed that more than one or two events, at the most, 
the 111 stars and scatters 


were overlooked among 


230°. There was some uncertainty in one to two 


instances concerning whether an event was to be 


identified as a 1-prong star or a forward scatter. 

The author wishes to acknowledge his indebtedness 
to Professor Wilson M. Powell for suggesting the 
experiment and for his counsel, continuing interest, 
and active participation during the entire program. 
This work was performed under the auspices of the 
U.S. Atomic Energy Commission. 


APPENDIX I. EVALUATION OF GEOMETRICAL 
CORRECTIONS 


A meson scattering event may be characterized by a scatter 
angle @ and azimuthal angle @. @ is the usual angle between the 
meson directions before and after scattering. @ is measured with 
respect to rotation about the incoming meson direction taken as 
an axis. @ may also be used to describe the azimuthal orientation 
of a star configuration. The description of the configuration can 
be completed by assigning each fragment or “prong” its individual 
“scatter” angle 0 

The evaluation of the geometrical weighting factor for a given 
scattering or star event was carried out by imagining the event 
to be rotated about the @ axis and observing the values of @ for 
which the configuration was obscured by the geometry. Since 
there is no reason to expect a preferred orientation with respect 
to rotation about the incoming meson direction, all values of @ 
were assumed to have equal probability. For simplicity, it was 
also assumed that the paths of particles involved in an event were 
straight (i.e., not curved by the magnetic field) and the con 
figuration, particularly with respect to star prongs, was unaffected 
by the changing paths in the aluminum brought about by the 
imagined rotation. 

A track was considered to be hidden when it failed to traverse 
a minimum of approximately one-half inch of the illuminated 
region visible to the camera lenses. By idealizing the boundary 
conditions somewhat, it was possible to describe the orientation 
of an event with respect to the geometry of the aluminum plates 
and the illuminated region by the four parameters: 0, ¢, 8 and y. 
@ and @ have been defined above. The beam angle 8 is measured 
in a horizontal] plane and is defined as the angle between a vertical 


® FE. Amaldi and G. Fidecaro, Helv. Phys. Acta 23, 93 (1950). 
FE. P. George and J. Evans, Proc. Phys. Soc. (London) A63, 
1248 (1950) 
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plane normal to the aluminum plates and the projection of the 
track on the horizontal plane. The parameter y is an angle 
measured in a vertical plane. It depends upon the plate height 
at which an event takes place and upon the boundaries of the 
illuminated region. The trigonometric expression for ¢ in terms 
of 6, 8, and 7 was found to be rather complex and tedious to 
evaluate. 

A simple “analog computer” was constructed to solve for the 
limiting values of @ much more simply. The following description 
of its operation may be understood by reference to Fig 8. The 
¢ axis represents the incoming meson, and the knife edge of the 
bar A represents the outgoing scattered meson or star fragment. 
The bar B defines the limits of observability and is set by the 
variable angle y. The axes of rotation corresponding to the 
angular parameters 6, ¢, 8, and y and the knife edge of the bar A 
intersect in a common point. Protractors (not indicated in Fig. 8) 
were provided for measuring the angles 6, ¢, 8 and y. 

When using the computer, 6 and § are set to agree with the 
scatter angle and beam angle of the event being studied. For any 
one event the parameter y has four values, corresponding to the 
four ways in which the upper and lower limits of illumination 
and the front and back sides of an aluminum plate can be com 
bined. Once 6, 8, and y are set on the computer, the bar A is 
swung about the ¢ axis until it strikes the bar B. This position 
fixes one limiting value of ¢. Three other values of ¢ are determined 
in a like manner to establish the range (=A@) of @ in which the 
event is not hidden. One then divides the total range of ¢ (=360°) 
by A¢@ to obtain the weighting factor for the event. 

This weighting factor states the expected number of similar 
events if all could have been observed. It is applicable to scatters 
and one-prong stars. In the case of two-prong stars one proceeds 
in a like manner, determines the overlap in the ranges of @ for 
the two prongs, and obtains a similar weighting factor. One may 
also ascertain the proportion of the time the two-prong event 
would be expected to look like a one-prong star with the other 
prong being hidden. (The application of these weighting factors 
to the adjustment of the numbers of events is outlined in Appendix 
II.) Regarding stars having more than two prongs: only two 
stars were found having more than two prongs, one a 3-prong 
star and the second a 4-prong star. Of course, some of the 1-prong 
and 2-prong stars (observed as such), may actually have had 
more than two prongs which escaped the aluminum. These 
possibilities were considered to be so few in number (and so 
difficult to correct for) that they were ignored. 


APPENDIX II. ADJUSTMENT OF NUMBERS 
OF EVENTS 

Let 

ns = observed scatters 2 30°, 
no =observed stops (real 

plus pseudo), 

n, =observed 1-prong stars, 
n2 = observed 2-prong stars, 


Ns=No. of actual scatters 2 30°, 
No =No. of real stops, 


N, =No. of actual 1-prong stars, 
N2 =No. of actual 2-prong stars, 


and 


Nsrso=No. of observed pseudostops from actual scatters, 

Ni rio = No. of observed pseudostops from actual 1-prong stars, 

N2120 =No. of observed pseudostops from actual 2-prong stars, 

Nora =No. of observed pseudo 1-prong stars from actual 
2-prong stars. 


Among the quantities defined above, the n’s are the only ones 
obtained by direct observation. The N’s and Nr’s are only the 
most probable values, and their evaluation depends upon the 
introduction of certain assumptions stated below. The final 
quantities desired are the V’s. The procedure for obtaining them 
follows. 

The quantities which can be determined by use of the 
computer” (see Appendix I) are defined as follows: 


‘ 


‘analog 





SCATTERING 


fso\ =fraction of time the ith observed scatter is expected to 
have appeared as an observed pseudostop. 

fio =fraction of time the ith observed 1-prong star is expected 
to have appeared as an observed pseudostop. 

foo‘ =fraction of time the ith observed 2-prong star is expected 
to have appeared as an observed pseudostop. 

fu‘ =fraction of time the ith observed 2-prong star is expected 
to have appeared as an observed pseudo 1-prong star. 


Having defined the above quantities, one may write down the 
following relations: 
Nsrso=Z fso/(1—fs0), 
Nara = Z fr /(1—foo —fa™), 
Nara =Z fa /(1—feo —fa), 
(NitNora)rio=Z fro/(1—fi0). 
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(The summations are carried over all the events in the categories 
for which the particular f‘"”’s do not vanish.) 

It is now possible to calculate the value of the N’s providing 
one makes the following two assumptions: (1) No=0, ie., there 


were no real — as opposed to pseudostops; (2) rio~ fio, where 


Fio=Lfhio, (1 — fio *)) aw 


One tnay now write 
Ns =([ns+Nsrso], 
No =0, 
Ni =[mit(Mit+Noya)rio]—Nera(1 +i), 
N2 =n2+-NyntNyn. 

The results of these computations are displayed in Table I. 
The standard deviations have been determined from the number 
of events of each kind observed; i.e, Ns-[1+(1/ns)*], 
Ni: (1+ (1/m)4), and Nq- [1+ (1/n2)#]. 
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The Mean Life of Negative u Mesons Stopped in Iron* { 


A. H. Benapet 
Washington University, St. Louis, Missouri 
(Received April 30, 1953) 


The mean life of negative cosmic-ray u mesons stopping in an iron absorber has been found experimentally 
to be 0.21+0.06 usec. The upper limit to the mean number of neutrons produced is very roughly one per 


meson captured by an iron nucleus. 


HE development of hydrogenous scintillating 
liquids suitable for efficient and fast detection of 
neutrons in the 1 to 10-Mev range! has made it possible 
to extend measurements of the mean life of stopped 
negative » mesons to materials of higher atomic number 
than could be studied previously with Geiger counters.” 
The scintillator is used to detect neutrons (or gamma 
rays) resulting from the interaction of the stopped 
meson with the nucleus. The time delay is measured 
between the arrival of the meson in the stopping 
material and the detection of the nuclear disintegration. 
An extensive experiment of this sort has recently been 
reported by the Princeton group.* The present experi- 
ment was completed before publication of the Princeton 
measurements on iron. Its result is in agreement with 
their more precise result, constituting an independent 
confirmation. 
Figure 1 shows the geometrical disposition of the 
counter tubes and the absorber and also the nature of 
the input circuits. Counter trays A; and A» each 


* Based on Washington University thesis, June, 1952. 

ft Assisted by the joint program of the U. S. Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t Now at Case Institute of Technology, Cleveland, Ohio. 

1 Jastram, Benade, Cleland, and Hughes, Phys. Rev. 81, 327 
(1951). 

2 T. Sigurgeirsson and A. Yamakawa, Phys. Rev. 71, 319 (1947) ; 
H. K. Ticho, Phys. Rev. 74, 1337 (1948); A. H. Benade and 
R. D. Sard, Phys. Rev. 76, 488 (1949). 

3 Keuffel, Harrison, Godfrey, and Reynolds, Phys. Rev. 87, 
942 (1952). 


contain ten brass-walled Geiger counters of 1 inch 
diameter by 25.4 cm effective length, which are con- 
nected to a two-stage pulse amplifier. Between these 
two trays is an iron filter 15.2 cm thick, and below 
them is the absorber, a 30.5 cm cube of iron. Through 
the middle of this cube runs a brass cylinder 2 in. in 
diameter and 31.6 cm long, containing a scintillating 
solution of 2 grams/liter of terphenyl in xylene. ‘Two 
EMI 5311 photomultiplier tubes look into the ends of 
the column of liquid. The amplified outputs, B; and Bo, 
of these tubes are connected in coincidence to suppress 
noise. Underneath the absorber cube is a third tray C 
similar to the A; and A» trays, and containing twelve 
Geiger counters of 1 in. diameter by 50.8 cm effective 
length. This C tray covers most of the solid angle 
subtended by the absorber cube at the A;A,2 telescope. 

Pulses from the A; and A, trays are fed to a coinci- 
dence circuit’ of 0.22-usec resolving time, which pro- 
duces an output signal that is fixed in time relative to 
the earlier of the two input pulses. ‘This output signal is 
used to initiate the timing process of a ten-channel 
delay discriminator® which measures the time between 
signals from the A trays and the scintillation counter B. 
In order to minimize the timing changes caused by 
variations in pulse height, the amplified B,B, coinci- 


‘Such a circuit was first used by M. L. Sands [Rossi, Sands, 
and Sard, Phys. Rev. 72, 120 (1947) ]. 

5 The time base of this discriminator is adapted from the 
Los Alamos Model 300 Sweep. 
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Geometrical arrangement of counters and absorber, 


together with a representation of the input circuits 
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dence signal is sent to the delay discriminator through 
a Ipsec delay line and a gate circuit which “opens” 
only if the original coincidence pulse is large enough to 
trigger a gating multivibrator whose rise time is much 
less than Iysec. The delay discriminator is provided 
with a double set of registers. Events in which the 
particle stops or misses the C tray are recorded in the 
“a” set of registers, while penetrating events giving an 
A,A:2C coincidence go into the “b” set. These events 
shown in the “db” registers give rough information on 
the distribution of random counter lags and instru- 
mental timing errors. Two discriminator channels 
record ‘“‘negative” delays of B relative to the A trays, 
and one records “prompt” events. A series of four 
channels 0.1 usec in width begins at 0.05 usec, these 
being followed by three wider channels extending out 
to about 1.7 usec. 

The calibration of the apparatus was based ulti- 
mately on a 2.500-Mc/sec crystal-controlled oscillator. 
During the experiment, time relations were known 
with an uncertainty from all causes of 6 musec or less. 

The distribution of events recorded in the ‘a’ 
registers of the delay discriminator is the sum of two 
exponentials, with mean lives 79 (=2.2 usec) and r-_, 
which are associated with the stopping of positive and 
negative u mesons, respectively. The number of negative 
meson events occurring in the last two delay channels 
is negligible, so that an exponential of mean life 7 
fitted to the data in these channels may be used to 
calculate the distribution of positive meson events in 
the earlier channels. Figure 2 shows the differential 
distribution of negative meson events per 0.1 usec wide 
delay channel; this was obtained by subtracting the 
estimated positive meson component from the observed 
distribution of counts. It has been shown® that random 
timing errors merely change the observed amplitude, 
but not the mean life of an exponential distribution, 
provided that counting begins later than the longest 


* B. Rossi and N. Nereson, Phys. Rev. 62, 417 (1942). 


possible random lag. The events occurring in the first 
delay channel are not shown in the figure, since the 
distribution of timing errors extends into this interval. 

The method of Peierls’ is used to obtain an estimate 
of the mean life r_ from the data displayed in Fig. 2. 
The “background rate’”’ used to estimate the uncertainty 
in t_ is taken to be the average rate per tenth psec 
channel of the positive-meson component. The “signal- 
to-noise”’ parameter A is found to be 0.67 under this as- 
sumption. Because of the smallness of \, the uncertainty 
was computed numerically from Peierls’ Eq. (27). 
This calculation gives r_ = (0.21-+-0.06) usec, which is in 
agreement with the value (0.16+0.03) usec obtained 
by the Princeton group. The line drawn in Fig. 2 


corresponds to 7_=0.21 usec. 
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Fic. 2. Differential delay distribution of counts from stopped 
negative « mesons. The line corresponds to r_-=0.21 psec 


An upper limit to the mean number of neutrons per 
u-meson interaction m is obtained by assuming that 
all of the delayed coincidences are due to neutrons. 
Measurements of the neutron detecting efficiency for a 
Ra-a-Be source at various places in the absorber, 
weighted according to the measured meson flux at each 
place, give 

+0.4 
m=0.5 
—0.2 


when the effect of random timing errors is neglected. 
The data recorded in the ‘“b” channels of the delay 
discriminator do not well determine the distribution of 
errors, but plausible assumptions of its form cannot 
raise the multiplicity figure by more than a factor of two. 


7R. Peierls, Proc. Roy. Soc. (London) 149, 467 (1935). 
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Production of High-Energy Electron Pairs by Negative Pions in Nuclear Collisions* 


MARCEL SCHEIN, JOSEPH FAINBERG, D. M. Haskix, AND R. G. GLASSER 


Department of Physics, University of Chicago, Chicago, [llinots 


Received April 27, 1953 


Nuclear plates were exposed to negative pion beams of the 450-Mev Chicago cyclotron to search for 
high-energy pairs produced in nuclear collisions. The seven pairs found exhibit the following characteristics 
(a) the mass of the particles is less than 10 electron masses, so the pairs probably consist of electrons; (b) the 
energies of the pairs range from 22 to 205 Mev; (c) the angles between the particles of the pair range from 
0.3° to 25.9°; (d) the distance from the star to the point of origin of the pair-——“gap’’—was definitely less 
than 2 microns (determined by reprojection); (e) the angle between the center of mass of the pair and the 
direction of the incoming pion was 125° wth a spread of +15°. The most reasonable assumption seems that 
6 +¢+-+e + first discussed by Dalitz. If this explanation should hold, then 


they are due to the process: r°— 
However, if all the seven 


from the measured gaps the lifetime must be definitely less than 4.8X 107 sec 
pairs were due to the proposed decay scheme of the x” meson, the probability of the observed angular distri 
bution (e) is certainly less than 2 10°. A possible explanation for the observed effect is that the pair may 


tend to line up in direction with the neutral pion direction 


I. INTRODUCTION 


‘TUDIES have been undertaken on interactions of 
negative pions with nuclei, leading to the emission 

of high-energy pairs of particles, which are probably 
electrons. Preliminary results have been published.! 
Similar investigations, using counter techniques, have 
been reported by Steinberger ef al.’ Perkins et al.’ have 
studied electron pairs in cosmic-ray stars and _ tenta- 
tively assumed they were due to production of neutral 
pions which then decayed into a photon and an electron 
pair, the process of “‘direct”’ decay of the neutral pion, 


r—oytette, (1) 


which was first suggested theoretically by Dalitz.4 This 
paper describes the results of investigations carried out 
using nuclear plates exposed to the meson beams of the 
$50-Mev cyclotron of the University of Chicago. 

The advantages of nuclear emulsion 
technique lie in the ability to make precise measure 
can set definite 


using the 


ments on each individual event. One 
limits on masses by use of multiple scattering and grain 
density measurements of charged particles, even 
though they do not stop in the emulsion. One can also 
measure angles between charged particles with con 
siderable precision. These measurements enable one to 
set up the energy and momentum division of the 
charged particles. 

When used in conjunction with a meson beam of a 
large cyclotron of known energy, the use of the nuclear 
emulsion technique provides a delicate test of the 
theoretical predictions. If the pairs are due to the charge 


* Supported in part by the joint program of the U. S. Office of 
Naval Research and the U. S. Atomic Energy Commission 

1 Lord, Fainberg, Haskin, and Schein, Phys. Rev. 87, 538 
(1952). 

2 Lindenfe Id, 
(1953). 

3 Daniel, Davies, Hu'vey, and Perkins, Phil. Mag. 43, 
(1952). 

*R. H. Dalitz, Pro 


Sachs, and Steinberger, Phys. Rev. 89, 


Phys. Soc. (London) 64, 667 (1951) 


exchange scattering of negative pions,° followed by 
the “direct” decay of the neutral pion, process (1), then 
this technique should provide one with a_ reliable 
estimate of an upper limit to the lifetime of the neutral 
pion, by projecting back the tracks of the pair to find 
the gap. The photographic plate allows detection of 
gaps of 2 microns on pairs of angle greater than 5 
and thus when used with the Chicago cyclotron, one 
can determine the lifetime of the neutral pion if it is as 
short as 5X10~' sec, provided the process of pair 
production is due to the direct decay of the neutral pion. 
Perkins et al.’ have used a similar method on pairs from 
cosmic-ray stars, but in such a case the energy of each 
individual pion is necessarily uncertain, while the 
narrower angles prevailing in their pairs make the gap 
determination considerably more difficult. Any method 
inferring the neutral pion lifetime from a direct decay 
process will be less subject to error than a method which 
infers this from the ordinary decay, since the latter 
adds to all the other experimental and_ statistical 
errors the error due to the conversion of a y ray into 
an electron pair. 

Alternative explanations for the pairs were also 
examined. On the basis mainly of the cross section, it 
is unlikely that the pairs could be due to y rays intern 
ally converted in the nucleus in the process usually 
called “inverse photoproduction,” 


nw +p—n-+y. (2) 


If this process were to take place essentially in a 
nucleon-meson collision, then the energy one would 
expect for the y ray and hence for the total pair energy 
would be around 300 Mev instead of from 25 to 200 
Mev as observed. It has been pointed out® that the 
cross section for this effect should be less than 10-4 
times the star production cross section, while the pairs 


5 Fermi, Anderson, Lundby, Nagle, and Yodh, Phys. Rev. 85, 
935 (1952) 
*W. K.H. Panofsky (private communication 


973 





SCHEIN, FAINBERG, 


170” Cyclotron 
Reverse 
proton beam* 


Be torget > 


227-Mev negative 7-meson beom 


— 


Fe shield 


Anolyzing mognet 


+ 
> Photographic Plotes 


Fic. 1. Arrangement of the « ye lotron for exposure ol plates 
to the meson beams (not to scale). 


show a cross section closer to 10-* times the star 
production cross section. 
The process 


n—et+e7 (3) 
can be ruled out, since in this process, which is a two- 
body decay, there is a simple relation between the 
energy and angle of the pair which is not at all fulfilled 
in the pairs observed here. 

Any process producing ordinary y rays can be ruled 
out since there would be a high probability of finding 
these y rays converting into pairs at distances of from 
three to ten microns from the star, if they were produced 
in sufficient numbers to produce the observed pairs at 
close distances. Such pairs were not observed. This 
category includes such processes as 


wm—y +7. (4) 
Il. EXPERIMENTAL PROCEDURE AND RESULTS 


Ilford G-5 emulsions, 400 and 600 microns thick were 
exposed to the 122-, 145-, and 227-Mev negative pion 
beams. The arrangement of the plates is shown in Fig. 1. 
The plates were exposed so that the beam went through 
parallel within a few degrees to the surface of the plate. 
Typical beam intensities and exposure times were: in 
the 122-Mev beam, 318 mesons/cm?/sec for seven 
minutes; in the 145-Mev beam, 70.6 mesons/cm?/sec 
for 17 minutes; and in the 227-Mev beam, 6.1 mesons/ 
cm?/sec for 210 minutes. Each plate was then carefully 
scanned for all heavy tracks in a field of view which 
ended in that field of view. These endings were examined 
under high power to determine if there was a meson 
incident and if there were any minimum ionization 
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tracks starting from the same poigt. Any such endings 
which coincided with an incident meson stopping were 
classified as “‘meson-induced stars,” and all meson- 
induced stars with at least one minimum ionization 
track were examined under oil immersion to determine 
whether there was one or more minimum ionization 
tracks ernanating from the star. If there were two mini- 
mum ionization tracks, they were tentatively labeled 
“pairs.” Multiple scattering measurements were carried 
out on all tracks which were long enough using the preci- 
sion stage previously described.’-* This included all pair 
particles. All pairs with a total p6 of less than 10 
Mev/c were rejected since pairs of such low energy 
could be produced by many mechanisms, such as double 
Auger electrons, nuclear isomeric transitions, and 
B decays, and would hence make the analysis much 
more difficult. The angles in the plane of the emulsion 
were measured directly; the dip angles were measured 
from the amount of dip, corrected for emulsion shrink- 
age, over a measured length of track. From these the 
angle @ between the two particles of the pair and the 
angle of the pair center of mass with the direction of 
the incoming meson ¢ were computed. These quantities 
are given in Table I for the seven pairs found in the 
15500 stars carefully examined. The errors in the 
incident energies, due mainly to straggling, are about 
10 Mev. The errors in all the other energy deter- 
minations which were done by multiple scattering are 
on the order of 25 percent, although some are much 
better. The errors in the angles are about 1° to 2° for 
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Fic. 2. Pair 2. a, 140-Mev incident pion; b, 5-Mev 
proton; ¢1, C2, pair particles. 


7 Berger, Lord, and Schein, Phys. Rev. 83, 850 (1951). 
§M. J. Berger, Phys. Rev. 88, 59 (1952). 
® Backus, Lord, and Schein, Phys. Rev. 88, 1431 (1952). 





PRODUCTION OF HIGH-ENERGY ELECTRON PAIRS 


—§ 100 M— 


Fic. 3. Pair 3. a, 118-Mev incident pion; b, 5.5-Mev proton; ¢), ¢2, pair particles; d, 6.5-Mevy proton; 
e, 1.3-Mev proton; f, electron, from (g); g, Hammer track due to Li® nucleus. 


angles greater than 10° and about 10 percent for 


smaller angles. 

Several individual events are shown in Figs. 2 to 6. 
Figure 2 is the high-energy pair labeled pair 2 in Table I. 
Track a is the incident meson of 140 Mev, track 6 is 
the 5-Mev proton which emerged, ¢;, ¢2 are the pair 
with a total energy of 200 Mev and an angle of 6.3° 
between the tracks. 

Pair 3 (Fig. 3) shows a pair of 90-Mev energy which 
comes from a star with three protons (6,d,e) of 
5.5,6.5, and 1.3 Mev and one fragment (g) which can be 
identified as a Li* nucleus by the characteristic “hammer 
track” due to the decay into two a@ particles and an 
electron (f). 

Pair 4 (Fig. 4) has an angle of 26° between the tracks 
of the pair particles with a projected angle in the plane 
of the emulsion of 21°, and therefore provides a good 
case for the determination of the gap, as will be de- 
scribed below. Track 6 is a steep track probably due to 
a proton of from 4 to 25 Mev. 

Figure 5 shows the pair labeled pair 7. This is a steep 
pair and so the energy determinations can only give 
a lower limit to the energy of the pair. The projected 
angle 12° between the tracks allows one to determine 
the gap here also quite accurately, and the fact that 


TABLE I. Data for seven pairs found in 15 500 stars. (£, is 
the incident meson energy; ¢1, ¢2, the energies of the pair particles; 
¢:, the total energy of the pair; and @, the angle between the 
particles of the pair. ¢ is the angle between the direction of the 
incident and the center of mass of the pair.) 


et 
(Mev) e 


205 Ld 190° 
120° 
112° 
121° 
114° 
128° 
116° 


Ej 1 2 
(Mev) (Mev) (Mev) 
138 32 173 
140 118 83 201 
118 19 72 91 
140 61 15 76 
118 38 7 45 
222 19 9 28 

>13 >9 >22 


the incident meson has an energy of 222 Mev gives the 
gap determination added significance. 

One of the cases rejected because of the low energy is 
shown in Fig. 6. This pair is of 5-Mev energy. The 
angle between the pair particles (¢;, ¢2) is 50°, larger 
than in any of the accepted pairs. Although this pair 
was in the 122-Mev beam, which gives an incident 
meson of about 118 Mev after corrections are made, 
the star has an outgoing meson of 80 Mev (track d). 
This would make it impossible for a neutral pion as 
well to be produced, since the rest mass of the neutral 
pion is 135 Mev. Track 6 is an 11.4-Mev proton. 

The gap, i.e., the distance from the star to the point 
of origin of the pair, was determined on the wide angle 
pairs by the following method. The position of every 
grain of the pair was carefully plotted for a distance of 
100 microns from the star so as to get a good deter- 
mination of the point where the pair tracks intersected. 
The position of the star was determined by the inter- 
section of the meson track with the proton or other 
heavy track, which was also plotted. From this it 
was determined that the gap was less than one micron, 
in pairs 4 and 7. In all the other pairs the gap was less 
than two microns either by this projecting back of the 
tracks or by the location of the first grains along the 
tracks. In all cases there could have been no gap at all. 

On several pairs in which the tracks were long enough 
to give good statistical precision, in addition to the 
multiple scattering measurements, grain counts were 
made. All incident mesons were checked in this way to 
determine if their grain density was compatible with 
that to be expected of a meson in the pion beam. 
From this it was possible to set an upper limit on the 
mass of the pair particles. Pair 6 which had two low- 
energy particles as well as long track length gave the 
most precise results. The grain densities were compared 
to the grain density of the incident 222-Mev pion which 
should be at minimum. The grain density of track C), 
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which had pp=19.5 Mev/c, was 1.04+0.08 times 
minimum; while the grain density of track C2, which 
had p§=8.9 Mev/c, was 1.00+0.09 times minimum. 
The mass value corresponding to an energy of 9 Mev 
and an ionization of 1.15 times minimum (which is a 
conservative upper limit to the ionization) is 10 electron 
masses. We can safely say that this is an upper limit 
for the mass of this particle. For the other particle we 
can only conclude that its mass is less than 22 electron 
masses. It seems most reasonable to conclude that these 


particles are electrons.” In no case was a pair particle 
observed definitely above minimum ionization. It was 
therefore assumed that all the pairs are electron pairs. 

The angle @ between the pair particles in space is 
shown in Fig. 7(a). The angle @ between the center of 


10 The ionization is consistent with electrons even if the rela 
tivistic increase in considered. 


HASKIN, 


AND GLASSER 


Fic. 4+. Pair 4 
a, 140-Mev incident 
pion; 6, probably a 
proton, too steep for 
definite energy deter 
mination; ¢1, ¢2, pair 
particles. Flux of 
particles from beam 
is also shown. 


mass of the pair and the direction of the incident meson 
is plotted in Fig. 7(b). The remarkable phenomenon of 
such a sharp angular distribution will be discussed in 
the next section. 

III. DISCUSSION 

The experimental evidence discussed in the previous 
section showed that none of the pairs could be mesons 
of known mass, while some of them at least are less than 
10 electron masses. It is not entirely impossible that 
these pairs are composed of some new particles of mass 
less than 10 electron masses. However, the assumption 
has been made throughout this discussion that they are 
electrons. 

The process involved in the production of these 
pairs is a collision of a negative pion with a nucleus of 
the emulsion. In all the pairs observed here, there is at 
least one charged nuclear particle emerging, in addition 
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to the pair, so that these pairs are all produced in a 
collision with nucleons of heavier nuclei than hydrogen. 
Since according to current theories" any direct coupling 
of electrons to nucleons or to pions must be of the same 
order of magnitude as the coupling responsible for the 
8-decay process and hence much too weak to produce 
these pairs with the observed probability, we have 
considered several processes which involve either real 
or virtual intermediate particles. Processes producing 
photons which in turn create electron pairs are among 
the types which we consider. 


(a) Pairs of Electrons Produced by Real y Rays 


The y rays might be produced in such processes as 
the so-called inverse photoproduction, in which a pion 
colliding with a nucleon produces a y ray and the charge 
exchange scattering of a negative pion which produces a 
neutral pion, the neutral pion in turn decaying into two 
y rays. Since the conversion length in the emulsion’: 
is close to 4.5 cm, we would expect that there would be 
four times as many pairs originating in the region from 
2 to 10 microns from the star as in the region from 0 to 
2 microns. The evidence as discussed in the last section 
is that all seven of the pairs originate in the first two 
microns or less, while none originate in the region from 
two to ten microns. The probability that all these pairs 
originate from real y rays is 1.3 10~°. It is possible that 
one of the pairs might have this cause, but such a 
mechanism is ruled out for producing all the pairs. 


Fic. 5. Pair 7. a, 222-Mev 
incident pion; 6, proton, too 
short for accurate energy 
determination; ¢),¢2, pair 
particles 
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(b) Pairs of Electrons Produced by Inverse Photo- 
production Followed by Internal Conversion 


of the y Ray in the Same Nucleus 


The internal conversion has been estimated to occur 
in about 1/100 of the cases of y-ray formation.*:3-" 
An vpper limit may be placed on the cross section for 
inverse photoproduction in carbon or heavier nuclei of 
about 10~° times the star-production cross section® so 
that the total probability of occurrence of a pair by 
process (b) is 104 times the probability of star forma- 
tion. However, as discussed in the last section, 15 500 
stars have been examined and the scanning efficiency is 
estimated to be of the order of 50 percent, since if 
pairs were produced in a collision which had no singular 
fragments or if their direction were such that they could 
be mistaken for mesons of the beam, they might have 
been missed. Hence the most probable value of the cross 
section for pair production is on the order of 10°? times 
the star-production cross section. This is to be compared 
with 10-4 obtained for the inverse photoproduction- 
internal conversion scheme. In addition if the pairs were 
produced by process (b) because of their high energy, 
they should be primarily produced in a nucleon-pion 


collision, 


e+e +N, (5) 


nr +p—(y+n) 


and the pair energy can be calculated from the incident 
pion energy by using energy and momentum conserva- 
tion. When applied to two of the energies used in this 
experiment and for an angle @ of 120°, the predicted 


—5O0M— 


EE. Fermi, Elementary Particles (Yale University Press, New Haven, 1951 


' Carlson, Hooper, and King, Phil. Mag. 41, 701 (1950). 


‘SL. Nedelsky and J. R. Oppenheimer, Phys. Rev. 44, 948 (1933). 
J. C. Jager and H. R. Hulme, Proc. Roy. Soc. (London) 148, 708 (1935) 


'5 M. E. Rose and G. E. Uhlenbeck, Phys. Rev. 48, 211 (1935 . 
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energy is 250 Mev for 118-Mev incident pions and 370 
Mev for 222-Mev incident pions. These are greatly 
above the pair energies observed (see Table I). Also, 
pairs from this source are not expected to have the sharp 
angular distribution with respect to the incoming 
meson which is observed (Fig. 7 and Table I). For these 
reasons it is assumed here that the pairs are not due to 
the process of inverse photoproduction. 


(c) Pairs of Electrons Produced by the 
Two-Electron Decay of the Neutral Pion 


Process (3) is a two-body decay in which the energy 
and momentum conservation laws predict a unique 
relationship between the momenta and angle of the 
pair. This relationship is in complete disagreement with 
the observed data (Table I). 


(d) Pairs of Electrons Produced by the So-Called 
Direct Decay of Neutral Pions 

Dalitz* suggested that if the normal decay scheme of 

the neutral pion is (4), then the neutral pion should 
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Fic. 6. Typical rejected 
pair. a, 118-Mev incident 
pion; b, 11.4-Mev Proton, 
1,2, pair particle; d, 80- 
Mev meson. 


have also the decay scheme (1), with a probability of 
about 10-*. The neutral pion could be produced in a 
charge-exchange scattering of the incident pion in a 
nucleus in the emulsion. In hydrogen, charge-exchange 
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Fic. 7. Observed angular frequency distributions of the pairs in 
the laboratory system. (a) Frequency distribution of angle 6 
between pair traeks c, and ¢2, in space; (b) frequency distribution 
of angle @ between direction of pair and incident direction. 
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scattering at pion energies above 100 Mev takes place 
with a high probability.’ However, in the emulsion we 
are dealing predominantly with heavier nuclei, mostly 
carbon, nitrogen, oxygen, silver, and bromine.'® Since 
fragments occur, in all cases in which pairs have been 
observed, they must be produced in a collision involving 
one of these heavier nu¢iei as noted above. Since the 
observed pair frequency is 10~* and the probability of 
pair production is about 10-*, then if process (d) is 
the one which produced the pairs, the cross section for 
charge-exchange scattering in the emulsion must be 
about 10 percent of the total star-production cross 
section. This seems to be in rough agreement with 
recent cloud-chamber experiments.” 

The fragments of the star can be interpreted as 
evaporation particles. If this is the case, then nearly as 
much energy should go into charged as uncharged 
particles on the average. E. in Table II is the total 
energy of the charged evaporation particles. E, is the 
total energy of non-ionizing radiation emitted from the 
star. Since £, is much larger than £,, this indicates that 
some non-ionizing radiation other than evaporation 
neutrons may have left the star. In all cases E, is large 
enough that a photon from the decay of the neutral 
pion [Eq. (1) ] could be emitted. This indicates that it 
is likely that some such high-energy neutral particle 
does come off the star. 

Thus the only scheme which appears to have a 
probability of occurrence consistent with the observed 
rate is the charge-exchange scattering followed by the 
direct decay of the neutral pion. Yang'* has shown that 
on the basis of present-day theory, the neutral pion 
decay into two y rays implies that it cannot have spin 
one and that it most likely has spin zero. For a particle 
of spin zero, the decay scheme should be completely 
isotropic in its center-of-mass system. Assuming that 
the charge-exchange scattering is predominantly an 
effect involving one nucleon only and represented by 
the well-known scheme, 


n+p --+n, (6) 


we can compute the angle ¢, between the direction of 
the pair and the direction of the incident meson in the 


7 
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Fic. 8. Center-of-mass system [see Sec. III, (d)] frequency 
distribution of angle @ between center of mass of pair and direc- 
tion of incident meson for center-of-mass system in reaction (5) 

16 J. J. Lord, Phys. Rev. 81, 901 (1951). 

17... Lederman, Proceedings of Third Annual Rochester Confer 
ence on High-Energy Physics (Interscience Pbulishers, New York, 
1953), p. 182. er 

°C. N. Yang, Phys. Rev. 77, 243 (1950) 
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TABLE II. Data for the seven stars containing pairs. (¢ is 
the angle between tue center of mass of pair and the direction of 
incident meson in the coordinate system of center of mass of inter 
acting particles; E,, difference between energy of incoming meson 
and energy of outgoing charged particles; P,, diflerence between 
momentum of incoming meson and momentum of outgoing charged 
particles; F., energy of all charged particles leaving star other 
than pair; and m, number of charged particles leaving star other 
than pair. 


En 


ev) Pa 
100 
380 
130 
205 
225 
495 
390 


— ee ee 


center-of-mass system of the interacting particles. This 
angle has been calculated (see Table II) and is plotted 
in Fig. 8. Comparing the angular distribution shown in 
Fig. 7(b) with Fig. 8, one sees that the distribution is 
strongly centered around one angle in both cases, but 
the center is at 115° in the laboratory system and at 
125° in the center-of-mass system. This angle, however, 
is not the same as the angle between the neutral pion 
and the incident meson since in a free decay at these 
pion energies, the pair will in general make some angle 
with the direction of the neutral pion. If the most 
extreme assumption is made that the neutral pion is 
emitted at an angle of 125° with the incident pion in 
all cases, then we can compute the probability for the 
pair to emerge at an angle between 110° and 140°, the 
observed angles, assuming the neutral pion to have the 
same energy as the incident and assuming isotropy in 
the center-of-mass system of the decaying particle, 
using formulas derived from the Lorentz transformation 
from the center-of-mass system to the laboratory 
system. The probability for each individual event is 
between 0.17 and 0.30, depending on the incident 
energy. The probability for all the pairs to be observed 
in this angular range is 2X10~°. If the neutral pion is 
actually emitted at a non-unique angle, as is practically 
certain, then the probability would be even lower to 
have the pairs in such a narrow band. If the neutral 
pion comes off with less than the incident pion energy, 
as is likely, then the probability would be still lower, 
Since the probability of the observed angular distribu- 
tion is then less than 210-5, it seems certain that if 
the pairs are due to neutral pions decaying, then some 
new mechanism must be introduced to produce this 
angular correlation. If this mechanism is a spin inter- 
action, then since the 2y decay rules out spin 1, a spin 
of 2 would have to be assumed. 

The angle between the pairs has been shown in Fig. 
7(a). The shape of the distribution is roughly the same 
as that predicted for pairs from the direct decay of the 
neutral pion. However, the half-angle as computed 
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from Dalitz’s formula is 11°, while the half-angle 


obtained here is 6°. 


Mean Life of =’ 


Under the assu:nption that these pairs are due to the 
decay of the 2° meson, events of the kind observed here 
can be used to determine the mean life of this particle.' 
For this determination the gap measurements described 
in Sec. II were used. If d is the gap, c is the velocity of 
light, 8 is the particle velocity in units of the velocity of 
light, then the lifetime at rest is given by 


r= d/Byc. (7) 


From the considerations of energy and momentum 
balance discussed in Sec. III (d) we conclude that the 
lowest energy of any of the pions should be 100 Mev. 
Adopting this as a lower limit for the neutral pion 
energy and 2 microns as the gap, we calculate the mean 
life of the neutral pion at rest to be less than 4.8 10~"® 
sec. This is definitely an upper limit, since the gap used 
was an upper limit to the actual gap while the energy 
used was a lower limit, and also since all 7 of the decays 
occur within this gap so the mean gap is less. (The 
probability that the lifetime is greater than 4.8 107° 
sec is 0.04.) This estimate of the mean life is considerably 
lower than previous estimates given,*-® but is consistent 


” Kaplon, Peters, and Ritson, Phys. Rev. 85, 900 (1952). 
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with the most recent data,” and with an earlier estimate 
of the lifetime based on the ordinary decay.”! 


IV. CONCLUSIONS 


The most probable explanation for the occurrence of 
the pairs appears to be that they are due to the charge 
exchange scattering of the incident negative pion 
followed by the direct decay of the neutral pion into 
a photon and an electron pair. This explanation cannot 
account, however, for the sharpness of the distribution 
of the angle between the pair and the incident pion 
direction for spin zero particles. If this distribution 
were accounted for, it would still mean a strong prefer- 
ence for charge exchange scattering of the pion in 
heavier nuclei of the emulsion into a narrow angular 
range in the backward direction. 

If the pairs are the result of a decay process, then the 
mean life of this decay is less than 4.8X 107" sec. 
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rhe intluence of gaps for injection, acceleration, 


etc., on the stability of orbits in a strong-focusing 


synchrotron is examined and found not to be negligible. The calculation also gives some information about 


the resonances resulting from irregularities 


I. INTRODUCTION 


N earlier constructions of the synchrotron, the 
oscillations of the particles are governed by the 

equation 
(d*w/d#)+ nw =0, (1) 


with 2 a constant. It has been pointed out by Courant, 
Livingston, and Snyder' that the engineering construc- 
tion may be considerably simplified by making m a 
function of #. These authors have considered the case 
where m shows a rectangular ripple. The result seems 
promising, allowing a wide variation in the absolute 
values of 7. It has also been suggested that the condi- 
tions for stability will not be remarkably influenced by 
the presence of small intermediate intervals where n= 0. 
In practice it is necessary to have evenly spaced inter- 
vals with n=0, which are not small. As the motion is 
more complicated in this case, one is inclined to believe 
that the stable regions will be diminished. This sug- 


q, 
id 


Fic. 1. Field gradient g oe 
as function of the angle 6 for 1) ] 
sections arranged without 
gaps. 


My) 
N=2Q. 


gestion is shown to be correct by the following analysis. 
l‘urthermore, it is shown that the stable regions become 
“perforated” in the presence of irregularities in the 
engineering construction. 


II. REMARKS ON HILL’S EQUATION 


The following mathematical theorems concerning the 
equation 
(d?w/d&)+- y(O)w =z () (2) 


will be useful in treating the stability problem. Here 
y(9) is a periodic function of @ with the period 2. Two 
different solutions w;, w, of this equation are linearly 
independent if, and only if, 


We 
| (0. (3) 
we’ | 


Courant, Livingston, and Snyder, Phys. Rev. 88, 1190 (1952). 
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For the solutions of Eq. (2), 
dA/dd=0; (4) 


i.e., A is constant for all values of 6. From the theory 
of Floquet? it is known that Hill’s equation has normal 
solutions W,, W’, satisfying 


W 1 (0+Q) =0,W,(0), 
W2(0+2) =o2W'2(0). 


This fact is due to the periodicity of g(@). 

From an arbitrary set of fundamental solutions, w,, 
we, satisfying Eq. (3), the normal solutions W,, W» 
can be constructed in the following way. A normal 
solution, which can always be written 


W = aw + bw, (6) 
satisfies 


W(Q)=aW (0), (7) 
W’(Q2)=o0W' (0). 


Hence, 
a{w,; (2) —aw, (0)} +b{w2 (2) —aw2(0)} =0, 
(9) 
a{wy’(2)—awy' (0)} +b{ we’ (Q)— awe’ (0)} =0. 


A solution exists if 


| w4(2)—ow, (0) = we (2) — owe (0) | 
=(), (10) 


|w,’(Q) —ow,' (0) we’ (Q) — awe’ (0) 


(a A){w,(O)wy,’ (Q)- wy (O) ws (Q2) 
+ wy’ (O)w);(Q)— w1(O)wy’(Q)} + 1 0). (11 ) 
Qi 
I 


Fic. 2. Field gradient = 
q for the case of m double ; 4 
sections followed by a f aw 
gap. | ee 


| » 
| mn _O1 
period T=mf+O; 


2 See, e.g., E. T. Whittaker and G. N. Watson, A Course of 
Modern Analysis (Macmillan Company, New York, 1946), p. 412 
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Here Eq. (4) has been used. Denoting the roots of Eq. 
(11) by a; and a», the normal solutions are 


W,= {we (Q) -oW2(O) Jw, . {w,(Q)—01w,(0)} we, 


Wo= (w2(82) —o2w2 (0) }wi— (wi (2) — 020, (0) we. 


In order that all solutions of Hill’s equation be 
bounded, it is necessary that 
o,;|}<1 and 


Since, according to Eq. (11), o102=1, the condition for 
stability is that the roots of Eq. (11) be complex, and 


_thus 


or 
| { 1 (O) we’ (2) — wy’ (0) we (Q)+-w; (Q) we’ (0) 


— wy! (Q)w(0) |/24|) <1. (14) 


III. RECTANGULAR RIPPLE WITHOUT GAPS 
Let us consider the case where the function q(6) is 
defined as shown in Fig. 1. Elementary calculations give 
the following set of solutions (continuous and with con- 
tinuous derivatives of first order): In region I: 
(15) 


w,=cos(n,0), we=ny~'sin(n,30). 


In region II: 
w,=A cosh(n2!0)+B sinh (n,$6), 
wo=Cny* cosh(n240) = Dnz sinh (n.'8). 


A cosa, ¢ oshag | Y sina; sinha», 

B y sina, cosha,— cosa; sinhas, 
C=y~' sina; cosha,— cosa; sinhas, 
D= cosa; coshay—y~" sina, sinha, 

where y= (n,/n2)*, a;=n4, and ay=n2'0. This is a 
set of fundamental solutions, and the functional deter- 
minant has the value 1. The equation for a is 


20 cosg+1=0, (17) 


$ 


— cose 
--A 
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Ke. 6 
% 





F 





4 

Fic. 3. cosy and 8 as functions of a? and a;*. The quantity cos¢ 
characterizes a double section, and § describes the arrangement 
of the gaps. 
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where 
1 ay—a? 
COS y= Cosa; Coshas — sina, sinhag. 
2 aja 


(18) 


The condition for stability, 
cos¢y| < [. 


is identical with that given by Courant e/ al. 


2 


tot 





(c) m=3 


Fic. 4. The stability of the motion depends on the properties 
of the magnetic sections and the gaps, which are characterized by 
cosy and «x. The number of double sections between the gaps is m. 
Regions of stability for one type of oscillation are shown for 3 
different values of m. 


It is easy to verify the following relations: 


o,=e'*, o.=e '*, 
a;"+a."=2 cos(mg), 

o1"—o2"= 21 sin(mg), 
W,(0)/WY(0)= 
1W72(0)/W 2’ (0) = —w2(Q)/[w1 (2) — a2 |, 


-w(Q)/[w,(Q)—o ], 
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where the W; are the normal solutions defined by Eq. 
(12). 
IV. RIPPLE WITH GAPS 
In the actual case, q(@) is defined according to Fig. 2. 
A fundamental set of solutions ™;, “: is obtained by 
starting with the normal solutions W in the region I. 


ui(0)=W,(0), u(r) =01"{W1(0)+4,W1'(0)}, 
u2(0)=W2(0),  u2(r)=02"{W2(0) +6,’ (0)}, 
u,'(0)=W,/(0),  u/(7) =a," W 1’ (0), 

us! (0)=W2'(0), 2! (r)=02"W2! (0). 

The condition of stability (14) corresponding to this 
problem is 
a2"+a1" A 


o2"—a\" | 
| 3 2 W,(0)/Wy' (0)—W2(0)/W2' (0)| 


<1, (25) 


which, by using Eqs. (21)-(23), may be reduced to 
|cos(mg)+x sin(mg)/sing| <1. (26) 
Here cos¢ is given by Eq. (18) and 
k= BO;/0o, 
B= hae cosa, Sinhag— $a; sina; coshay. 


(27) 


Figure 3 shows cosg and £ as functions of a,’ and a,’. 
Figure 4 gives the stable regions in the plane x, cos¢. 
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Fic. 5. Stability regions for an arrangement of 2 double sections 
followed by a gap. This figure is constructed from Figs 3 and 4(b). 


ORBITS 


IN SYNCHROTRON 


_!__.|_» 


3 4 


Fic. 6. An irregularity in the engieeering construction repre- 
sented by a small gap repeated after 12 double sections gives rise 
to 22 unstable stripes, shown as fine lines. 


The stable regions of Fig. 4 may be mapped into the 
a plane for different values of @,/@. In order that the 
stability of both radial and axial oscillations may be 
examined, the stable regions should be transformed 
according to a;?=a,’+6,". If a>, this is equivalent 
to a reflection in the line a,;’=a,”. The final region of 
stability is then found as the area common to both 
regions. 

This construction has been worked out for m=2, 
6,/00=0, 4, and the result is shown in Fig. 5. By means 
of Figs. 3 and 4 the process is easily repeated for other 
combinations. It is seen that the stable regions are 
split up by the presence of the gaps. The effect is larger 
the larger the ratio @,/, and if this ratio is not very 
small the effect can probably not be neglected. 

It is possible to investigate the influence of a small 
irregularity in the engineering construction by applying 
these results in a slightly different manner. Let us 
assume a rectangular ripple interrupted after a distance 
kQ by a small error represented by a gap. This corre- 
sponds to case III with m=k>1 and 0@,/@<«1. One 
finds (see Fig. 6) that the stable regions will be “per- 
forated” by small unstable regions crossing the line 
a;’>=a?, the number of such regions being 2(k—1). 
Though of small area the perforation may seriously 
influence the operation. By letting the oscillation be of 
a nonlinear character, a stable operation may be ob- 
tained. This question, however, will not be discussed 
here. 
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In this note we obtain the restrictions on the position of the poles of the S matrix for resonan 


* reacwuions, 


that are a consequence of the definition of the S in terms of Wigner’s R matrix 


N several recent papers' attempts were made to 
derive the analytical properties of Wigner’s R func- 

tions? from causality conditions imposed on scattering 
processes. In these attempts, it was shown that the 
same restrictions on the poles of the S function follow 
from causality conditions as from the definition of the S 
in terms of the R function. To be able to extend this 
analysis to resonance reactions, we shall derive in this 
note the restrictions on the singularities of the S matrix 
that are a consequence of its definition in terms of the 
R matrix. 

For the sake of simplicity we shall only consider an 
n-alternative resonance reaction, in which the particles 
in all channels are spinless and have zero relative 
angular momentum. The relation between the S and R 
matrices is then given by 


S=[1—iK!RK! }'[1+:K'RK’ } 
K-(iK"'+R}"(iK'—R JK), (1) 

where K is the diagonal matrix formed with the wave 

k6,;|, and R is 


numbers of each channel, i.e., K= 


given by* 


1X 
. Fy I: 


R=) 


From Eq. (1) it is clear that the poles of the S matrix 
are given by the zeros of the determinant of the de 
nominator, Le., by 


det(i#K '4-R)=0. (3) 


We enumerate the channels in order of increasing 
rest masses for the two particles, and designate by 
the relative kinetic energy in the first channel, so in 
1) we have 


(Qu ;)*k?+0;; 


natural units (A=<« 


E= (Qu) Rk’? 
(4) 


Q;= (mj;+m,;')—(mr+my), 


) 


where the (; are all positive and form an increasing 

'W. Schiitzer and J. Tiomno, Phys. Rev. 83, 249 (1951); 
M. Moshinsky, Phys. Rev. 84, 525 (1951); N. G. Van Kampen, 
Phys. Rev. 89, 1072 (1953). 

2. P. Wigner, Ann. Math. 53, 36 (1951). 

3 E. P. Wigner, Phys. Rev. 70, 606 (1946); J. M. Blatt and V. F. 
Weisskopf, Theoretical Nuclear Physics (John Wiley and Sons, 
Inc., New York, 1952), Chapter X, pp. 548, 554. In formula (1) 
we took the radius of the internal region in all channels as zero, 
but it is easily seen that the arguments given above are not 
changed when the radius of the internal region is different from 


zero. 


sequence, and y,, m,;, m,’ are the reduced mass and the 
masses of the two particles in each channel. 

From Eq. (4) we see that det (?K'+R) is an analyti 
function of &, with branch points at ky=-+ (2u:0;)! on 
the real axis. To make the determinant a single-valued 
function of &;, we introduce a Riemann surface in which 
a cut is made along the real axis from (2u:0,)! to 
(2u,0,)'. We define the first sheet of this Riemann 
surface as the one in which, for energies above all 
thresholds, i.e., H>Q,, all the wave numbers are real 
and positive. From Eq. (4) we see that 
Ril, 


Im E=p, Rizk, =u; 


where k,,, kj, are the real and imaginary parts of k,; 
and it is clear that neither &;, nor k;, can change sign 
inside a quadrant of the &, surface as this would imply 
that at some points inside the quadrant k,,k;,=0, and 
this is only possible on the real or imaginary axis. Using 
this fact and the definition of the first sheet of the 
Riemann surface given above, we see that k,,>0 for 
the upper part of the first sheet for any j, while kj,>0 
in the first quadrant, &;,<0 in the second quadrant and 
kj,=0 only on the imaginary axis. We can now prove 
the following theorem: 

The poles of the S matrix defined by Eq. (1) are excluded 
from the upper half of the first sheet of the ky Riemann 
surface, except possibly for the imaginary axis. 

Let us assume that there exists some &, in the upper 
half of the first sheet for which Eq. (3) is satisfied. This 
implies that we can find a complex vector x40 that 
satisfies the homogeneous system of equations: 


(iK '+R |x=0. (6) 


Multiplying Eq. (6) by the transposed conjugate of x 
we obtain 


x*’Rx=—i > |x 
j=l 
We take the imaginary parts of both sides of Eq. (7) 
and multiply them by Im F, and using Eq. (5) we 


obtain 


Im E Im(x*’Rx) *kiz*kjy,. (8) 


From what we said in a previous paragraph, it is clear 
that for any point &; in the upper half of the first sheet 
outside the imaginary axis, the right-hand side of Eq. 
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(8) is negative. On the other hand, for the same value 
of k, the left-hand side is positive because Im E¥0 
and the Hermitian form x*’Rx censtructed with an 
arbitrary vector x is an R function of the energy, i.e., 
its imaginary part has the same sign as the imaginary 
part of the energy, as can be seen directly from Eq. (2). 
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We obtain then a contradiction and the theorem is 
proved. 

The relation between the above restriction on the 
position of the poles of the S matrix and the causal 
description of resonance reactions will be discussed 
elsewhere. 
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The Causal Interpretation of Quantum Mechanics 
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In connection with the discussion given in a previous note, a classical Hamilton-Jacobi equation associated 
with the Schrédinger function in momentum space is derived. Certain “extra” terms in this equation are 


shown to be of quantum-mechanical origin. 


N a previous note! under this title we stated that 

one can associate with the Schrédinger function in 
momentum space, a classical Hamilton-Jacobi equation 
involving the classical potential V(x) and a quantum- 
mechanical potential W(p). Since some questions have 
been raised? concerning the possibility of doing this, 
we wish, in this note, to give the derivation of this 
equation. 

We start from the Schrédinger equation in mo- 
mentum space which we write as 


i h do(p) 
(p+ f ako(bo(p- hk)+—-- —=(), 
IM i at 


V (x)= fox (k) exp(ikx). 
; 
(p)=p.(p) exp(—o1(0)) 
1 


(p, and o, real), we find 


“i 


where 


Writing 


2 


+Re f di (k){p.(p—hk)/p.(p)} 
2M 


i da.(p) 
exp] —{0,(p—hk)—a.(p)} [+ —=(), (2) 
h at 

1S. T. Epstein, Phys. Rev. 89, 319 (1953). 

2 T. Takabayashi, Progr. Theoret. Phys. (Japan) 8, 143 (1952); 
D. Bohm, Phys. Rev. 89, 318 (1953). Bohm has also discussed the 
possibility of finding a probability current density in momentum 
space. It would seem that this can be done. Namely, from the 
Schrédinger equation we find (0/d1)¢*(p)¢(p) equal to a known 
function; call it F. To write P= —y-J (9 is the gradient operator 
in momentum space), we need only solve the Poisson equation, 

VP=-—F, 
and write J=yP 


We now compare Eq. (2) with the classical Hamilton 
Jacobi equation in momentum space for a particle 
moving in the classical potential V(x) and an extra 
potential IV(p), i.e., the equation 


r da Oo 
+VEi— )+wo = 0). 
2M Op at 
From this comparison it is obvious that o=o, will be a 


particular solution of the classical equation if we put’ 


00>, 
W(p)=—- v(- =) -+Re f a(t) op ~hk)/p.(p)} 
Op 


i 
exp Pa —hk)—«a,(p)} }. 
1 


Our purpose will now have been accomplished if we 
can show that W(p) is of quantum-mechanical origin. 
This we do by remarking that if we put / equal to zero, 
then, expanding the exponent, we see from Eq. (1) 
that W'(p) vanishes.‘ 

Similar results can be found in other representations. 
Further, although we have specifically considered only 
the problem of a particle moving in a potential, ex- 
tension to the electromagnetic field and to interacting 
systems® is immediate. Our treatment is limited, how- 
ever, in that it does not include spin. 


3 Note that W()) is a functional of o, and p,, not o and py. 

‘ p, and a,, of course, will in general have an implicit dependence 
on A. This we ignore. Our argument here is of the same sort as 
that of Bohm when he identifies his —h?V?R/2MR as a quantum 
mechanical potential because of its “proportionality” to h?. 

6 For the case of interacting systems there is the further freedom 
that one may, if one wishes, use a different representation for each 
system. 
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Ihe independence of momentum and velocity in Dirac’s theory of the electron may be understood 
classically as a consequence of the radiation reaction force. In earlier work one of the authors has tried to 
interpret the whole spin phenomenon on this basis, considering the new degrees of freedom as representatives 
of the higher time derivatives in the equation of motion of a particle extended in space. A consequent 
treatment of this question by Bopp on the basis of his linear electrodynamics revealed that this program 
is possible only for integral spin; also, it seemed to be necessary to ignore the non-conservative part of the 
radiation reaction force. We show here that without alteration of the new formalism the spin may be intro- 
duced as an intrinsic feature of the pariicles, as in older theories, so that half-integral values are included. 
The Poisson brackets are derived in full generality without reference to a specific model by extension of 
an idea of Anderson. It is then shown by a contact transformation first discovered in quantum mechanics 
that the motion under the (third order) radiation reaction force is contained as a particular integral in 
the (fourth order) equations of motion, which we have in common with Bopp. This holds exactly in absence 
of the Lorentz force and suggests a simple scheme for the interpretation in quantum mechanics of the 
radiation reaction. In order to maintain nearly the particular motion in presence of the Lorentz force, a 
slight alteration of the Hamiltonian is necessary, which has empirical support from the evaluation of the 


corresponding wave equation. 


I 


T has often been observed that Dirac’s wave equation 
of the electron may be interpreted classically as an 
energy theorem of the form 
E=v(p+eA/c)—eV + moc? (1—6")}, (1.1) 
where the velocity v and the momentum p are treated 
as independent quantities. (A and V mean the vector 
and scalar potential, and 8=v/c.) On the other hand, 
it seems to have escaped the attention of most physicists 
that Eq. (1.1) with its characteristic independence of 
v and p may be interpreted classically in a generalized 
form in the following way: Let the electron be under 
the influence of the Lorentz force and the radiation 
reaction force, 


meu; = — (e/c)F ju*+ (2 /3c) (uj —uj-uy'u®), (1.2) 


and let its mass m be variable according to 


m’ = (2é 3c2) u,/u*’. (1.3) 


Here u,;c means the four velocity (u,.u*=—1), Fix is 
the field tensor, and a prime denotes derivation along 
the world line. Then (1.1) is an intermediate integral of 
this motion, if mo is replaced by m. As a proof! rewrite 
Eq. (1.2) after substituting (1.3) in the form 
— (e/c) F ju". (1.4) 


[mceuj;— (2e/3c)u;' 


With 


F,=0A,/dx'— 0A ,/ax*, (1.5) 


and 
py= meu ;— (e/c) A s— (2€2/3c)u,;’, (1.6) 
1 W. Wessel, Ann. Physik (5) 43, 565 (1943). Proof is reproduced 
here in a condensed form, because the distribution of the original 
paper has been greatly hampered by the war events. 


this may, using a contraction well known from ordinary 
relativistic mechanics, be written in the form 


pj = —(e/c)OA,u*/ dx’. (1.7) 


In the following we use as a standard abbreviation 
g5= pit (e/0) Aj. (1.8) 
Solving (1.6) for 1,’ so that 


uj’ = (3c/2e?) (mcu;—g;), (1.9) 


we have two independent equations of motion for p; 
and u;. Only if the small constant 2e?/3c is taken to be 
zero, one has the ordinary dependence mcu;=g;, with 
constant m. Now it is easy to see that 


H=ug*+mc=0 (1.10) 


is an integral of the foregoing equations of motion. 
Note first that (1.4) may be written, by using (1.6) 
and (1.8), as 


g/=—(¢/OF ns*, (1.11) 


so that u,.¢’*=0 because of the skew-symmetry of Fix. 
It follows upon noting (1.9) that 
H' =u; g*+- m'c 
= (3¢/2e*) (mcu,g* — g.¢*)+m'c. (1:12) 
Upon substituting Eq. (1.9) into (1.3), we get 


m' c= 3c/2e- (mcuyu* —2mcurg*+ gig*), (1.13) 


and after using mg*=—mc, from (1.10), and the 
identity u,«0*= —1, it follows immediately that 
H'=0, (1.14) 


which proves that Eq. (1.10) is an intermediate integral 
of the motion. Formula (1.1), of course, is merely 
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formula (1.10), solved for E=cp‘, with m instead of mo, 
in nonrelativistic notation. 


II 

The quantity on the right side of Eq. (1.3) is the 
energy equivalent radiated by the moving charge per 
unit time in its rest system. Thus, it may be said that 
the analog—or more precisely one analog—of the 
motion described by the Dirac equation is one in which 
the radiated energy is permanently added to the rest 
mass. It is of interest to keep to this interpretation in 
contrast to an alternative one developed by Bopp,’ 
which we shall discuss below. Besides other arguments 
in its favor, which are the main subject of this paper, 
we should like to mention in passing that it provides 
at least in principle the possibility of constructing a 
quantum mechanics of the radiation process, which 
has not yet been integrated into Bopp’s theory. The 
identity of (1.1) and (1.10) does not imply that the 
energy is constant. Formula (1.10) is only an inter- 
mediate integral, which states that the variable E=cp* 
is expressible by the other variables as in formula (1.1). 
Let now these variables be represented by operators, 
to be defined by a set of commutation rules. Also, the 
rest mass will be an operator.’ Both energy E and rest 
mass m will then have eigenvalues, and the variability 
of the rest mass, given by the classical formula (1.3), 
infers quantum theoretically that it does not commute 
with the energy. One has, then, the choice of keeping 
either to a state of constant energy or to a state of 
constant rest mass. In the first case one has a “‘station- 
ary state” in the ordinary sense, involving states of 
different rest mass; in the other case one has a particle 
of well-defined mass which changes its energy. The 
details of this procedure should be analyzed more 
thoroughly, but it seems satisfactory to have at least a 
simple program for the treatment of this basic question. 


Il 


We are now coming to the main problem of this 
paper, which is the following: The classical equation 
of motion (1.2) is of third order in the coordinates. The 
usual, although somewhat heuristic procedure of its 
quantization requires three steps: (a) decomposition 
into a set of equations of first order; (b) derivation of 
the first-order equations from a Hamiltonian by Poisson 
brackets (p.b.); and (c) interpretation of the p.b.’s by 
commutation rules. Note that only the existence of a 
Hamiltonian, not of a Lagrangian function, is essential. 
Of course step (a) is always possible ; it is accomplished 
in the foregoing by formulas (1.7) and (1.9) together 
with the definition x;/=;. Also, step (c) is possible. 
But, in order to do step (b) it has been found necessary 

2F. Bopp, Z. Naturforsch. 1, 196 (1946); 3a, 564 (1948); 
Z. Physik 125, 615 (1949). A report on this theory has recently 
been given by H. Hénl, Ergeb. exakt. Naturwiss. 26, 291 (1952). 

3 The following considerations have been influenced by inter 
aaah remarks of G. Falk, Z. Physik 130, 51 (1951); 132, 44 
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to introduce additional variables.‘ The corresponding 
classical equation of motion is of higher order and 
accordingly more complicated. Now our question is: 
Cannot the simpler motion characterized by (1.2) and 
(1.3) be shown to be a special type of the more general 
case? We shall show that this is true, if there are no 
external forces (F;,=0), and that in this case H given 
by (1.10) is the Hamiltonian; but in the presence of 
such forces (F,,#0) the tendency of keeping near to 
this motion requires additional terms in the Hamil- 
tonian depending on the F’,, which are also suggested 
by experimental evidence in a rather unexpected way. 
The p.b.’s which we shall use in the following were 
first set up‘ in a heuristic way anticipating a magnetic 
moment of the particle as an additional variable. There 
was a decided tendency to consider it as a substitute 
for the higher derivatives in the equation of motion of 
the electron which were to be expected as a consequence 
of its finite extension in space. A very similar program 
was simultaneously carried through by Bopp.? The 
difference is that Bopp obtained a conservative char- 
acter for the motion not by our artifice (1.3) but by 
complete omission of the nonconservative part of the 
radiation reaction force. In the formulation of Wheeler 
and Feynman? the term }(Fx"*—F*¢") in which we 
are mostly interested is omitted and only }(Fy'* 
+F 4") is retained. With this omission Bopp was 
able to found the present “field mechanics” on a 
variation principle and to derive the p.b.’s unambigu- 
ously. 
Now, of course, a consistent interpretation cannot 


simply skip the energy consuming part of the radiation 
reaction force. Moreover, there is another drawback 
for this conception in that it has not yet been possible 
to explain the half-integral spin of the electron by this 


procedure in spite of considerable effort to do so.* Thus 
one might be forced to abandon this scheme in favor 
of the older concept of the spin as a true additional 
feature of the particles. The question then arises as to 
how to introduce its p.b.’s in a logical way.’ This has 
been at least partly achieved by Anderson® by the 


4*W. Wessel, Z. Naturforsch. 1, 622 (1946); FIAT Report 
No. 1131. 

5 J. A. Wheeler and R. P. Feynman, Revs. Modern Phys. 17, 
157 (1945) 

®F. Bopp and R. Haag, Z. Naturforsch. 5a, 644 (1950). 

7 We are referring here to Poisson brackets—to be indicated 
by { }—because the following considerations are mainly of 
classical character. It must be kept in mind, that p.b.’s, in contrast 
to commutation rules, always refer to a system of basic conjugate 
variables. It is convenient to be reminded of this fact by the 
factor h in front of the p.b.’s. The existence of such a system is 
here silently admitted, because it is known to exist from previous 
work. If the p.b. of two quantities is zero, we say that they 
commute 

® Leon Tasso Anderson, Ph.D. thesis, Ohio State 
Columbus, Ohio, 1952 (unpublished). The reasoning is, in short: 
the kinetic energy of the linear Hamiltonian does not commute 
with the orbital angular momentum. Adding a spin angular 
momentum M;,, so that the sum becomes constant, and determin 
ing M,,’ in the sense of the text, one finds formula (3.1) by 
separation of the three independent momentum components 
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simple remark that one has only to postulate conser- 
vation of angular momentum in order to get the p.b.’s 
of the spin angular momentum components with the 
four velocity. They follow as a consequence of the rule 
M,y’={H, Mx}, with (1.10) as the Hamiltonian and 
under the assumption that m commutes with Mx. 
There results 


? 


h{uj;M i} = 64 j;— 44; ;, (3.1) 


if the spin angular momentum components are supposed 
to be of the form —hM.;, —hM3,, —hM 2. This formula 
may be relativistically generalized, if the My, 1, R=1, 
2, 3, are considered as part of a six-vector Mx, 1, k= 1, 
2, 3, 4, which may be interpreted as an electromagnetic 
moment (magnetic components opposite to spin). The 
p.b.’s of the M,, among themselves may then be 
introduced from the viewpoint of their rotational and 


translational invariance: 


{MyuM") 6,°M,' 6,'M,' 6,°M,.7°+6,.°M,’. 


This process may be continued. The 
Anderson is restricted by some simplifying assumptions 
which are not necessary. Removing them, we are able 
to derive all p.b.’s without reference to any specific 
model. The essential point is that we do not assume 
the magnitude of the spin to be constant. Indeed the 
rest mass will depend on its amplitude, and the rest 
mass is supposed to be variable. As a consequence we 
0, but 


method of 


will not assume, as does Anderson, that u’7M,, 
rather that 


wM,, =KU,, 


where U, is a unit vector and A is an invariant. As a 
consequence of the skew-symmetry of My, and the 
time-like character of uw’, the vector U; is orthogonal 
to w', 1e., a'U’.=0, and space-like : U'U,;=+1. More- 
over, the vector «/M,,*, where M,,* is the dual to M,,;, 
need not be zero. Let us only make the simplifying 
assumption that it is parallel to U’;. Using the notation 
M,:*=M™, etc.,° we then write with another 


invariant J, 


may 


wM ,*=—IU,. 3.4) 
By a few algebraic manipulations it may be shown 
see Appendix), that 7 and K are the invariants of the 
momentum tensor in the form 
P—-K*=4}MaM", 
IK=1My*M*. 


and Mx, formula (3.1), i 
and (3.6) the relations 


Knowing the p.b.’s of 
easy to derive from (3.5 


h{K,uy=U 


A{ 7, u;}=0. 


? 


Now it may be seen from (3.2) that the two invariants 
in (3.5) and (3.6) commute with all tensor components 


® We omit here a superfluous factor ¢ used in earlier publications. 
The — sign in (3.4) maintains the + sign in (3.6). 
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and among themselves. This leads to the disappearance 
of the corresponding p.b.’s: 
(K, Mu} =9, 
{7, Mux} =0. 


(3.9) 
(3.10) 


As a consequence of (3.8) and (3.7) the invariant / 
commutes also with U/;, which makes it the center of 
the p.b. algebra. 

IV 


With the extension of formula (3.1) we have intro- 
duced all six components of the momentum tensor as 
independent quantities, which is unphysical. One should 
expect the electrical components to be expressible by 
the magnetic components and the four-velocity. Now 
only six of the eight Eqs. (3.3) and (3.4) are inde- 
pendent; as a consequence the six-vector Mj is ex- 
pressible by the vectors u; and U;. The most general 
form will be a linear combination of u,U;,—u,U,; and 
its dual. Inserting such a linear combination into (3.2) 
and (3.3) one finds easily, using the fact that the dual 
is orthogonal to both u; and U;, that 


M,.=K(Ua,—Uuptl(U ay.— U yu,)*. (4.1) 


With this, our apparatus is reduced to seven quantities, 
namely, the two four-vectors U;, «,;, which due to 
orthogonality and normalization represent five inde- 


pendent variables, and the two invariants J and K. It 
can be shown by some vector calculus that one may 
choose the seven quantities %;, u2, “3, M2;/7, M3,/T, 
M,2/I and K/J in order to express the U, and the rest 
of the M,,./7, which is essentially the desired result. 
We omit the explicit formulas, mentioning only that 
the electrical components vanish with v only for K=0 
Formula (4.1) may be inverted and used to derive the 
somewhat 


themselves. The 
the Appendix. There 


among 


p-b.’s of the ws; 

lengthy calculations are given in 
} - 

results 


Ar { 14 14, ujU,—u,U “+ KK 4.2 


The rest is mere algebraic manipulation since the U 
may be expressed by the u;, Mj, and K with the help 
of (3.2) or (3.3). One finds that 


h{U a.) = K (64+u,—UU,)/ (P+4+EK) 
—h{u,U;}, 43 


{UU} =— {ua}. (4.4 


With this we have derived the formulas first suggested 
by the considerations of reference 4 in a straightforwar« 
way. Besides being relieved of some unnecessary 
dimensional constants, in accordance with a previous 
note,’ formula (4.2) appears in a simplified form due 
to the use of (4.1). This last relation was first derived 
in another paper" as a consequence of a matrix repre- 
sentation of the p.b. algebra; hence, there is no doubt 
*W. Wessel, Z. Naturforsch. 6a, 478 (1951 

"' W. Wessel, Z. Naturforsch. 7a, 583 (1952) 
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that it is compatible with the remaining apparatus in 
quantum mechanics too. 

Bopp’s classical theory is characterized by 
commutativity of the velocity components. According 
to (4.2) this leads to 


the 


(4.5) 


/=0, 


and it follows from the representation theory of the 
Lorentz group that only integral quantization is 
possible. For finite representations the explicit formulas 
are given by van der Waerden.” One finds after a few 
rearrangements” that 


(4.6) 


1 
iTK =i-M ,*M**= j(j+1)—j'(j’+)), 
4 


where j (20) and j’ (20) are integral of half-integral 
numbers characterizing the representation. The in- 
variant J can disappear only if j’= 7. Now the eigen- 
values of the momentum components are of the form 
m+m’ (reference 12), where —j7< mj and —j’<m'’ 
<j’; hence, for equal j, j’ the sum m+m’ can only be 
integral. For infinite representations see a previous 
paper" and the literature quoted therein 


Vv 


With the help of the p.b.’s developed in the foregoing 
two sections we are now able to set up the equations 
of motion for every quantity, say u,, in the form 
u;’={H,u;}, if a Hamiltonian H is given. It is the 
subject of this paper to use the H of Eq. (1.10), which 
is primarily only an intermediate integral of (1.2) and 

1.3), as such a Hamiltonian and to see if it leads back 
to these equations. To do so we have to know the 
function m. As an invariant it can only depend on / 
and AK, and because / commutes with all quantities, 
it is its A dependence which matters. Generalizations 
of Dirac’s theory in the sense of (1.10) have often been 
tried, and there has been much guessing about the 
presumable form of m(A). As one of us has recently 
shown, both quantum” and classical” arguments favor 
the choice of the simple function 


m( K)=m,cosh(TA}, 
where my, is a parameter and I the large constant 
l= 3hc/2e. (5.2 


rhe classical argument was that in this way the mass 
variation (1.3) can be realized. If we wish to see if 
Eq. (1.2) is also fulfilled, we first have to set up the 
equations of motion for u,;, U';, K and px, xx, and then 
eliminate all additional variables, expressing them by 

2B. L. van der Waerden, Die gruppentheoretische Methode in 
der Quantenmechanik (Verlag Julius Springer, Berlin, Germany, 
1932). 

43K. J. LeCouteur, Proc. Roy. Soc. (London) A202, 394 (1950) 

14*W. Wessel, Z. Naturforsch. 4a, 645 (1949 

16 W. Wessel, Phys. Rev. 83, 1031 (1951) 
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xe, xe, xe” or by uy, uy’, etc., respectively. This can 
easily be done for the case 7=0, for we are then in 
complete accord with Bopp. In this case the motion is 
derivable from a variation principle, and the desired 
higher-order equation appears immediately in the form 
of an Euler-Lagrange equation : 
d f0(L+Au,u*) d OL OL 
- = ; (5.3) 
Ox? 


ds Ou! ds du’? 


The derivative d/ds refers to the world line; L is a 
Lagrangian function of the form (we follow here HénI) 


L= —meF(Q) —(e'c) Agu’; (5.4) 


( is an abbreviation for 


O=Fu,'u'*, (5.5) 
where / is a suitable length, to make () dimensionless; 
F is the “structure function” which characterizes a 
certain linear electrodynamics of Bopp; and X is a 
Lagrangian multiplier which takes care of the condition 
u,u*=—1. If one performs the derivations prescribed 
in (5.3), one finds that the equation is self-consistent 
only if 
A= mgc(}F —20dF /dV)). (5.6) 
As Bopp shows,'* the structure function determines the 
rest mass by the two equations [in our notation: 
gs= K, mdG/g,=m(K) | 
O(dF (dO) = K*, 
and 
m(K)/ mtg= F(O 


—2OdF di 5.8) 


given by (5.1), we may solve 
them for the Differentiating (5.8 
with respect to Q, one finds quite generally, after 


common 


Inversely, with m(K 
structure function 
repeated use of (5.7) and cancellation of a 
factor dK /dQ), that 
mA 
~ —= D3. 
’ - « 
1K ms, 
With our special choice of m(K), namely formula (5.1), 
one has simply 
QO=(419 sinh('K) F 5.10) 
rhereafter it is easy to find 


F(Q)=cosh(TK)—TIA sinh(?K) 


1+40/T?)!—2(O8/T) sinh 5.11) 


203, T 
Evidently this structure function is very “well be- 
haved”; its development, consisting of powers of 0/T7, 
is convergent for a wide range of V, owing to the large 
numerical value of I'(~$-137). The function has no 
poles, and its behavior for 0—+= lies well within the 
limits of the functions discussed heretofore. This should 
be emphasized, for it shows that some “misbehavior” 


‘6 F. Bopp and L. Bauer, Z. Naturforsch. 4a, 611 (1949 
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of m(K), which we will have to discuss below is not a 
consequence of an absurd choice of this function. 
Substituting (5.6) into (5.3) and introducing m from 
into the form 


5.8), one may put (5.3 


dmcu; é df dl 
-—F ;,u*+ me (0 u;—P—— u/'). (5.12) 
l ds dQ ds dQ 


This is the equation of motion of an electron with an 
acceleration dependent rest mass under the influence of 
the Lorentz force augmented by force-like terms de- 
pending further on the acceleration term of the La- 
grangian function. Our program seems to require some 
sort of coincidence between this formula of the Bopp 
theory and our Eq. (1.2), which may be written, as in 
(1.4), in the form 


dmcu,/ ds e/c)F jyu*+ (22/3c)u;", (5.13) 
but a comparison does not reveal the slightest similarity 
of the additional terms on the right side; even the order 
of differentiation is not the same. Nevertheless, the 
Hamiltonian of Bopp is identical with our function 
(1.10), which has been shown to be an integral of 
Eq. (5.13) also. Indeed we are going to show in the 
next section that for vanishing Fy the motion described 
by (5.13) is a special case of the motion described by 
(5.12) if the mass function (5.1) and the structure 
function (5.11) are used. This does not imply that the 
additional terms of (5.12) and (5.13) are identical in 
this case; even the one time integrated form of (5.12) 
is not an immediate consequence of (5.13). This is the 
reason why a direct attempt at writing (1.2) and (1.3) 
in p.b.’s failed.' The assertion is that for /4,=0 the 
general integral of the third order equation (5.13), with 
m’ given by (1.3), is a particular integral of the fourth 
order equation (5.12). 

The direct proof of this theorem is rather involved, 
but it is simple and very instructive to derive Eq. (1.2), 
for Fy=0, from the general equations of motion 
directly, including nonvanishing J. We will find a very 
characteristic type of motion and be able to investigate 
the general motion in the vicinity of this restricted one, 
which will lead to an entirely new interpretation of 


this whole mechanics 
VI 


The equations of motion to be derived by the p.b.’s 
of Secs. II] and IV from (1.10) as the Hamiltonian, 
first given‘ and in a puritied form," are here further 
simplified by the use of (4.1), which eliminates the Mx 
entirely, and are specified by the use of (5.1) for the 
mass. The value zero of the Hamiltonian (1.10) implies 


u,.g* = — me. (6.1) 


As before we introduce for symmetry of writing 


Ug" Me. (6. 
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his is primarily only an abbreviation and does not 
mean that M is a given function of K, as is m. Further- 
more we write 

h/moc=, 6.3) 
which is the Compton wavelength, divided by 2z, if mo 


i 


is the electron mass. With this notation we have now 


uj’ =(1/h(P+K*) ](u.U ;—u,U,)*¢' 


+(I'/X) sinh(TAK)U;, (6.4) 


Uj =(K/h(?+ K*) |(mceu;— McU ;—g;) 


I'/X) sinh(T'K)u;, (6.5) 
(6.6) 


(6.7) 


K'=Mc/h, 
J’ =(. 

These are 10 equations for the u;, U;, K and J, reduced 
to 7 independent equations by the conditions u,u* = —1, 
U,U*=+1, u,U*=0, which are particular integrals of 
(6.4) and (6.5). In addition we have as a consequence 
of { pi, xx} = Oi: 

g) = (geg;}u® = —(e/)F jxu* (6.8) 


and of course 


xj =(gex,;}u*=u;. (6.9) 


We are now going to show that for vanishing Fx, where 


g;=const= p;, (6.10) 


there is another particular integral 


M?— m?+ m,?=0, (6.11) 


provided the invariant of the energy-momentum four 
vector is 


pip * = — (moc)?. (6.12) 


Indeed, we have from (6.1), taking into account the 
skew-symmetry of the starred tensor in (6.4), for 
g*= p*=const: 

m'c= —u,'g*= — (I'/X) sinh(T'K)U;,p* 


= (I'/X) sinh(T'K) Mc, (6.13) 


and from (6.2) and (6.5) 

M'c= —U;,'g'=(K/(P+ K*)h | (m2 — M?2+ pip*) 
+(I'/X) sinh(TA)mc. (6.14) 

Now, if (6.11) holds at one time, the first term on the 

right of (6.14) disappears as a consequence of (6.12). 

It follows immediately that MM’—mm’'=0, i.e., (6.11) 


holds at all times. We infer from (6.11) and (5.1) that 
for this type of motion there is 

M = my sinh(T'K). (6.15) 
Let us now make the transformation 
(6.16) 


(6.17) 


u;=u; cosh(TK)—U;sinh((K), 


U;=—u; sinh(('K)+U; cosh('K). 
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It corresponds to a unitary transformation (n.b. with 
expiI’K*/2), which has been found to play a key role in 
quantum mechanics," and may directly be shown to be 
canonical. With this transformation the equations of 
motion (6.4) and (6.5) go over, for the particular case 
(6.11), into 


hi,’ (P+ K*)=1(a,U ;—a,U,)*p* cosh K 
+K(p;—my ci;) sinh(TAK), 

AU | (P+K?)=1(au,U ,—a,U,)*p* sinh K 

« —K(p;—mecii;) cosh(T'K). 


(6.18) 


(6.19) 


It is now immediately seen that 


u;= p;/ moc = const, (6.20) 


which makes the last terms vanish, is a particular 
integral; for the starred tensor, after insertion of (6.20), 
becomes orthogonal to p*, so that d,’=0. At the same 
time there follows U,’=0; hence 


U ;=const, 6.21 


to be chosen perpendicular to a, and so that U,U*=1 
Accordingly the original u,, U, are expressible, by 
inversion of (6.16), (6.17), in terms of the variable A 
alone: 


M a, cosh(TA)+ U, sinh PA 


l uM, sinh ! A . / cos} ! A 


In order to obtain the differential equation of u,, we 
have new only to eliminate the two constant vectors 
by two differentiations. This is done very easily with 


the use of K as an auviliary vasiahle, obey ing 
kK’ 1X sinhl A, 
and (6.15). We 


6.24 


as a consequence of (6.6 have first 


u,'=(1/X)U', sinhPA, : I’) Nu; sinhTA (6.25 


There follows 
i u* X*) sinh? (TA ) 
and tinally 


x), sinh?(PA)+ U, sinh(PK) cosh(P'K) } 
6.27 


u,= (I 
a, (1y'u®’)+ (P/X)u,’ cosh (VK) 
Solving ror u,’ and introducing m from (5.1) we have 


mu,’ = (moX/T) (1; —u,-uy'u*®), 6.28) 


which due to the values (5.2) and (6.3) of I and X is 
just Eq. “1.2) for vanishing Fx. Finally we have 
m’ = mol’ sinh(T A )K’ 
(mol’/ X) sinn* (PK) 
= (moX/T’) ay’ u* 
which is Eq. (1.3). Hence the motion described by 


(1.2) and (1.3 
F «=0, whereas / is arbitrary 


is contained in the general motion, if 
That the integral given 
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by (6.22) and (5.1), with arbitrary mo, is the general 
integral of (1.2), (1.3), may be inferred from the 
number of constants. Equation (1.2) represents three 
equations of second order for the three independent 
components of the four velocity, and (1.3) is one 
equation cf first orter. Hence, the number of integration 
constants must be seven. They are present in the five 
independent components oi u;, LU; in (6.22), the value 
of mo, and the time constant. 


VII 


The integration of the force free motion which 
hitherto has been carried to the determination of u,= x,’ 
may be accomplished either through (6.24), which gives 
K as a function of the world line, or by direct treatment 
of (1.2) and (1.3 finds a 


strong variability of all ingoing quantities including m 


As in similar cases"’ one 


This must not be considered as absurd, for we have 


here the clear distinction between momentum and 


velocity. The momentum is constant for force free 


gto (6.20 variable velocity 


accord x 


motion, , areal the 
mass cescriix i ternal 


checked 1 check 


the beh 60 has to cl 


+} ’ 
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motion } ‘ \ bee ciirec tty ir 


the 
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1 ~ \ ! 


reasonable Lhere 


IS ONLY 


absolutely 
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kq 6.24 


does not always lead to real value ) 


real s. Instead by using an imaginary world line, as we 


Yet ily by ene 


dithhculty more ¢ 


one sotves this 


the roles of (6.1 ind (0.2 iA 
We, with V/ vive! 6.15 
6.1 as a consequence Th 


leads immedi 
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where u,; reduces to p;/moc, formula (6.20), in the force 
free case, and mp is strictly constant. With the present 
Hamiltonian (1.10) this equation does not hold. Neither 
u,’ nor U,’, Eqs. (6.4) and (6.5), contain the Lorentz 
force, and accordingly a,’ contains only the g*. The 
Lorentz force in (5.12) appears first at the next stage 
of the elimination process described in Sec. V and is 
intimately connected with the appearance of terms 
with u,/” in (5.12). From the point of view of an 
independent spin this is unnatural. If the spin is 
treated as an autonomous quantity, it is purely formal 
to eliminate its variables in favor of the higher deriva 
tives of u;. A direct interpretation of the Euler-Lagrange 
equation (5.12) is no longer available, and for the 
essential case 70 there is even no Lagrangian. In any 
case, even apart from these reflections, a constant 
momentum in the force free case should be modified in 
the sense of Eq. (7.1) without the detour of higher 
derivations. This is true for the vector 


pj;=mcu ;— 2moc (OF gu;—PdF gu;'/ds) (7.2) 


(Fg=dF/dQ), according to Eq. (5.12), at least for ,; 


instead of a; on the right side of (7.1), and this vector 
is coincident with our pj, Eq. (6.20), if the u; of Eq. 
(6.22) and the F(Q) of Eq. (5.11) are used (n.b. for 
1=/2). But this holds only in the force free case; the 
equation of motion of our p; or a; is different from the 


Eq. (5.12) obeyed by the p; just mentioned. 
Let us compute 


a,’ ={H, t;}, (7.3) 


with (1.10) as Hamiltonian. We obtain similar terms 
as in (6.18), with p* on the right side replaced by g*. 
But this is not the only change, because in the derivation 
of (6.18) we have used the form (6.15) for M as a 
consequence of M*—m?*+-m,?=0, which in presence of 
external forces is no longer a particular integral. Rather 
the equation of motion of a; reads now, after using 
(6.16) and by direct use of (6.4), (6.5), and (6.6), 


hi; (P+ RK?) =1(4G,U;, wu jU,)*g" coshlA 
+ K (gj+U;- deg* — Us: Uag*) sinh'K 


tmocVU (ge */moct+sinh’K): (12+ A?). (7.4) 


Let us see what happens, if we try to generalize (6.20) 
in the form 


j= Z5/ MC. (7.5) 


The term with the starred bracket disappears for the 
same reason as in (6.18). In the second bracket we 
have tig* = a, t* - moc moc, Uyg* = Uy ti* + moc=0, i.e., 
it disappears too, and likewise the last one is zero, 
because there is g,U/*/moc= u,U* = —sinh(TA). Hence, 
there u;’=0, in contradiction to Eq. (7.5), 


which would lead to 


follows 


, 


ui (e/moc?)F ju. (7.6) 


Now, there seems only a little required to make (7.5) 
and (7.6) compatible. Let us join to the Hamiltonian 
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an additional term H, and keep to (7.5). As before, the 
right side of (7.4) will disappear, but we will have 

a,’ ={H,, a;}. (7.7) 
On the other hand, we have still in the first approxi- 
mation, if //,; is smail compared with H, 


e,'={H+M,, g3~{H, g;}= —(e/c)F jxu®. (7.8) 


Hence, to maintain (7.5), we would have to find an Hi, 
so that 


{H,, uj} = — (e/moc*)F ju". (7.9) 


It does not seem possible to fulfill this relation exactly 
in a simple way. Indeed we did not expect to find Eq. 
(7.6), but rather Eq. (7.1), with a instead of u* on 
both sides. There exists an /7; which accomplishes this 
task very simply, namely, 


H,= —eh/2moc?-M yy F'**. (7.10) 


It follows first from (3.1) in view of the commutativity 
of My and K that 


{H),, u;} 


and due to the canonical character of the transformation 
(6.16) (see the comment to this formula) one has also 


(H1,, a;} = (7.12) 


With this choice of /7;, (7.5) is no longer true; accord- 
ingly we will have additional terms in Eq. (7.1), coming 
from the right side of (7.4), which no longer vanishes; 
but such terms are as natural as in (5.12), where they 
arise, if one tries to replace u; by p; [Eq. (7.2)] on 


both sides. 


(7.11) 


- (e/myoc*) F j.u*, 


(e/moc*) F j,t*. 


VIII 


From the foregoing considerations it seems very 
suggestive to generalize our particular motion by 
introduction of the term #H,, Eq. (7.10), into the 
Hamiltonian. Evidently, it represents the magnetic 
energy of one Bohr magneton (the factor 1/¢ comes 
from the reference to the world line instead of to the 
proper time), and the question arises: Is there any 
experimental evidence for the addition of such a term? 
In Dirac’s theory it would be impossible. Before we 
discuss this question, we should like to discuss another 
apparent difficulty which is even more obvious. The 
Lorentz force in (7.12) appears as the consequence of a 
magnetic moment of the particle and not of its charge. 
Apparently, by this mechanism, an uncharged particle 
with a magnetic moment, like the neutron, would move 
in much the same way as an electron. In fact the 
phenomenon is very surprising, but the present conse- 
quence is wrong. If (7.1) is supposed to hold to a fair 
approximation, the perturbation coming from the term 
on the right side of (7.4) must be small, 1.e., mocti;=g; 
must hold approximately, at least in some time average. 
This is possible only when the particle has the right 
charge-moment ratio. Without charge the variation of 
g; would be much smaller [namely, {//;, g;} instead of 
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(27, g,) j than that of moecti;. The particle would move 


more or less like a dipole, and the use of ud; would 
simply losv its meaning 

In Dirac’s original Hamiltonian, as is well known, a 
spin moment does not appear explicitly, and a term 
like /7,; would destroy the accor! with experiment, e.g 
the tine structure of the /7 atom. More 
liscovered by I 


the 


ntly the 


imb il d 


rece 
much discussed inconsistency 
Retherford (LR shift) has modified 
in order to describe it phenomenologically 
terme of the Dirac theory ane 
(1/2r)(1/137) of the present 7 
This is very much different 


picture, but 
vould n Ae te 
the pre 

Our Hamiltonian is coincident with Dira 
variability of the rest mass is disregard 
p.b.’s can be interpreted quantum mec! 
commutation rules 
of Hermitean n 
this to 


the sense of ‘“‘minus”’ 
interpretation demands the use 
for their 
matrices'’ for the velocity components, similar to these 
of momenta and coordinates, but similar to the origina 
Dirac matrices only in the first rows and columns. The 
theory of these infinite representations has been worked 
out during the last years by one of the authors wit! 
permanent regard to the integration into Dirac’s theory 
of the finer reactions of the electron upon itself. It was 


these 


representation, and leads infinite 


in strong support of this tendency that the use of 
representations together with formula (5.1) for the mass 
for the LR shift at 
qualitatively." gave a 
term of the right form, but with too great a factor 
[ (16/3) (1/2) (1/137) ]. This deviation is certainly at 
least in part a consequence of the rather rough approxi 
mation. We evaluated the LR shift classically, using 
for the rest of the Hamiltonian a finite instead of an 
infinite matrix representation. This was done, since the 
interest was primarily centered on the shift term and 
since the technique of the infinite matrices was not yet 
sufficiently developed. The wave equation obtained in 
this way was just Dirac’s except for the correction 
term and accordingly included the correct relativistic 
(Sommerfeld) fine structure. In the meantime a way 
has been found to treat the rigorous equation by a 
perturbation method.” It had to be applied first to 
check the normal relativistic fine structure, and the 
somewhat unexpected result was that this term was too 
small by a factor of 1/9. In this case the approximation 
method seems trustworthy, and the deviation has a 
physical reason. In the infinite representations also the 
matrix of the spin is infinite. There exists a minimum 
spin which, incidentally, is given by the center / of the 
p.b. algebra, and “excited states” with /+1, /+2, 
--+, The perturbation caused by the spin 3 in its first 
order is of similar magnitude as the second-order 


18 W. Wessel, Phys. Rev. 76, 1512 (1949). 

19 Unpublished; the procedure is based 
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frustrates every classical understanding 
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Sommerfeld’s derivation of the fine structure formula 
which he did without knowledge of the spin. If a 
classical interpretation becomes possible at no greater 


its commutation relations, and 
Its SUCCESSES 
was 


same chance as 


expense than a small additional term in the Hamiltonian 
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APPENDIX 


The proof of Eqs. (3.5), (3.6) rests on two identities 
for skew-symmetric tensors 


M ,.*M# 
M ;.*Mo** 


(Al) 
(A2) 


15M an M™™, 


M ;,M* 45;*M ann 
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One proves them, following Minkowski,” by direct 
computation, using matrix notation for the tensor 
multiplication. With them one obtains (3.5) and (3.6) 
from (3.3) and (3.4) by squaring and subtracting these 
relations or multiplying them, respectively, remember- 
ing that U,U*=1. 

For the proof of (4.2) we first invert formula (4.1) 
by combination with its dual. There follows, e.g., 


KMut IM a*)/(P+K2). (A3) 


ujU,—u,U 
Let us denote the tensor on the right by Ru. The 


p.b. with a; is 


{uu U, 


ux{u;U >} = {uj;Ri}. 


{uu yU,4+uf{ujU,)} 
(A4) 


The right side may be computed with the help of (3.1), 
(3.7), and (3.8): 


h{uj;Ruj=((P 


+-[ K (6; jt, — 5, jtt;) 


K°)U Mut 21 KUM 4* \/ (P+?) 
I (6; tt. — 6, u,;)* |/ 2+ K?). (AS) 
We now multiply (A4) by U* and contract. Due to 
(3.3), consequence of 


°H 


there is U*u,=0; and as a 


Minkowski, Math. Ann. 68, 472 (1910). 
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U'U,=1, we have U*{u;U,}=0. With this there 


results 


{jun} UPU = U* (a Rin}. (A6) 


{uju;} 
This is a system of six inhomogeneous linear equations 
for {u,;u;}. The determinant is unity, that is, if a 
solution is found somehow, it is unique. Try now 


(u u;} = U*{u;Ri). (A7) 


Due to the skew-symmetry of R,, there holds then 
U'{uju;} = U'U*{u;Rix} =0. Accordingly, the second 
term in (A6) vanishes, and the equation is fulfilled. 
Furthermore formulas (3.3) and (3.4) may be inverted 
with the help of the tensor identities (Al) and (A2), 
giving 

(A8) 


(A9) 


UM ,,=Kuj, 
UM ,,;*=—Tu,, 
and finally there holds 


U* (6; jt. — 5, ;) *= (uU ;—u,U,)*. (A10) 


With these formulas the computation of {u,, u;} from 
(A7) and (A5) is straightforward and leads to Eq. 
(4.2) of the text. 
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Repulsive Core and Charge Independence 
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In an earlier paper Schwinger derived expressions for the effective strengths of the neutron-proton and 
proton-proton interactions in the singlet S state. He showed their difference is small and can be accounted 
for by magnetic forces if a long-tailed potential (Yukawa) is assumed but not for a short-tailed potential. 
In this paper an equivalent analysis is carried out for nuclear potentials which have a repulsive core. It is 
shown that for core radii of more than about 0.3 10™ cm the effect of the magnetic interaction is decreased 
and the difference between the n-p and p-p interactions is increased. Numerical values of the discrepancy 


are given for different core radii. 


1. INTRODUCTION 


NE test for the hypothesis of charge independence 

of nuclear forces consists in comparing the zero- 
energy scattering lengths for the singlet S states of the 
neutron-proton and proton-proton systems, Onp and 
App, respectively. The experiments from which these 
two quantities are derived are very accurate, but the 
value obtained for a,, depends to an appreciable extent 
on the assumed shape of the nuclear potential. It was 
further pointed out by Schwinger' that the magnetic 
interaction between nucleons gives different contri- 
butions to the effective potential strengths for the n-p 
and the p-p systems. Formulas for these magnetic 


1 J. Schwinger, Phys. Rev. 78, 135 (1950). This paper will be 
referred to as Sc and the same notation will be used throughout. 


contributions, also shape-dependent, and hence for ay)’ 
and dp,’, the effective scattering lengths resulting from 
the purely nuclear potentials alone, were derived by Sc. 
He found that a,,’ and a,,’ are practically equal if a 
very long-tailed potential shape (Yukawa or Hulthén) 
is assumed, but that there is a definite discrepancy 
between them for more short-tailed potential shapes. 
The presence of large repulsive nuclear forces at short 
internuclear distances for the singlet n-p and p-p states 
is now considered very likely.? It is the purpose of the 
present paper to point out that a sizable discrepancy 
between a,,' and a,,’ (and hence between the effective 
strengths of the two potentials) is again obtained if a 
repulsive core is assumed, even if the attractive part of 
*R. . Phys. Rev. 81, 165 (1951); M. M. Lévy, Phys. 
Rev. 88, 725 (1952). 





REPULSIVE CORE AND 
the potential is of Yukawa or Hulthén shape. Following 
Sc, nonrelativistic theory will be used throughout. In 
Sec. 2 we evaluate a,, from the experimental data for 
potentials containing an infinite repulsive core, for 
various values of the core radius rc. In Sec. 3 we 
estimate the effect of a “mild” repulsive core on the 
magnetic interaction energy. 


2. DETERMINATION OF a,» 


We consider in this section a central potential for the 
proton-proton singlet S state, consisting of an infinite 
rectangular repulsive potential of core radius re plus an 
attractive potential outside the core of approximately 
Yukawa (Hulthén) shape. We use as wo, the radial wave 
function for zero kinetic energy, 


r<7c; 
rT, 


uo=0, 


(1) 
uo= (1+7/a,,)—Ae*’, 


where dp, is the zero-energy scattering length, A is a 
constant fitted to make uo continuous at re, and B isa 
parameter fitted so as to give the correct effective 
range’ for zero energy r,. As the core radius rc increases, 
the parameter § increases rapidly, becoming infinite 
for a limiting core radius, re~1.22K10*" cm. Thus, 
as rc is increased, the potential in effect becomes more 
and more short tailed. 

Using the shape-independent approximation of the 
effective range theory, an analysis® of low-energy p-p 
scattering gives 


r.= (2.65+0.07) KX 10+ cm, b9/a=3.75540.025, (2) 


where bo=h?/Me and a is a parameter connected with 
the scattering length a,,. Since r, and a are most 
accurately determined from experimental data for 
energies of the order of 1 Mev or more, the values 
obtained for these parameters depend slightly on the 
shape of the nuclear potential.®’ Values®® for r,, 
corresponding to various core radii re, are given in 
Table I. The variation with shape of bo/a is slightly less 
than the experimental error. 

The derivation of the scattering length a,, from the 
parameter a involves another parameter 7, defined by 
Sc. This parameter 7 is connected with the effective 
range r, but is strongly shape-dependent. Using the 
wave functions, Eq. (1), and formulas (10) and (11) of 
Sc, both # and bo/a,, were calculated for various values 
of the core radius rc. These values, together with those 

3J. M. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949); 
H. A. Bethe, Phys. Rev. 76, 38 (1949); E. E. Salpeter, Phys. 
Rev. 82, 60 (1951); G. Snow, Phys. Rev. 87, 21 (1952). 

‘Hafner, Horynak, Falk, Snow, and Coor, Phys. Rev. 89, 
204 (1953). 

5 The well-shape parameter (references 3 and 4) Ps decreases 
with increasing rc from about +0.05 for a pure Hulthén potential 
to about —0.04 for the limiting core radius. Ps is zero for re of 
the order of magnitude of 0.3107" cm. 

6 J. D. Jackson and J. M. Blatt, Revs. Modern Phys. 22, 77 
(1950). 

7J. Rouvina, Phys. Rev. 81, 593 (1951). 
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TABLE I. Values of various parameters for square well (.S) and 
Hulthén (H) potentials, and for three Hulthén potentials with 
repulsive cores of different radii re (in 10" cm). 


s H 
2.61 
1.21 
1.75 
— 0.04 
0.06 


(0.3) 


2.74 
1.06 
1.59 

—0.14 
0.20 


r. (in 10-8 cm) 
* (in 10-8 cm) 
bo Upp 

5bo/anp 

bho 


2.60 
1.42 
1.90 
0.015 
0.02 


for an attractive square well potential without a 
repulsive core, are given in Table I. 

As the core radius re is increased, the results of this 
section become less and less sensitive to the shape of 
the attractive part of the potential. For a value of 
rc=0.6X 10+" cm, the parameter # was also calculated 
for two different shapes of the attractive potential. 
For square well shape, 7 is about 1.37, for a shape 
approximating that of the attractive part of Lévy’s’ 
potential (which has no singularity at r=rce) f is about 
1.34, as compared with 1.32 for the Hulthén potential, 
which has a singularity at r=re (7 in 10+" cm). 


3. THE EFFECT OF MAGNETIC INTERACTION 


An analysis® of experimental n-p scattering data at 
very low energies gives a value for a,,, the zero-energy 
scattering length for the singlet S state of the neutron- 
proton system, which does not depend on the potential 
shape, 

bo/dnp= 1.216+0.003. (3) 
The values of an», Eq. (3), and of a,,, Table I, are 
measures of the effective strengths in the two systems 
of the sum of the purely nuclear potential and of the 
magnetic interaction energy. Formulas for this magnetic 
interaction energy were derived by Sc, using non- 
relativistic theory and assuming no spread of the 
nucleonic magnetic moment, and two parameters Gn,’ 
and a,,’ were defined which are measures of the purely 
nuclear potential alone. 

Schwinger’s! expressions for the magnetic interaction 
energy operator [Sc, Eqs. (26) and (27) ] are 


V np™*®) = 8arpn(up— })uo'(r), (4) 


1 1 
V ppined = Ba (uy! Hot H)ae'S (t) + duet p. (5) 
Tr 


In Eq. (5), the term involving the delta-function gives a 
numerically much larger contribution to the interaction 
energy than the term involving the momentum oper- 
ator. The value for the magnetic interaction energy 
[expectation value of Eqs. (4) and (5) ] therefore 
depends strongly on the value of |yYo(0)/*, where 
Yo(r)=uo(r)/r is the spatial wave function for zero 
energy. Since uw, is negative, Eqs. (4) and (5) give 
energies of opposite sign. 
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Fic. 1. The spatial wave function Yo(r) versus r for a pure 
Hulthén (#7), pure square well (S), and a Hulthén potential 
(“0.6”) plus a repulsive core of radius 0.6. r is in units of 10~" cm, 
¥o(r) in arbitrary units (same asymptotic form for all three curves). 


To estimate the effect of a repulsive core on the 
magnetic interaction in a nonrelativistic manner, we 
evaluated yo(r) for a potential containing a “soft 
repulsive core” only; i.e., a finite repulsive rectangular 
potential of radius re and of depth about 4Mc* plus an 
attractive potential outside of rc of approximately 
Yukawa (Hulthén) shape. The range of the Hulthén 
potential was adjusted to give the correct effective 
range r,. A plot of Wo(r) for such a potential with 
rc=0.6X 10+! cm, as well as for a Hulthén and for a 
square well potential without repulsive core, is given in 
Fig. 1. It will be seen that Yo(0) for the pure Hulthén 
potential (and similarly for other long-tailed potentials 
with an attractive singularity at the origin) is much 
larger than Wo(O) for the other potentials and that 
Yo(r) decreases more rapidly with increasing r for the 
pure Hulthén potential. For these reasons the magnetic 
interaction energy is considerably smaller than 
Schwinger’s' result for a Hulthén potential if (a) a 
repulsive core is added to the potential, or if (b) the 
nucleonic magnetic moment is considered spread over a 
finite distance (making contributions from larger values 
of r more important) 

If a repulsive core of radius re is assumed, it seems 
reasonable to assume the nucleonic magnetic moments 
to be spread out over distances of the order of magni- 
tude of rc. We therefore estimated the magnetic 
contributions to bp/a,, and bo/dpp, 5bo/a,, and 6b0/d pp, 
respectively, by using the above-mentioned wave func- 


tions Yo(r) and replacing the delta-functions in Eqs. 
(4) and (5) by 


3/4erc° for r<re, 


(6) 


0 for r>re, 


corresponding to a spread of the moments over a sphere 
of radius rc. Values for 6bo/a,, and 6bo/ap, are given 
in Table I. These values are, of course, only rough 
estimates, but for re$0.310* cm they are small 
compared with the variation of 6o/a,, with rc. It should 
be noted that the values of 5bo/a,, and 6bo/app are 
much smaller still if a repulsive core but no spread of 
magnetic moment is assumed. 

We finally obtain values for bo/a,,’ and bo/a,,’, the 
parameters comparing the purely nuclear potentials, 
for a square well (S) and Hulthén (//) potential and 
for Hulthén potentials plus repulsive cores of radii rc 
equal to 0.3, 0.6, and 1.2 (in 10% cm), respectively, 


(1.2) 


1.23 
1.88 


(S) (H) 
1.26 1.36 
1.69 1.39 


(0.3) 


1.28 
1.65 


(0.6) 


1.24 
1.78 


bo/adap : 


/ ‘. 
bo App 


The uncertainty due to experimental error alone is only 
about +0.04 for bo/a,,’ and much less still for bo/an,’. 
It will be seen that the difference between bo/a,,’ and 
bo/ap,’ is considerably greater than the experimental 
error, for re S0.3X10-" cm (a difference of about 0.54 
for rc=0.6, the value suggested by Jastrow and Lévy’). 
For r¢eS0.3 this difference does not depend very 
critically on the exact value of re, nor on the exact 
shape of the attractive part of the potential. 

We therefore conclude that there is a definite dis- 
crepancy between the effective strengths of the n-p 
and p-p singlet potentials, if a reasonable repulsive 
core is assumed and nonrelativistic theory is used. It 
should, however, be pointed out that this discrepancy 
corresponds to a difference of only a few percent in the 
strengths of the attractive part of the potential and 
that there might be appreciable relativistic corrections 
to the magnetic interaction of two nucleons which 
were not considered in this paper. A C meson field® of 
range (0.5 to 1) 10~" cm (or a spread of the charge of 
the proton over similar distances) would contribute to 
the p-p interaction energy an amount of the same order 
of magnitude but of wrong sign for removing the dis- 
crepancy. 

80. Hara and M. Tatsuoka, Progr. Theoret. Phys. (Japan) 3, 
369 (1948), and private communication 
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In Part I of this paper the problem of the relation of field theory and the theory of action at a distance 
vas investigated for the neutral vector and scalar meson theories. The work is here extended to the charge 
symmetrical meson theory. First the equations of motion of particles interacting through vector meson fields 
are found for half-retarded, half-advanced interaction, using the field-theoretical methods developed for 
retarded interaction; equations for both cases are given for particles interacting through scalar meson fields 
rhese equations contain integrals over the past and entire motion in the retarded and symmetric case, 
respectively. These are inadmissible from the point of view of action at a distance, and new equations are 
postulated. Variational principles are developed for these equations, and energy-momentum tensors and 
charge-current vectors guaranteeing detailed conservation laws are defined. The application of the Wheeler 
Feynman method to the equations of both theories is discussed. Conclusions analogous to those found in 


the neutral case are obtained 


I. INTRODUCTION 


N the first part of this paper' we investigated the 
relation of field theory and the theory of action at a 
distance for the neutral vector and scalar meson theo- 
ries. The equations of motion of point particles with 
half-retarded, half-advanced interaction were found, 
using the field theoretical methods developed for re- 
tarded interaction. These equations include an integral 
over the entire motion of the particle in analogy to an 
integral over the past motion for particles with purely 
retarded interaction. Such integrals are inadmissible 
from the point of view of action at a distance, which 
only considers forces exerted on a particle by other 
particles as meaningful. Therefore it was proposed to 
omit these integrals from the postulated equations of 
motion of the theory of action at a distance. It was 
then shown that these new equations are derivable 
from a variational principle analogous to Fokker’s 
principle in electrodynamics’ for the case of symmetric 
interaction and that energy-momentum tensors guaran 
teeing the conservation laws can be defined. Then the 
Wheeler-Feynman method’ was applied to the equa- 
tions of the symmetric case. It was found that it leads 
to the equations of motion of the retarded case only for 
the field-theoretical equations of motion but that a 
new set of equations is obtained in the case of action 
at a distance. 
The results obtained in I and in part also by other 
authors’ showed that a consistent theory of action at 
a distance can be formulated in a case where the field 


* A preliminary report of this work was presented at the 1951 
Chicago Meeting of the American Physical Society [Phys. Rev 
$5, 720 and 701 (1952) ] 

t This work was assisted in its later phases by the National 
Science Foundation. 

1P. Havas, Phys. Rev. 87, 309 (1952); hereafter referred to as 
I. Errata in I are noted at the end of the present paper. 

2A. D. Fokker, Z. Physik 58, 386 (1929). 

3 J. A. Wheeler and R. P. Feynman, Revs. Modern Phys. 17, 
157 (1945). 

4H. Kanazawa, Progr. Theoret. Phys. 5, 1050 (1950); H. 
Steinwedel, Sitzber. heidelberg. Akad. Wiss. Math. naturw. KI. 
No. 5, 281 (1950). 


associated with the interaction carries rest mass in 
addition to energy and momentum as in electrody- 
namics. In this paper it is shown that such a theory 
can also be formulated if the field carries charge too; 
this is demonstrated for the case of the charge- 
symmetrical meson theory, which describes a combina- 
tion of charged and neutral mesons and was originally 
developed in quantum theory by Kemmer® and Mller 
and Rosenfeld.* A corresponding classical field theory 
was developed for particles interacting through re- 
tarded vector meson fields by Le Couteur;? it is ex- 
tended to half-retarded, half-advanced fields in this 
paper. For particles interacting through scalar meson 
fields the theory is developed here in analogy to the 
theory of the neutral field.* 

The field-theoretical equations of motion obtained 
contain integrals over the past and entire motion of the 
particle for the retarded and symmetric case, respec 
tively, just as in the neutral theory. Therefore, it is 
again proposed to omit the integrals from the postulated 
equations of motion of the theory of action at a dis 
tance. These new equations are then investigated and 
results completely analogous to those found for neutral 
interaction are obtained; the only additional feature 
is the definition of an electric current vector guarantee- 
ing the conservation of charge. Again all the conclusions 
hold for both scalar and vector interactions, although 
this time the vector case is somewhat more complicated 
mathematically than the scalar one. 

In contrast to the complete agreement with the 
results of neutral meson theory, we note again the 
difference with electrodynamics. There action at a 
distance and a “‘divergence-free” field theory lead to 
exactly the same results if fields symmetric in time are 
used ;® here the two theories, each entirely self-con- 


5 N. Kemmer, Proc. Cambridge Phil. Soc. 34, 354 (1938). 

®C. M@ller and L. Rosenfeld, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 17, No. 8 (1940); 20, No. 12 (1943). 

7K. J. Le Couteur, Proc. Cambridge Phil. Soc. 45, 429 (1949). 

* Harish-Chandra, Proc. Rey. Soc. (London) A185, 269 (1946). 

°P. Havas, Phys. Rev. 74, 456 (1948). 
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sistent, lead to slightly different equations. A compari- 
son of the consequences of these differences with ex- 
perimental results on charged mesons may lead to a 
decision between the two points of view. 


II. THE EQUATIONS OF MOTION 


The charge-symmetrical meson theory®® regards all 
field quantities as three-component vectors in a “charge 
space.”’ Using the notation of reference 7, we shall write 
such quantities in terms of orthogonal unit vectors 
a, 3, y as 

U=(U., Us, U,) 


(UatbUstyU,), (1) 


where the 7 component refers to the neutral mesons 
and the a and 8 components together describe the 
charged mesons. The neutral meson theory discussed 
in I can be obtained from this by setting the a and 
8 components of all field quantities equal to zero. In 
the charge-symmetrical theory all observable quantities 
must be invariant under rotations about the y axis;® 
for example, the electric four-current density is repre- 
sented as the y component of a vector in charge space. 
Apart from this representation of field quantities in 
charge space, we shall use the notation adopted in I 
and the units and the metric tensor employed there. 

The vector meson field is assumed to be described 
by potentials U, and field strengths G,, which satisfy 
the equations” 


Go. 


0G,, Ox,-+ x7U,- 


- au, /Ox", 
4rS,. 


0U,/dx# 
(2a) 


S, is the mesic charge-current density, which for a 
point particle is given by 


Z 


S,= cf 2(7)v,(7)6(x%9— 20)6(41— 2) 
XK 5 (x2 ” 22)6 (x3 ate 23)dr, (3a) 
where ¢ is the classical analog of the quantum theo- 


retical isotopic spin-vector, with 


c=, (4) 


e-de/dr=0. 


As in I, r denotes the proper time of the par- 
ticle. Wherever feasible we shall indicate differentiation 
with respect to r by a dot over the quantity to be 
differentiated. The center dot denotes a scalar product 
in charge space. 

Equation (2a) implies 


x20U, Ox,=470S,/dx,. (Sa) 
In the neutral theory the corresponding quantity is 
equal to zero, as there the mesic charge-current density 
j», defined without the factor ¢ of Eq. (3a), fulfills the 


continuity equation 


As in I all Eqs. (a) refer to vector mesons, Eqs. (b) to scalar 


mesons 
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The scalar meson field is described by a scalar po- 
tential U and field strengths F,, which satisfy the 
equations 


F,=—dU/dx*, —0F,/dx,+x°U=49S, (2b) 


where the mesic charge density S is given for a point 


particle by 


7 
S= ef 2(7)6(xo ~ 29)6(x\— 21) 
x 


X6(x2—20)6(x3—23)dr. (3b) 


From Eqs. (2a) and (Sa) we obtain 


2U 1 &S, 
+ x7U,= tn(S.4 ” ), 
OX OX" x? Ox’Ox, 


while Eq. (2b) implies 


(6a) 


d°U/dx,0x"+x°U=4r8S. (6b) 


Particular solutions of these equations are given by 


% 1 2S, (x ’) 
U(x,)= f (s.t,’4 a ) 
»- x? dx’"dx,’ 
MG (ee, %5 \des, Ca) 


(7b) 


uc,)= f S(x,')G(x,, x, )dx,’. 


Here G is a Green’s function which for retarded, ad 
vanced, and symmetric potentials is given by Eqs. 
(1.6), (1.7), and (1.9), respectively. In the following the 
symbol G will always stand for the Green’s function 
for the symmetric potential (1.9) (denoted there by 
«G), as we shall not require the other functions ex- 
plicitly. 

The energy-momentum tensors of the fields are 
given by 
4x7 ,,= Go G’,4+-}.2,4.G,,°G" 

+x?U,- U,—3x7¢,.U,-U*, 


28ur(F,- F*— x?U?), 


(8a) 


4nT, = F,-F, (8b) 


and the charge-current vectors (whose y components 
represent the electric charge-current density) by 


for a: = eG,, AU’, 
4nJ,=eF, a U. 


(9a) 
(9b) 


Here the symbol A denotes a vector product in charge 
space and ¢ is a constant. The total fields and potentials, 
including those of the particle itself, have to be inserted 
in both Eqs. (8) and (9). 

To obtain the equations of motion and of the varia- 
tion of the electric charge of the particle, we 
follow the method developed for the case of the electro- 
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magnetic field by Dirac! and applied to the charge- 
symmetric vector meson field by Le Couteur.’ We first 
enclose the world line of the particle by a narrow tube. 
The desired equations are then derived from the con- 
dition that the flow of energy, momentum, and charge 
out of a portion of the tube shall be « perfect differential. 

As in Eq. (1.15), we put the total field equal to the 
sum of the external field and the retarded field of the 
particle itself. As has been shown by Bhabha and 
Harish-Chandra,” the resulting equations will only 
involve the ‘‘modified mean field,’’ which is defined for 
any field quantity U as 


mean U's extU+ } (retU — aavU) -f idr, (10) 


a 


where the integrand i is a certain function of the x, and 
z, and the integral is extended over the entire motion 
of the particle. This and similar integrals extended over 
the past motion or the future motion only will appear 
in several of our subsequent equations; some of them 
will also involve the difference of retarded and advanced 
field. It has been proved" that all of these expressions 
are finite on the world line of the particle. The actual 
expressions are quite lengthy; as we shall not apply 
any of these equations but only investigate their struc- 
ture and properties, we shall not give the explicit ex- 
pressions. The problems involved are analogous to 
those discussed in I, which did contain explicit expres- 
sions for the neutral case. 

If, instead of equating the total field to the sum of 
the external and retarded ones, we take it as the sum of 
the external and symmetric ones, it follows immediately 
from the above results of Bhabha and Harish-Chandra 
that the equations of motion can only involve the field 


in the combination 
@ 
ai- f idr. 
—O 


This results from the fact that the total fields, as de- 
fined for the retarded and the symmetric case, re- 
spectively above, differ only by” 


rad U = } (ret U — advU), 


which, as noted previously, is finite on the world line 
and therefore just acts like an external field in the 
equations of motion. 
We assume furthermore that the external field is 
entirely due to particles, so that we have for particle a, 
a= . ret“ ’ (13) 
k#a 


anJ= x 4 (U4 .4,U™) :> — 


k#a k#a 


(11) 


(12) 


(14) 


for the retarded and symmetric cases, respectively. 


11 Pp, A. M. Dirac, Proc. Roy. Soc. (London) A167, 148 (1938). 

12H. J. Bhabha and Harish-Chandra, Proc. Roy. Soc. (London) 
A185, 250 (1946). As discussed in I, we identify the “ingoing field” 
of these authors and Dirac (reference 11) with the external field. 

3 This is half the radiation field as defined in reference 12 
following reference 11 but agrees with reference 3. 
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Then the equations of motion of the ath particle in 
the retarded vector meson case can be written’ 
°C ‘ ) ‘ e) 
> 2 ret Ge", “* + rad G4, | ee 


x 
i“, (@ ar)ve 
. ka “ “ 


-£a(dta ‘dtq) j ( L ret Us) t rad UAC) 


k#a 
-f iseuar)), (15a) 


with the charge vector Q, of the particle varying 
according to the relation 


dQ, 


-= —€f4%a 


A (= mn ik. “+ nea, f ide ret (16a) 
ka 


x 


A ‘= Lata . 


dte 


This implies 


Ta° dQ, /dtq =0. 


Subject to this condition, we may choose for Q, any 
function of the dynamical variables. A possible solu- 
tion is 


Q.= }e(y—*,). (17’) 


The limits t4y=+1 and t4,=—1 then correspond to 
charge Q,,=0 or e; this is suitable for a representation 
of a nucleon. Then A* must be taken as 


A*= Mare", (18’) 


where M, is the mass. 
Another possible solution is 


Qa= jely—ta— Lataddta/dra), 


together with 


d { t= [M, e i La(dta, ‘br.)* va", ( 18’’) 


which reduces to Eqs. (17’) and (18’) if L~=0. All the 
subsequent development is carried through for this 
more general case, as it does not introduce many addi- 
tional complications, although it appears to be of less 
physical importance than the first solution. 

For the retarded scalar meson case we obtain" 


nD 
A ‘= Lata’ ( Os ret #(* + rag #4 f p4(4 ir) 
kAa 


x 


df 
+ £a (Z ret U) +g U“? 


dra k#a 


f i dr ew | (15b) 


4 These equations have not been given previously. An outline 
of their derivation is given in the Appendix. The equations of the 
symmetric case (19b) and (20b) result by replacing the expres 
sions (10) of the retarded case by expressions of the form (11). 
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with 
dQ, 
dta 


Via 
+ rad U 


gota (XZ vet U4 f iar), (16b) 
together with Eqs. (17) and (18). 


It might appear from the form of Eqs. (15) and (16) 
that the motion is influenced by the future history of 
the particle. However, it has been shown” that the 
corresponding part of the integrals involved is can- 
celled by terms in the radiation fields, so that the motion 
actually depends on the past history of the particle 
only. 

For the symmetric case we obtain 


x 
A®=p.t6°f >. symG", f i*,(%dr Jr,’ 
ka - 
dta ‘ 
‘ — . 
La : > ae | wth pe(a dr ’ 
dq “wa —w 


x 
" CLatar ( is ” mU>" = f ide ea 
k#a « » 


for the vector mesons and 


(19a) 
with 
dQ, 


dTq 


At= Rata’ ( » eym ee ( f ivr) 
ka 


e 


x 
=: avm UU f 1? dr Tq" ; 
kta . 


x 


2 
igaton (E oyn f iar) 
"Eee S 


for the scalar mesons. The expressions for A* and Q, 
are the same as in the retarded case. All the field quan- 
tities appearing in these equations have to be taken at 
the position of the particle. 

Just as in the case of neutral fields, these equations 
contain integrals over the past and entire motion of the 
particle in the retarded and symmetric case, respec- 
tively. There are certain difficulties connected with 
their physical interpretation even from the point of 
view of field theory, which have been discussed in I. 
From the point of view of the theory of action at a dis- 
tance only forces exerted by particles on other particles 
are physically meaningful. We therefore propose to 
omit the self-action terms, as was done in the neutral 
case. Thus, we postulate as the basic equation of motion 
of action-at-a-distance theory for the symmetric vector 


d 
+ £La | Za" (19b) 


dr, w 


with 


dQ, 
dTa 


(20b) 


meson case, 
A* Lata’ > G*, : Vq’ 


ga(dta/dra)* 3S, symU*“, 


ka 


(21a) 
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with 


dQ, dtq= —€LataA Z sgn Uo e,?, (22a) 


ka 


together with Eqs. (17) and (18). 


Similarly we postulate for the symmetric scalar 
meson case, 

d 
A*= fata’ >. aym¥ "+g. 


ka 


with 


AQ, dTa =€LataA >. wi ’ 


ka 


together with Eqs. (17) and (18). 
A possible set of equations for the retarded case 
[analogous to Eqs. (1.25) of the neutral case ] would be 


A ‘= Rata’ a ret GG", “04” 


k#a 
— La(dtaq /drq) . 7 ret UM 6A oe 


ka 


(23a) 


with : | 
CfataA >. ret, rg’, (24a) 


ka 


dQ, ldo 


and 
d 


A= Lata’ > rot EC T La (tq° > ret U Ve"), 


ka aTa ka 


(23b) 


with 


dQ,/dta=€Latad :. ret U &*), (24b) 


k#a 


together with Eqs. (17) and (18). 

It would also be consistent with the ideas of action- 
at-a-distance theory to postulate a set of equations 
obtained by dropping the integrals from Eqs. (15) 
and (16) but retaining such terms in the radiation 
potentials and fields which only involve higher deriva- 
tives of the velocity [analogous to Eqs. (1.24) of the 
neutral case]. As these equations have no role in the 
subsequent development, we shall not state them ex- 
plicitly, however. 

In the following it is investigated to what extent 
it is possible to build up a consistent theory on the 
basis of our postulated equations of motion. 


III. THE VARIATIONAL PRINCIPLE 


In this section it is shown that all the equations of the 
time-symmetric theory of action at a distance de- 
veloped in the preceding section follow from a single 
variational principle, which is expressed in terms of 
particle variables only, without reference to any field 
quantities. 

It was shown in I that the field equations and equa- 
tions of motion of the neutral theory are a consequence 
of a similar variational principle. The principal new 
feature of the charge-symmetric theory is the appear- 
ance of the isotopic spin variables ¢ and the necessity 
of deriving the equations describing the variation of 
the charge (22). If expression (17’) is chosen for the 
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charge of the particle, these equations become 


bdtq/dta=ZataA z enn Ue Ve", (25a) 


k#a 


— Lata bm aa ‘ 


k#a 


sdt,/dta= (25b) 


Equations (25) are analogous to those describing the 
precession of a particle with spin angular momentum 
@ in a magnetic field H, 


da/di=gaaH. 
These equations can be derived from a variational 
principle by taking the components of the angular 


velocity as the derivatives of quasi coordinates.'® In 
the general case of Eq. (17) we obtain the expressions 


Lota A aeq dt, 
Sieh 2, eras ”t.', 


ka 


bdtq/dtat} 
(26a) 


bdtq dra+ 1 Lata Ad’, /dr, 


Latad > iU ‘ 9 (26b) 


hes 89 
Awa 
which are analogous to the equation describing the 
variation of the direction s of the axis of a symmetri: 
top, 


which can also be derived from a variational principle 
with the use of quasi coordinates.'® However, it has 
been shown recently by Shanmugadhasan" that it is 


Now we take as our variational principle 


1 1 
J Eee f forn(ort v;" ) Veet UE’ 
) ye 66 , x? Of; 


oe 


$502 


o 


<a) 
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possible to avoid the introduction of quasi coordinates 
with the help of spinors. With some slight modifications, 
we shall apply this much simpler and more elegant 
method. 

To avoid confusion with the italic sub- and super- 
scripts used to label the different particles, we use 
Roman letters (taking the values 1 and 2) as spinor 
indices. As usual, we introduce the antisymmetric 
spinors e™" and éun, With 


12 


eP=en=1, (27) 


which are used for raising and lowering indices of a 
spinor of rank 1 according to 


a™=e™"dn, Om=Enn@”. (28) 


Similar formulas hold for spinors of higher rank. For 
each particle with isotopic spin ¢, we introduce a sym- 
metric spinor of rank 2 by 


(* 
ja 


t 123), 


This spinor is split up in the form 


' OinDjn t GjnDjm; (30) 


Tjmn 

and dj, and 6;,, are taken as the independent variables. 

By expressions similar to Eq. (29) we can introduce 

additional symmetric spinors /,, corresponding to other 
three vectors f. We note that 

Timnj™" 2, -f, 


r - nh — 
Tymn’y 


(31) 


dn? 
a, 


— 2(djmd;™)?. 


Jaw z)drjdr, 


xf [ 32(Ajnb,%°+ b),4a;") —41L;(de;/dr,)? ldr;=extremum (32a) 


for the vector meson case, and 


/ Ease f feats 


\drjdr, 


Ef tie m+ b,,a)") — | Lj (de) /dr;)? \dr;=extremum = (32b) 


for the scalar meson case. By an integration by parts we can obtain an alternate form of the variational principle 


of the vector meson case, 


SI 


1 de; 0 ) ( lide, @ 


x” dr; 02;, x? dr, 02)" 


— 


8 See, for example, H. C. Corben and P, Stehle, Classical Mechanics (John Wiley and Sons, Inc., New York, 1950), See 


alternative treatment is given in reference 17. 
16S. Shanmugadhasan, Can. J. Phys. 29, 593 (1951). 
17S. Shanmugadhasan, Can. J. Phys. 30, 226 (1952) 


x fi 31 (Gjmndj" + bya") — 41 Lj (de;/dr,)* \dr,= extremum 


G(z \dr jd 7 


(33a) 
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In ali cases the variation has to be carried out subject 
to the constraints!® 


v;.0;"=1 for all 7, 


<,*=1 for all 7. 


the abbreviations 


e* 
1 k @ 
2 Oz, "02° 


introduce 


We 
wien fs 
UG)nf a6 


and 


Jew. )dr,, (36a) 


(36b) 


S,“ (x, bk ere (su) d(6u)8(6u)8 (Sur (37a) 


0)6(S41)6 (Sp 2)6 (Sugar, (37b) 


S ( 


of £,0(S, 
with Siy=Xp— Zky 


The Green’s function G obeys the equation [see 
(1.34) ] 


( oe 
Ox yOX" 


To obtain the field equations we multiply both sides 
the left by gutx(vist+x /02,"0247)dr,. In- 
we get 


i o Pt 
Lk TEVA? 
x? O2,402," 


x 


a §¢) = 4776 (549)6 (5 41)b (8 42)6 (S43) 


from 20°70 


tegrating from to , 


( { )u in, 
0 ¥,0x" 


KL S(sp0)b (Say 6(S42)b (S43) ldry 


4rS,0 


t 5( § $49)0(S41)b(Sp2)b(S, 3 
Ox"OX? 


(8 


Multiplying both sides of Eq. 


integrating, we obtain directly 


YUH =4r§@, 


(39a) 


1 aS, ) 
* Ox"0x, 


(38) by gxesdr, and 


Ox,Ox" 


Ue Ox ,Ox*+ (39b) 


in agreement with Eqs. (6) 


In the relation (34) was taken into account 
directly. In the present, more complicated, case it was found 
more convenient to use the method of Lagrangian multipliers. 
Of course, the present treatment still includes the neutral theory 
as a special case, although the form of the variational principle 
differs slightly from that presented in I. 


neutral case 
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Now we calculate 


au, 0 0G 
2 4 1 - dry 
024"024°/ OX, 


1 ihe 0G 
V4.2 dT x. 
x7 Ox,Ox"/ 02%" 


ising Eq. (38), 


Ox, 


This can be written, 1 


. 0 
tres | EVE? [8(540)6(541)6(S42)6 (Se) ldry 
0 oO 


re Zk 
ada 0 
args | BV ye? [5(s540)5(S41)6(S42)6(Se3) ldre, 
“ Ox? 


a 


and therefore we obtain, using the definition (37a), 


OU,“ 1710S," /dx,. (40a) 


Differentiating with respect to x’, then subtracting 
from (39a) and using the definition 


G,, = au,” au, (kh) /9 (41a) 


Ox? - 
we obtain 


0G,, /dx,+x2U,“ tr S, (42a) 
in agreement with Eq. (2a). 
Using the definition 
F,“ = — aU (41b) 


Ox", 
(39b) can be written 
-OF , /dx,+x2U 


This completes the derivation 


4nS™, (42b) 
which are our Eqs. (2b). 
of the field equations. 
The fact that the fields and potentials defined by 
Eqs. (41) and (36) are indeed the symmetric ones can 
be seen by comparing them with Eqs. (7) combined 
with (3). 
We note that Eqs. (40a) and (37a) imply 
> au 
ka 
and the vanishing of higher derivatives of this expres- 
sion with respect to the z,* for all particles, if no two of 
them coincide.'® Therefore we can ignore the terms 
involving such derivatives in performing the variation 
of J. 
To obtain the equations for the variation of the ath 
charge we alter a,™(74) and 6,™(r,) to dg™ (ra) +6aa™ (74) 
and 6,"(7a)+6b4™(r2), Subject to the constraint 


(43a) 


»“”) /dzq,=0, 


(44) 


Gan d0™ a bamoda™ =() 
35) and (31). 


1? This assumption was also required in the field-theoretical 
derivation of the equations of motion. 


which follows from Eggs. ( 
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We introduce the abbreviations 


oe 
=> U,2,", (45a) 


dU," 


~ be p 
ZavOZaq k#a 


(45b) 


and the corresponding spinors /,"™". Then the part of 
J depending on a,™ and b,™ can be written 


fi * Ra os eB m 34 (damba™ + 


scalar case. Therefore we 


bam4e™) 


ALeafamnta™"}dte, (46) 


for both the vector and the 


have 


6J fi aes Salanolan ie Sibam ‘LD. FanaGat )6a_™ 


' By 1 . , n\s 
La / amn2q™ ~ 3ldam 2 Lataslhe )6b4™ 


+. ( 


| 


Sibam— AL tanada")bG.™ 
Fy . ej 
t (3ldam ‘_ $1 Tamn2a” \5ba™ dra. 


3y an integration by parts we obtain 


6J . f _ Palennla’ _ ibam AL atamnOa" 


d 
1 P 
2 Dotanule: 


(sibam- ) 6a,” 


‘ 1: 1 ; ‘ 
¥a famn@a” — 3lMam 2 Dante 


d 
dT a 


(34@am— $Letamn2a") (5b,™ jaro. 


The constraint (44) is taken into account by adding its 
integral times a Lagrangian multiplier \, to this ex- 
pression. Then the 6a," and 6b,™ can be regarded as 
independent; as the total variation has to vanish, we 
must have 


pane: of " 
Mant ¢LaTampta’— £afampfa’+Aclam=0 (47) 


tbamnt+ 3 LaTampa?- Pafamp0a?—Aadam=90. (48) 
Now we multiply Eq. (47) by 376,, and the correspond- 
ing equation for the n-th component by 3ibam, and 
similarly Eq. (48) by }ia,, and the corresponding equa 
tion for the n-th component by }idam. Adding these 
equations, we obtain the spinor equations corresponding 


to the vector equation (26), 


Tan fans). (42) 
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Separating real and imaginary parts, we obtain the 
required equations for the variation of charge (26) in 
component form. 

To obtain the equations of motion of the ath particle 


a’ \Ta), 


#(r.)+é62 


we alter its world line from za"(7,) to sy#(7 
subject to the constraint 
Uay00,"=0, 50 
which follows from Eq. (34). The Lagrange’s equations 
resulting from Eq. (32) by the usual procedure are 
d 


(Sia 


oD 
dta 


Mu) go 
ha 


Bi 2. 5 Ge. We 
laa 7 a a I’ y Ya 
x 


d 
(MN (51b) 


dra 


9) ) 
ata 


where Wt, is the Lagrangian multiplier of the constraint 
(50). Multiplying Eqs. (51) by v4,, we obtain 
)- ie U+ k 


— 
k#a 


a F 
Mm, : La(dta dT 


and 


Me, 


dra 


respectively. From Eqs. (26), which have already been 
shown to be a consequence of our variational principle, 
this equals 


Ma = — SL a(dta ‘At q)+ (d°2,/dr’), 52a) 


Wea IL a(dtq/dtq): (d**q/d7 4) 


and therefore 


Wea La (dea dr,)*, 


M, 


M, - tLa(dta dt)" Lata’ bs U F (53b) 


Into 


21) 


where M, is a constant. Inserting these expressions 
Eqs. (51), we obtain the equations of motion 
combined with Eq. (18) as required. 


IV. THE CONSERVATION LAWS 


In the theory of action at a distance the fields are 
considered as auxiliary quantities only, and no physical 
meaning is attached to such concepts as energy ot 
momentum of a field. The more general acceptance of 
field theory is largely due to the fact that the formula 
tion of conservation laws in terms of field concepts is 
intuitively more satisfactory than its formulation in 
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terms of direct interparticle action? However, it has 
been shown both in electrodynamics” and in neutral 
meson theory’ that in the field theory “adjunct’™ to 
the theory of action at a distance it is possible to define 
an energy-momentum tensor which allows an “account- 
ing” of energy and momentum “in transit” between 
particles. We shall now show that this can also be done 
in a theory involving charged mesons and that a similar 
reformulation of the law of conservation of charge is 
also possible. 

Detailed conservation of energy, momentum, and 
charge as customary in field theory is expressed by 


dx? dx'dx7dx3 = 0 


+ 


Ct ae d pid 
dt, 


dtaZ Ox, 


d(), d 0 J, 
T f dx°dx'dx*dx3 = 0, 


dtq dt Ox, 


if the integrals are extended over the neighborhood of 
particle a and by vanishing of the above integrals if 
the region of integration does not include any particles. 
Here 7,, and J, are the energy-momentum tensor and 
the charge-current vector of the field, and P,, and Q, 
are quantities depending on the variables at the posi- 
tion of particle a only. From this it follows that the 
quantities 


oe Past LT atlo* (56) 


all k 


a Ot f Jato (57) 
all k 
are conserved, i.e., their values are the same for all 
space-like surfaces o. 

We can define an energy-momentum tensor analo- 
gous to the Frenkel-Synge tensor of electrodynamics 
by subtracting from the tensor (8) of field theory formed 
from the /ofal field at any point similar tensors formed 
from the field of each particle separately. This yields 


) {G,.- G7, + bey Ge," Goet*) 


ixk 


4nT yy 
-U, —4,2¢,,U, - Ue}, (58a) 

PO gye( Bo - Fe 
VUe.UM)), 


4xT,= > (F,“ 


ii 


(58b) 


Here, as in the expressions for the current, it is under- 
stood that all fields and potentials are the symmetric 
ones defined in terms of the particle variables by Eqs. 
(36) and (41). 

As usual the energy-momentum tensor is not deter- 


” J. A. Wheeler and R. P. Feynman, Revs. Modern Phys. 21, 
425 (1949). 

J. Frenkel, Z. Physik 32, 518 (1925). 

J. L. Synge, Trans. Roy. Soc. Can. 34, 1 (1940). 


HAVAS 


mined uniquely. We could, for example, add to (58) a 
tensor of the form (8) but formed with the radiation 
fields and potentials (12), which has a zero divergence 
everywhere. The resultant tensor is analogous to the 
“canonical” tensor of Wheeler and Feynman” in 
electrodynamics. 

Similarly we can form a charge-current vector by 
subtracting from the vector (9) formed from the total 
field similar vectors formed from the field of each par- 


ticle separately. We obtain 


4rJ,=e © Gy AU, 


xk 


4x J,=e > FLO aU. 


Hk 


(59a) 
(59b) 


This again is not the only choice possible. We could, 
for example, add to (59) a vector of the form (9) 
formed with the radiation fields and potentials. 

For Q, we can take either of the quantities defined 
by one of the Eqs. (17). The momentum of the particle 
has to be taken as 


(60) 


PS _ Weare, 


where Wt, is given by Eq. (53a) or (53b) for the vector 
and the scalar case, respectively. 

We shall now verify that we can indeed satisfy the 
conservation laws (54) and (55) with the above 
definitions. 

The calculation of the divergence of the tensor (58) 
is very similar to the one for the neutral theory per- 
formed in I, the nonvanishing of (40a) being the only 
difference. We obtain the expressions 

08, 
=> (-6." -§°4 U,@.— —), (61a) 


ixk Ox, 


oe 
Ox, 


Ot ay ‘ 

=—)> F,-§®, (61b) 
Ox, ixk 
which vanish outside the particles, as required. Now 
using the definition (37a) we get by an integration by 
parts 
08, a 0 
a aes wf lke [5 (Si0)5(S41)8(Se2)5 (Sea) Jars 

Ox, Oz 


w ake 


e d 
gf tk [8(s40)5 (841) (5x2) (Sea) lrg 
aT k 


~—D 


x 


af dt, ‘Ar 6 (5 40)6 (5 41)6 (S42)6(Se3)dT, 


6) 
and therefore Eq. (61a) becomes 
OT os a | » 
- => — G,,“ Sr U.0-gf dt,/dr, 
Ox, ixk | 20 


X 5 (S40)5 (S415 (S42) (Sead . (62a) 
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Using definitions (37) and (60) and the equations of 
motion (21), we obtain the required relations (54) of 
conservation of energy and momentum from (62a) for 
the vector meson case and from (61b) for the scalar 
meson case. 

To obtain the conservation of charge we calculate 
the divergence of the vector (59), which equals 


OJ, 
—=>) S, A [ v(k J 


Ox, ixk 


oJ, 
ae Si -> SMa U®, 


Ox, ixk 


(63a) 


(63b) 


This again vanishes outside the particles, as required. 
Relation (55) follows by combining this with the equa- 
tions of the variation of charge (22) and using defini- 
tions (17) and (37). 

In complete analogy to the neutral meson case our 
tensor (58) leads to the energy-momentum conserva- 
tion law (54) only if the action-at-a-distance equations 
are used but not if the field-theoretical equations are 
used. A similar remark holds for the vector (59) and 
the charge conservation law. The modification neces- 
sary to allow the use of the field-theoretical equations 
was discussed for the neutral case in I; the same modi- 
fication applied both to the energy-momentum tensor 
and to the charge-current vector also works in the 
charge-symmetrical case. 

The conservation laws (54) and (55) are also satisfied 
for Eqs. (23) and (24) of the retarded case of action 
at a distance (which do not contain any radiation 
terms), provided we construct the tensor (58) and the 
vectors (59) and (60) using retarded fields and po- 
tentials only. This again is completely analogous to the 
results of the neutral meson theory and of electro- 
dynamics. 

The law of conservation of angular momentum, 


dByy d OM yy» 
rr f dx dx'dxrdx3 =0, 


dtg dTz OX) 


(64) 


is a consequence of the existence of the law of conserva- 
tion of energy and momentum (54) and of the sym- 
metry of the tensor (58), as usual. 

By the use of the tensor (58) and the vector (59), 
we have avoided the divergence difficulties connected 
with the tensor (8) and the vector (9) of field theory. 
However, just as in the action-at-a-distance formulation 
of electrodynamics and of the neutral meson theory, 
the construction of these new quantities requires a 
knowledge of the sources of the field, while the field- 
theoretical quantities can be constructed at any point 
with a knowledge of the field variables at that point 
alone. 
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V. APPLICATION OF THE WHEELER-FEYNMAN 
METHOD 


In the theory of action at a distance in electrodynamics 
of Wheeler and Feynman’ the interaction is assumed to 
be symmetric in time and the field acting on the ath 
particle is written 


bi wa" => + road? (4 b ov . (65) 


ka all & 


The case called “complete absorption” by these authors 
is characterized by the vanishing of the last term or 


p i roti? (*) = =. advil ° 


allk allk 


(66) 


The addition of this condition to the equations of mo- 
tion using symmetric interaction leads to the equa- 
tions of motion including radiative reaction and using 
retarded interactions only. This result holds both in 
field theory and in the theory of action at a distance.® 

This method can also be applied in neutral meson 
theory.'* However, there it leads to the equations of 
motion of the retarded case only for the field-theoretical 
equations of motion, but a new set of equations is ob- 
tained in the case of action at a distance, as discussed 
in I. 

The arguments advanced there can be used without 
modification in the charge-symmetrical case. The appli- 
cation of the Wheeler-Feynman method to the 
field-theoretical equations of motion (19) of the sym 
metric case leads to the Eqs. (15) of the retarded case 
because the condition (66) amounts to the equality of 
the energy-momentum tensors of the retarded and sym 
metric case from which the equations of motion are 
derived. Similarly it amounts to the equality of the 
charge-current vectors from which the equations of the 
variation of charge (16) and (20) are derived, and 
therefore it assures the correct transition from the 
equation of the symmetric case (20) to the one of the 
retarded case (16). 

Nevertheless, just as in electrodynamics, the equa 
tions thus obtained are mathematically not completely 
equivalent to the original equations of the retarded 
case, as they are to be solved subject to the condition 
(66), which does not have to be imposed on the original 
equations?” 

A new set of equations is obtained if the Wheeler- 
Feynman method is applied to the equations of the 
theory of action at a distance postulated in Sec. II. In 
the symmetric case these equations differ from those of 
field theory by the omission of the integrals over the 
entire motion of the particle under consideration ; there- 
fore the Wheeler-Feynman method will lead to equa- 
tions which differ from the equations of the retarded 
case of action at a distance (23) and (24), which do not 
contain any integrals over past or future motion. Ex- 
plicitly the equations obtained by applying condition 


% P, Havas, Phys. Rev. 86, 974 (1952) 
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(66) to the equations of action at a distance (21) and 
(22) are 


T rad G", < )Uq” 


a> 
hag ret 
ka 


Latah Va’( >, ret U, 


ka 


U4 4 440"), (67a) 


+ rad U, ‘¢ a (68a) 


t rad FY sad 


\ a: ret U + rag U ” )Uq" l, (67b) 


— 
kta 


dQ, Ta CLataM | a et k + rag U Jy (68b) 


kFa 


together with Eqs. (17) and (18). These equations, 
just like the corresponding ones (1.50) of the neutral 
theory, do not have the form expected in a theory of 
action at a distance, as the radiation fields involve in- 
over the and future motion of the 


tegrals past 


particle,’”:*.2 


VI. DISCUSSION 


In this paper we have been concerned with the equa- 
tions of motion of point particles interacting through 
charge-symmetrical vector and scalar meson fields, both 
from the point of view of field theory and from that of 
action at a distance. Since all our considerations lead to 
identical conclusions for both vector and scalar fields, 
we do not have to distinguish between them in the 
discussion, 

It is, of course, understood that, within the frame- 
work of the charge-symmetrical theory used here, the 
presence of an electric charge and current in the meson 
field manifests itself only in the appearance of a new 
conservation law for the charge but not in the pro- 
duction of electromagnetic fields. This is somewhat 
analogous to the fact that the presence of energy and 
momentum in the field, while also expressed in a con- 
servation law, does not show up in any gravitational 
effects. A field theory involving either of these effects 
is necessarily nonlinear and beyond the scope of the 
present investigation, for which the linearity of the 
equations is essential. 

We started our investigation by finding from the 


point of view of field theory the equations of motion 
both if the fields produced by the particles were as- 
sumed to be purely retarded and if they were taken as 
half-retarded, half-advanced. It was found that these 


equations [(15)-(16) and (19)-(20), respectively ] 
contained terms depending respectively on the previous 
and entire motion of the particles, which are inad- 
missible from the point of view of action at a distance. 
Pherefore it was suggested that they be replaced in the 
theory of action at a distance by equations omitting 
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such self-action terms [(21) and (22) for the symmetric 
case, (23) and (24) for the retarded case]. This is 
aralogous to the procedure adopted in the neutral 
meson theory,' while no such replacement is necessary 
in electrodynamics. 

Both in field theory and in the theory of action at a 
distance the form of the equations obtained depends 
on the expressions chosen for the electric charge of the 
particle [Eqs. (17’) or (17’) ]. With either choice we 
are lead to the same conclusions. 

The modified equations suggested for the theory of 
action at a distance were studied in Secs. III-V. While 
the mathematical development was occasionally some- 
what more complicated than in the neutral meson 
theory, we were able to go through the same procedure 
as was followed there, obtaining analogous results. The 
modified equations of motion and of the variation of 
charge were found to be a consequence of a variational 
principle in the symmetric case but not in the retarded 
one. This principle is expressed in terms of particle 
variables only, without reference to any field quantities. 
However, such field quantities were defined in terms 
of the particle variables and then shown to obey the 
field equations of the charge-symmetrical meson theory. 

The equations of both the symmetric and the re- 
tarded case allow the definition of an energy-momentum 
tensor which permits a statement of the detailed con- 
servation of energy and momentum for the system of 
particles and field, just as in the neutral theory. The 
different cases arising there have been discussed in I, 
to which we refer for details. In addition a four-vector 
of electric charge-current density was defined bearing 
the same relation to the corresponding field-theoretical 
quantity as was found in the case of the energy-mo- 
mentum tensors. All the conclusions drawn in I con- 
cerning the energy-momentum tensors of the neutral 
theory apply both to the corresponding tensors of the 
charge-symmetrical theory and to the charge-current 
vector, 

Thus we have shown that a consistent theory of 
action at a distance can be formulated in a case where 
the field associated with the particle interaction carries 
rest mass and charge in addition to energy and mo 
mentum as in electrodynamics. Both here and in the 
neutral theory the particles were taken as mass points 
and as simple poles of the fields under consideration. 
In a subsequent paper we shall show that it is also 
possible to formulate a theory of action at a distance if 
the particles possess an intrinsic angular momentum 
and a dipole moment. 

It appears that the theory of particles with time- 
symmetric interaction through either charged or neu- 
tral meson fields can be formulated with equal con- 
sistency from the point of view of either field theory or 
the theory of action at a distance, resulting, however, 
in different equations of motion and of variation of 
charge. These equations do not include any radiation 
reaction. Applying the Wheeler-Feynman method to 
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them, we are lead to the equations of the retarded case 
in field theory but to a new set of equations in the theory 


of action at a distance, both of which appear to be 
suitable for a description of radiation damping. As was 
this might offer an 


noted in I for the neutral case, 


opportunity not available in electrodynamics’? for a 
decision between the two points of view by a comparison 
with experiment. With this in view, the scattering of 
neutral mesons by nucleons has been calculated re 
cently.*! The results obtained do not differ sufficiently 
from those of field theory to allow an experimental dis 
tinction. The scattering of charged mesons, which is, 
of course, easier to observe experimentally, is being 
investigated at present. However, a clearcut decision 
between the two points of view is not to be exper ted 
before these ideas have been applied to quantum theory. 


APPENDIX 


We outline here those steps in the derivation of 
the equations of the retarded scalar case which have 
been omitted in Sec. II. The derivation parallels that 
of the retarded vector case given by Le Couteur,’ except 
that in our case it is not necessary to include a con- 
sideration of the angular momentum to obtain the 
desired equations, 
rom Eqs. (8b) and (9b) we obtain 

F,-S, aJ, OX, cUa S. 


Of ai OX*, 


Using Dirac’s method'' as developed by Bhabha and 
Harish-Chandra,”:3 we can conclude from this that 


PY eer 
dQ, dt 


(Alb 
(A2b 


Equation (A2b) can besatistied by choosing either (17') or 
17") for Q 


we have 


Using the more general expression CH?" . 


\3b 
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Now 
PY =Wat'a". \db 


Substituting this into Eq. (Alb) and multiplying by 


we obtain 


We 


WM 


and theretore 


Me, Vi, tLaldt (ASb) 


where M, is a constant. Combining this with Eqs. 


(A4b) and (Alb), we obtain 


d 
V7, 
dT a 


d 
Ra ‘seata"). (A6b) 
dra 


Substituting the expression (10) with (13) for mean’, 
we obtain Eq. (15b) combined with (18”). Similarly 


Eq. (A2b) becomes Eq. (16b). 


ERRATA IN PART I 
Ox? OU’, oz". 
uy. 


In Eq. (2a), read G,,=dl 
In Eq. (9), .G equals zero if | 
In Eqs. (11a) to (13b), the integrals should be multi 


|. 


plied by x. 
In Kq. (29), read v,i4#=0 
In the line following Eq. (34), read givydr,. 
Footnote 30 and the last sentence of footnotes 20 and 


24 should have been preceded by Vole added in proof. 
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Energy level diagram of sodium with a sample of the transition 


The Polarization of Sodium Atoms* 1G. 1 ple 
involved, in this case transitions via the 3°?PyF =2 states. 


W. B. Hawkins AND R. H. Dicxe 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey Circularly \ / 


(Received June 22, 1953) polarize e 
resonance je beam 


SUBSTANTIAL quantity of strongly polarized atoms could c radiation 
A serve as a source of oriented nuclei for nuclear physics ex , H,. 

; . 3. OO > 
periments, as a source of polarized electrons, or, because of the ee 30 \ 
enormously enhanced signal, as an interesting material for micro ; < a Scattered resonance 
wave spectroscopy and nuclear magnetic resonance experiments ye - radiation 
Kastler' has suggested that circularly-polarized resonance radia Sodium Fj e L Electric Vector 
tion will polarize atoms. This polarization effect results from the oven : as Se 
fact that there is a fairly large probability that the angular mo i 
mentum carried by the absorbed photon is retained by the atom \ 
in the emission process. Bitter and Brossel? have looked for this Polarization 
polarization with negative results, and more recently Brossel, Detector & 
Kastler, and Winter have obtained a positive result. On the other Amplifier 
hand, Bitter, Lacey, and Richter‘ have reported a negative result. ;. 2. Schematic view of apparatus 
We have obtained a polarization of sodium vapor which is in 
agreement with the expected value. The energy level diagram in intersity 
cluding the hyperfine structure and a typical set of transitions Ae 1000 
produced by the scattering of resonance radiation is shown in 
Fig. 1. Note that on the average mr is greater after the scattering 

A schematic view of the apparatus is shown in Fig. 2: A sodium 
beam was used only because this is a convenient way of guarantee 
ing that the contamination by foreign gas is insignificant. The 
transverse components of the earth’s magnetic field are roughly 
balanced out by a set of coils. An additional magnetic field // 
along the axis of the system (direction of incident light) could be 
varied as a parameter. As a means of detecting whether the sodium 
beam has been polarized, the plane-polarization ratio of the scat 
tered light is measured 

Figure 3 shows a plot of the polarization ratio of the scattered 
light vs the magnetic field applied along the axis defined by the 
incident beam. The dip at 0.12 gauss is explained by the fact that 
this is the field necessary to balance this component of the earth’s \ 
field. With zero magnetic field along the axis, a small residual At might = 
transverse component of the magnetic field serves to mix the ms ‘ é 
states destroying the polarization. The asymmetry about 0.12 . 5 - . . ‘ 
gauss is probably caused by the rather large inhomogeneities in ett aaintin <b inn 
the axial magnetic field. The polarization effect is intensity 
dependent indicating a multiple-photon effect. The form of the 
dependence indicates an essentially 2-photon effect. 

Observations on the light source showed that for curve A, 
Fig. 3, the two lines of the doublet had about the same peak in 





Fic. 3. Polarization ratio of the scattered resonance radiation. 


tensity of 8X10‘ photons/cm? at the position of the beam, this 
being computed from photometric measurements and the ob 


TabLe I, Polarization effects of one-, two-, and three-photon scattering 


No. of 
scattered Polarization 
photons Occupation numbers after photon scattering \verage values ratio 


F=1 F =2 

0 1 2 1 0 1 2 
0.119 0.075 0.247 0.168 0.106 0.063 0.040 0.070 
0.082 0.038 0.399 0.174 0.071 0.029 0.012 0.173 
0.049 0.018 0.546 0.156 0.042 0.012 0.004 0.313 
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served widths of 10" and 1.410" sec™! for the Py and Py com 
ponents. This intensity ratio indicates some self-reversal. However, 
the line contours showed no real dip in the peak but a peak some 
what flattened by self-reversal. These peak intensities predict a 
total absorption of 0.16 photon per atom in the illuminated part 
of the beam. 

With zero magnetic field along the axis (applied 7 =0.12 gauss), 
the measured polarization ratic agrees with that calculated, as 
suming no atomic polarization. Also, this is in agreement with the 
results of Ellett and Heydenburg® and with our measurements on 
unpolarized incident light. 

The polarization ratio intensity dependence (Fig. 3) is in good 
agreement with that computed from the known light intensity. 
The measured shift in polarization ratio for curve A (R=0.9 
percent) agrees with the computed value of 0.8 percent. The 
polarization ratio is found to be independent of sodium beam in 
tensity indicating negligible light trapping. 

The computed effect of one-, two- and three-photon scattering 
on the occupation numbers of the states and the mean values of 
mr and m, are given in Table I. The polarization ratio of the salt 
scattered photon is also given. Equal peak intensities of the sodium 
D lines were assumed in the computation. 

The authors wish to acknowledge the active collaboration of 


D. R. Hamilton in the early phases of the experiment. 

* This work was supported by the U. S. Atomic Energy Commission and 
the Higgins Scientific Trust Fund. 

1A. Kastler, J. phys. et radium 11, 255 (1950). 

2F. Bitter and J. Broussel, Phys. Rev. 85, 1051 (1952) 

4 Brossel, Kastler, and Winter, J. phys. et radium 13, 668 (1952). 

4 Bitter, Lacey, and Richter, Revs. Modern Phys. 25, 174 (1953). 

$A. Ellett and N. P. Heydenburg, Phys. Rev. 46, 583 (1934) 


Hall Effect and Conductivity of InSb Single Crystals 


M. TANENBAUM AND J. P. MAITA 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received June 19, 1953) 


ELKER! has described the conductivity and room tem 

perature Hall effect of polycrystalline samples of the semi 
conducting compound indium antimonide, InSb. More recently 
Breckenridge, Hosler, and Oshinsky? have reported similar 
measurements as a function of temperature on polycrystalline 
samples. 

We have recently grown large single crystals of InSb. The 
preparation of the compound has been described earlier,’ and the 
material used in these measurements was extensively purified by 
zone refining.‘ The single crystals were grown from this material 
by the pulling technique developed by Teal and Little for ger 
manium.® The resulting crystals were quite similar in appearance 
to single crystals of germanium. 

The Hall effect and conductivity of these single crystals have 
been measured and the results are shown in Figs. 1 and 2. In these 
figures, the points are experimental values and the solid lines are 
calculated as described below. 

Samples A and B show a reversal in the sign of the Hall co 
efficient R at 155°K and 182°K, respectively. These samples are 
p type below these temperatures and n type above. Sample C 
is m type down to the lowest temperature attained. The densities 
of extrinsic carriers in A, B, and C obtained from the expression 


R=7.4X10!8/n, (1 


are 2.110", 1.2X10!® and 1.7X10'® per cubic centimeter, 
respectively. 
In a nondegenerate semiconductor, the Hall coefficient R 
and conductivity o are given by the expressions, 
o=e(nun+ pup), (2) 
3x nb?+-p 


=— (3) 


8e (nb-+p)”’ 
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Fic. 1. Hall coefficient of indium antimonide as a function of temperature. 
where n and p are the densities of electrons and holes, respectively, 
uy and py the respective carrier mobilities, e the electronic charge, 
and b=y,/pp. In the temperature range where only one type of 
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htc. 2, Conductivity of indium antimonide as a function of temperature 
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1 electrons in indium antin 
n of temperature 


carrier is important, the carrier mobility is given by the expression 
w=O0.85Ro. (4 


Figure 3 is a plot of the carrier mobilities given by Eq. (4) as 
a function of temperature. The values for holes were taken from 
range of samples A and B 
1 law at his 


mobilities 


the extrinsic It is assumed that these 
follow a 7 
determine the hole 
ture electron mobilities are obtained from sample C, 
assumed that Ro closely approximates the electron mobilities in 
all samples in the intrinsic range. This assumption is felt to be 


valid because the large value of 6 (approximately 85) in the in- 


rh temperatures since it is not possible to 
in the intrinsic range. Low tempera 
and it is 


Paul ind energy gap of InSt 


AF (ev) 
M* =0.083 
0.24 
0.21 
0.18 
Os 
ow 


trinsic range predicts a negligible contribution of holes to RK and 
somewhat above the temperature of Hall re 


seems to 


o at temperature 
he electron mobility 
i law at high 


the carrier n 


versal obtained in this manner 
follow a T 
From 
Fig. 2, and Eq. (2), it is pos 
Che procedure is quite similar to that described 
1 and 
f 


the mobilities of 


temperatures 
Fig. 3, 
ible to evaluate 2 and p as a function 


obilities in the conductivities in 


of temperature 
by Pearson and Bardeen.® The solid line curves in Figs 
values of nm and fp, 


The close fit of the curves and the 


were obtained using these 
Fig. 3 and Eqs. (2) and (3) 


t consistency ol 


experimental poit demonstrates the 
Hall effect 
Che large maximum in RX just above the temperature of Hall 


mutual 


and conductivity data with the assumed mobilities 


versal is a direct consequence of the large value of 
rom conductivity data, Welker has estimated an cnerg 

of 0.53 electron volts in InSb.' However, it is difficult 

a value for the forbidden energy gap AE from data of this | 

electrons M,, and hole WV 


since the effective masses of 


i i 2 


nknown 

lunction ol i - 
np)t=4.9X% 10%(.M*)IT3 exp(—AE/2kT), 

vhere & is the Boltzmann constant and M*=(M1,M,)*/M. M is 

I gives 


} " 
These values are 


absolute te mperature, 1s 


values of (np) as a function 


the same for all 


the free electron mass. Table 
of the absolute 


three 


temperature 
| expect Ihe last two columns of the 
values of M*. For M*=0.083 
value estimated 


sample as one wouk 
table give SK for two ditlerent 


AF is 0.18 ev at 


from infrared absorption 


room temperature, which is the 


asurements performed by Briggs at 
mass leads to a temperature co 
approximately 4X10 ev per 


rhis agrees very well with the tem 


this laboratory Phi 


efficient of the energy gap ol 
degree at room temperature 
perature coefficient ol the infrared limit of absorption between 
room temperature and 77°K 


We wish to thank J \. Burton 


discussion of the result 


and F. J. Morin for their helpful 


rforsch, 8a, 
xc. 28, No. 2, 


ys. Rev. 90, 153 (1953 
zs Met. Engrs. 194, 747 
78, 647 (1950 
75, 865 (1949), 


1952 


Thermal and Electrical Properties and Crystal 
Structure of Tungsten Oxide at 
High Temperatures 


SHOZO DS ADA 


found an anomalous behavior of 


a differential thermal anals 


near 900°C by 


tungsten Oxide 


I] ECENTLY Kehl el ul 


ve had also independently observed an anomaly of 


sis. Although 
thermal dilatation (an expansion in heating), we happened t 


KNOW that Foéx had alread reported this anomaly In view ol 


the results of our measurements of thermal 
dilatation of tungsten oxide will be omit 


n 600°C and 1050°C 


the above situation 
ted and those on specitic 
heat and de resistance betwee ll be reported 


briefly here 


The speciti a conduction calorimeter 
of the same type as th 1e used previously,’ improved to enable 


Figure 1 


us to make reliable mea igher temperatures 


hich two anoma 
near 730°C an 
0.45 cal/M-des 


heat value in our 

previous lett preliminary, al 

though the size there agree 
ell with the 
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The ce 


usual potentiometer method. Figure 2 shows the specific resistances 


resistance of ceramic samples vas measured by the 
measured in cooling as a function of temperature, in which a 
slight maximum and a break are seen near 890°C and 720°C, re 
Further, 


creases slowly with decreasing temperature above 720°C 


spectively it is notable that the specific resistance in 
although 
it increases exponentially below this temperature as in the usual 
emiconductors 


Kehl et al. and Wyart and Foéx' did not observe 


crystal structure near 910°C. Our measurement of lattice con 


any ¢ hange ol 


revealed 
the lattice 
although the 


stants by the powder photograph method, however 


| 
| 
that, in heating, both the a and c axes, and therefore 


volume), increase slightly near this temperature 
not change 


Ihe author wishes to thank Profe 


tal system doe 


Appl. | 23, 
220, 917 (1945 
mura, Phys. Re 84, 1054 


rend. 232, 2459 


HE phenomenon of hole injection and consequent conduc 


tivity-modulation' is the main factor responsible for the 


low spreading resistance in the forward direction of the high back 
lifetimes and 


point contact rectifiers. Long 


voltage (hby Ge 


transit times associated with this effect are responsible? for the 


vell-known decrease in rectification efficiency of these 


rheir frequency dependence was first investi 


rectihers 
at high frequency 
gated in detail by Yearian,? who measured the rectified de current 
output as a function of sinusoidal ac voltage for frequencies up to 
OO Me /see Deviations 
noticeable at 100 kc/sec, 
vith increasing frequency 
} 


from low-frequency behavior became 


becoming 


y, the devia 


with the current output 


} 
i 


teadily smaller Relative 


tions were greatest for voltages above 0.6-volt rms. suggesting 
that the 


istance 


frequency-dependent  elet spreading re 


Ihere is less injection ntly higher forward 


sistance at high frequency when the period of the forward swing 
transit time of the injected holes through the 


lifetime if that 


is shorter than the 
ling resistance region, or shorter than the 
iller quantity. To investigate the magnitude of the 
forward 7—V character 
were measured under very fast pulse 
At the beginning of the pulse (rise time ~0.007 psec 
the resistance was much higher than at the end of the pulse (0.4 
is illustrated in Fig. 1. The characteristic at the later 


inseparable from the de characteristic, indie 


nes involved in such effiects 


by Ge rectifiers 


conditions 


usec later 


finn 


EDITOR 


irrent- voltage 


t t rectifier at beginning 


than 0.4 wsec are involved. Even at the be 


mng ot 


pulse, the resistance was already changing rapidly 


o that the observed value need not 


ittainable forward 


represent the maximum 


resistance. In P~—n junction rectifiers, the bulk 


resistance contribution to the forward characteristic is not con 
accordingly 


) 


centrated n barrier, and resistance changes 


intervals. This is illustrated in Fig by 
At the end of a 


till much higher than at de, In 


occur overt wer time 
ird / characteristics for a pn junction 


>.Ousec Pulse the resistance is 


fact, little change occurs during the pulse interval. Figure 2 also 
shows the characteristic of the same junction at liquid nitrogen 
J | 


Pulse 


Ihe implication drawn here is that the lifetime is 


temperature O.2usec) and de measurements are indis 
tinguishable 
very small at the low temperature, thereby severely limiting the 
depth of penetration of injected carriers and the conductivity 
modulation 

The reverse current of a hby Ge rectifier would ordinarily have 
negligible influence on the de rectified current produced by an ac 


However, 


lorward swing 


signal at high frequency, the holes injected during the 
} 
may a 


brought back and collected by the same 


contact during the reverse swing? This may be called a ‘“‘self- 
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’ 


transistor” action. The condition for this to occur is that the 
period of the high frequency be of the order of or smaller than the 
lifetime of the injected carriers. It was observed already by 
Yearian® and co-workers that the reverse resistance of hbv Ge 
rectifiers was decreased at 30 Mc/sec if there was forward swing 
to the ac voltage. When precautions were taken to eliminate any 
forward swing, the reverse resistance and peak-back voltage were 
found to be even higher at 30 Mc/sec than at 60 cps. Michaels 
and Meacham,‘ using pulse techniques, have observed relatively 
high pulses in the reverse direction corresponding to rapid collec 

tion of holes stored in the germanium during the forward pulse 
Investigations of special aspects of this return pulse have been 
reported by Waltz,® Pell,® Schulman,’ and Gossick.* 


* Part of this work was done with the support of the Signal Corp 
See W. Shockley, Electrons and Holes in) Semiconductors 8) 

Nostrand (¢ c., New York, 1950), p. 99 

2K. Bray Phys. Rev. 77, 760 (1950) 

7H. J High Back Voltage Germanium on Voltage 
and Frequency, Research Committee Report, NDR¢ 
14-581, Purdue University, Oct. 1945 (unpublished). See also H. C. Torrey 
and R. M. Whitmer, Crystal Rectifiers (McGraw-Hill Book Company, Inc., 
New York, 1948), p. 378 

*L. A. Meacham and S. KE. Michaels 

$M. C, Waltz, Proc. Inst. Rad ’ 40, 1483 
FE. M. Pell, Phys. Rev. 90, 278 

7R.G. Shulmanand M. E. McMahon, Hughes Aircraft Company Report 
1953 (unpublished 
®* B. R. Gossick, folloy 


ompany, In 
and H. J 

Resistance of 
National Defense 


yearian 


\ 
yearian 


Phys. Rev. 78, 175 (1950 


1952 


wing Letter (Phys. Rev. 91, Aug. 15 Letter (1953 


Post-Injection Barrier Electromotive Force of 
p—n Junctions* 


B. R 
Purdue University, Lafayette, Indiana 
(Received June 8, 1953) 


GoOssiIcK 


XPERIMENTAL studies of the transient behavior of ger 

manium rectifiers have been made by many investigators.' * 
The resistance with a voltage applied in the blocking direction is 
normally very high. However, if the rectifier has been drawing 
forward current the initial back resistance is low; even without 
an applied voltage in the back direction there is a transient re 
verse current. This transient reverse current results from an emf 
developed by the barrier, due to nonequilibrium carrier con 
centrations at the junction barrier. 

By injecting carriers across a p—m junction with a high back 
voltage (hbv) point contact diode in series, the post injection 
barrier emf may be observed under approximately open-circuit 
conditions. The back pulse of the diode is so short compared to 
that of a p—n junction that it acts effectively as an ideal rectifier 
The barrier emf following injection is given, according to Fan,® by 

kT | PnP po 
-—In ; 
é PnoPp 
where fp, and pf, represent the hole concentrations on the and 
p sides of the junction, respectively, the equilibrium concentrations 
being denoted by the subscript 0. Assuming that the following 
inequality holds: 
Pn > Pr 
pun Ppo 
may be approximated by 


k “( Apr t ) 
In — : 
e p Tp 


no 


then (1) 


where 7, refers to the lifetime of minority carriers and Ap, to 
the initial increase of p,. The response V may be similarly derived 
in terms of electron concentrations. The observed response pat 
terns are of the shape indicated by (3), except near the very end 
of the post injection pulse where (2) is no longer satisfied. Figure 1 
shows two oscilloscope patterns of the terminal emf across a p—n 
junction after injection through a CK708 diode 

The initial amplitude of the barrier emf is determined by the 
final potential drop across the barrier during injection, because the 
potential difference across the junction is determined by the car 
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Fic. 1. Oscilloscope patterns of terminal emf after injection 
Lower 
pattern 


Upper 

pattern 
Injection time 0.35 psec 
Initial height of back pulse 0.1 volt 
Lifetime calculated from slope using (3 3.5 psec 
Trailing edge of the injection pulse causes rounding of the front 
edge of the back pulse in the lower pattern 


3.6 usec 
0.2 volt 
3.5 psec 


rier concentrations on the two sides, which are unable to change 
instantaneously at the termination of injection. When current is 


45 





P-N Junction 696 
Room Temperature 


Symbol To ig 
psec ma 
3.62 itd 
3.62 2.22 
3.62 4.44 
0.347 1.2 
0.347 2.4 
0.347 4.8 
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permitted to flow, the injected minority carriers drift back to the 
junction where their concentration becomes depleted with time, 
since more carriers drift away on the side of the junction where 
they are the majority carriers. Thus in time the flow of injected 
carriers back to the junction will be enhanced by diffusion. Ex 
periments were made on a sample with constant cross section 
the p and » regions being long compzred to the injection distance 
It was observed that the back current remains essentially constant 
over a considerable time 7. Consequently, the calculated voltage 
drop across the junction and therefore the injected carrier con 
centration at the junction must have been roughly constant during 
this time."” With a small series resistance the trailing edge of the 
pulse is sharp and a definite value of 7; can be assigned. With 7) 
and the forward rectangular pulse length 79, small compared to 
the carrier lifetime we should have, approximately, 


To T\=t tf, (4) 
where iy and %, refer to injection and collection current, respec 
tively. Figure 2 is an experimental plot of 7/7) vs t/t, indicating 
that about half the injected carriers were returned during 7 


* This work was supported by Signal Corps contract. The author is 
indebted to K. Lark-Horovitz and H. Y. Fan tor discussions 

!H. Yearian, work summarized in Crystal Rectifiers by H. C. Torrey 
and R. M. Whitmer (McGraw-Hill Book Company, Inc., New York, 1948) 

?R. Bray and H. Yearian, Phys. Rev. 77, 760 (1950) 

*R. Bray, Ph.D. Thesis, Purdue University, June, 1949 (unpublished) 

4P. R. Bell (private communication 

5S. E. Micheals and L. A. Meacham, Phys. Rev. 78, 175 

6M. C. Waltz, Proc. Inst. Radio Engrs. 40, 1483 (1952) 

7R. G. Shulman and M. E. McMahon, Hughes Aircraft Company Re 
port, 1953 (unpublished) 

8 KE. M. Pell, Phys. Rev. 90, 278 (1953) 

*H. Y. Fan, Phys. Rev. 75, 1631 (1949) 

1 The calculated emf's are in the neighborhood of 0.2 volt at room tem 
perature and 0.65 volt at liquid nitrogen temperature for the sample used 


to obtain data for Fig. 2 
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Thermoluminescence of Quartz and Fused 
Quartz Colored by X-Ray Irradiation 


YOKOTA 
Vatsuda Research Laboratory, Tokyo-Shibaura Electric Company, 
Kawasaki, Kanagawa-ken, Japan 


RYOSUKI 


Received June 3, 1953) 


HE study of color centers in quartz and fused quartz in 
duced by x-ray irradiation has been studied by the writer.’ 
When x-rayed quartz and fused quartz are heated, luminescence 
is observed and the absorption bands are bleached 
We prepare fused quartz by two methods, in one of which fused 
quartz is produced in a strongly reducing condition and in the 
other in a mildly oxidizing condition 
The samples of quartz and fused quartz (10 100.3 mm) 
were exposed to x-rays (100-kv, 3-ma, tungsten target) at room 
temperature for 56 hours. Saturation of coloration takes place 
approximately after exposure for 56 hours. 


200-300 200 
TEMPERATURE IN °C 


Glow curve of quartz. 
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Ty 300 
TEMPERATURE IN 


2. Glow curves of fused quartz prepared in a reducing condition. (A) 
(B): 1S-min decay at 276°C; (C): 5-min decay at 312°C 


or liens 

The emitted light was observed with a multiplier phototube 
of RCA 1P28 type connected to a string electrometer. Glow curves 
were obtained at a linear heating rate of 0.033°C/sec, which is so 
slow that a good resolution in glow curves is obtained. 

Figures 1, 2(A), and 3(A) give examples of glow curves for 
quartz and fused quartz. These curves are reproducible in general 
shape 

\ comparison of the glow curves for quartz and fused quartz 
shows that in quartz crystal there exist trapping centers having 


s——L- + - » 4 - i 
200 300 
TEMPERATURE IN °C 
Fic. 3. Glow curves of fused quartz prepared in a mildly oxidizing condi 
tion. (A): no decay; (B): 10-min decay at 150°C; (C): after B decay 


further 5-min decay at 196°C; (1)): after B decay, a further 10-min de 
at 196°C 


several discrete trapping levels, but in fused quartz there exist 
some groups of trapping levels 

To verify the above, the following experiment was performed 
A glow curve for traps of one depth has the same shape and peak 
temperature regardless of the number of electrons trapped. Fig 
ures 2 and 3 show glow curves of fused quartz prepared in a re- 
ducing condition and in a mildly oxidizing condition, respectively, 
after various periods of decay at different temperatures. Fused 
quartz was x-rayed and then allowed to decay for the designated 


coef fcac nt om < 


Gbhse 7 Toon 


a ee 
hv in 
Fic. 4. Induced absorption bands of quartz and fused quartz (A): 


juartz; (B) and (C): fused quartz prepared in the reducing and mildly 
oxidizing conditions, respectively 


Oo 


cv 
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period. Then it was rapidly cooled to room temperature, anc 
glow curve was measured 

be, Phe peak of the glow curve 
peratures with increasing period of decay and with higher decay 
Therefore it i glass 


unresolved of trapping centers, each group of which 


shifts continuously to higher tem 


temperatures concluded that there exist in 


ome group 


has its distribution around its center 
The induced absorption bands 


in Fig. 4 


A comparison of glow and a 


at room temperature are show 


sorption curves shows that the 
resolution in glow curves is better than in absorption curves, 
although the resolutior al orption curves increases generally at 
low temperature 

the glassy 


The above results show clearly that fused quartz 


state of quartz —has a disordered lattice but preserves to some ex 
tent the local order of the crystal 
A full account will appear in the Journal of the Physical Society 


of Japan 
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An Ultra-High-Frequency Rotational 
Line of HDO}{ 


f Physi lege « 
University Hetghi 


WEISBAUM 


f Engineering, New York 
, New York, New York 
Received June 16, 1953 


A‘ asymmetric top molecule whose dipole moment is oblique 
to its axes of principal moments may be expected to have a 
rotational absorption spectrum extending to very low frequencies 
Some 
levels of low J and may have appreciable intensities. King, Hainer 
and the 3,-93, transition of HDO 
vould occur in the uhf region with remarkable intensity, 2 10 

cm |. Because of the possibility of observing deuteron quadrupole 


Unive 


Department « 


of these low-frequency lines may be transitions between 


Cross! have predicted that 


structure and of the novelty of working at such low frequencies, 
we have searched for this line 

Since the 
1}-i guide absorption cell, it was necessary 
to devise a method the cel] could operate in its TEM 
mode. The rf power, supplied by a OAF4 triode in a Mallory 
'V-101 television converter, and the 5000-cps square-wave gen 
erator were both connected to the Stark se ptum through a match 


predicted frequency lay below the cutoff of our 


3-in. X 20-ft wave 


whe reby 


ing and decoupling network near one end of the cell. At the other 
end was connected a crystal detector with a special adapter which 
effected capacitative coupling to the Stark septum through the 


window. The crystal 


mica detector was connected to a tuned 
amplifier and phase-sensitive detector in the conventional manner 
With this equipment the line was found. 

Che measured frequency is given in the first line of Table I 
Also contained in Table I are revised values of the frequencies of 
the three Q-branch and one P-branch S-band lines which we have 
reported previousl\ 

The 


branch transitions due to Kivelson and Wilson’ were adjusted to 
obtain the best fit with the three S-band lines and six higher-fre 


constants of the centrifugal distortion formula for Q 


quency lines.~? The calculated frequencies using the parameters 


ney lines of HDO 


Calculated freque 
M 


e¢ 


824.61 
2394.5 


824.604 40.05 
394.56 +0.05 
887.4 40.1 
901 tI 

3044.71 40.10 


903 
4043.5 
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(a—c)/2=8.4895 cm™! and x 0.0830 are given in the last 


column of Table I. It is to be noted that the agreement is excellent. 
Satellite lines 30 kc/se¢ 


were partially resolved. The satellite 


on either side of the main 3—»33 line 
are undoubtedly due to the 
They will be studied for 


deuteron quadrupole hyperfine structure 
obtaining values of the coupling constants 

We wish to thank Dr. D. WV. Posener and Professor M. W. P. 
Strandberg of M.I.T. for access to their unpt blished results. Also 
thanks are due Professor C. H. Townes of Columbia University, 
who that we for the quadrupole splitting We 
acknowledge the help of Mr. Gabriel Herrmann, who participated 
in the $-band work, and Mr. Leon Arnell, Mr. Leonard Yarmus, 


and Mr. Sol Krongelb for construction of some of the apparatus 


suggested look 
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Quadrupole Coupling of the Deuteron 
in DCCCI and DCN* 


Roperr L. Wuitt 

bia University, New York 
Received June 16, 1953 

transition of deuterated chloroacetylene has 


HE J=1-—2 


been studied with a high-resolution bridge spectrometer 


DCCC is a linear molecule containing nuclei with quadrupole 


Phe spectrum of this compound at lower resolution has 


moments 
been described in the liter: ,’ as has the procedures for treating 


} >} transition 


the two-quadrupole molecule I fy\=3 where 
PF, J+1; 1, It can be i a at no splitting caused by the 
deuteron quadrupole moment would be expected, whereas for the 
F',=}- >} transition the splitting should be most easily observed 
Recorder traces of these lines were obtained, from which it was 
175+20 kc/se The pattern is not 


n of the coupling is unambiguously 


ascertained that (eg?) p 
symmetric, so ths si 


\ more d 


and its interpretation will 


mined uiled desc ription ot the experime ntal evidence 


be published in the near future 
Phe investigation reported above was suggested by line broaden 
ing in DCN observed while studying asymmetries of the nitrogen 
quadrupole coupling in HCN and DCN, Line w 50 ke/sec 
could be obtained for HCN, while DCN produced lines of 70 ke 

sec width under the same « 


From the line 


idths of 


onditions of temperature, pressure, and 
300 kc, /sec+ 150 
Ihe large uncertainty is caused primarily by the 
that the being AJ =O, is most 
unfavorable for the Accord 


ingly, the molecul with the same bond 
ned 


power broadening a value (eqQ) p 


was interred 
sition involved 


circumstance tral 


quadrupole coupling investigation. 
DCCC | described above, 
structure and a more favorable transition was exami 


Work 
Naval Re 


S. Geschw ’ aT / . 
Wentent 5, Goldste iW i, *h 17, 
CH nd J. Bard I 


1319 (1949 


NUMBER of investigators have measured the imaginary 
component of the magnetic permeability in ferromagnetic 
semiconductors.! The usual method has been to introduce a small 
ferrite sample into a microwave cavity and to note the resulting 


perturbing effect on the cavity Q upon application of a de mag 
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netic field. The real part of the permeability, which causes a shift 
in cavity resonance frequency, has also been measured? 

It is well known that ferromagnetic materials become anise 
tropic upon application of a magnetic field, and that consequently 
the permeability must be described by a tensor. The experimental 
results cited above yield only the diagonal tensor components 
If Polder’s theory’ is assumed to hold, then the off-diagonal terms 
of the tensor can, in principle, be computed from measurements 
of the diagonal components. According to a suggestion by Lax,‘ 


the off-diagonal terms can be determined experimentally if the 


sainple is placed in a microwave cavity which is degenerate in 





two orthogonal modes. If a microwave field excites one mode of 
oscillation, the electron spins which are precessing about the 
applied de magnetic field will couple to and excite the orthogo- 





nal mode. The de field removes the cavity degeneracy and causes 
a splitting of the cavity resonance —analogous to optical Zeeman 
splitting MAGNETIC FIELD IN 

We have constructed a single input, right-circular cylindrical 
cavity, resonating at 90600 Mc/sec in the circular TE,;; mode, 


which proved to be peri tly degenerate. Figure 1 shows the effect 


Fic. 2, Frequency shift of “extraordinary’’ mo 
in a dc magnetic field. Solid line is theor 


independently. Because it neglects resonance 
equality holds provided H is not close to //, 
rhe complete perturbation theory also gives expressions for 
the frequency shift of the ordinary mode and for the changes in 
Q of the ordinary and extraordinary modes as a function of mag 
netic field. The ordinary shift is too small to be measured ac 
curately by our present frequency measuring techniques. We have 
qualitatively verified the changes in Q, but data which are in 
terpretable in terms of the theory have been limited so far to the 
small region of 17 between saturation of the sample and resonance 
At A-band frequencies this region would be extended | 


I i CCAUSE 
resonance occurs at a higher magnetic field strength. We have 
constructed a A-band cavity and have demonstrated the splitting 


effect 

Experimental refinements are in progress which we expect will 
make possible complete determination of the permeability tensor 
components 

We should like to express our thanks to Dr. Benjamin Lax fo: 


his stimulating interest 
* The research in this paper was supported jointly b 
Navy, and Air Force under contract with the Massacl 

Technology 
1 See e.g., H. G. Beljers, Physica 14, 629 (1948 
Fic. 1 ir f degenerate cavity modes in magnetic field. 1: O gauss \ Rev. 80, 744 (1950 DD. W. Healy, Cruft I 


| ‘ ily 
2: 1400 gau 2400 gauss; 4: 36000 gauss; 5: 4150 gauss; 6: 4950 gaus 


5, Harvard University, August 15, 1951 (unpublishe 
2H. G. Beljers, reference 

31). Polder, Phil. Mag. 40, 99 (1949 

of introducing a small ferrite sample (Ni—Zn) into a region of ‘B. Lax and A. D. Berk, ention Record 


Con ) 

maximum Hf and minimum E£ fields and applying a de magnetic AD Se ONES RGAE, ERNE Seer COTE 

field perpendicular to the microwave H vector. The dips represent 

resonance absorption as seen by observing the microwave signal 

reflected from the cavity. The horizontal axis is proportional to : 

the microwave frequency. As the dc magnetic field is applied, the Thermal Acceptors in Vacuum Heat-Treated 


single resonance is seen to split into two. The two linear orthogonal Germanium 
modes can be combined into either one of two oppositely rotating © Wiseves ace J. Rieu 
Physics Laboratories, Sylvania Electric Product 
electron spin precession may be designated as the “extraordinary Received June 29, 1953 


vibrations; that mode which rotates in the same direction as the 


mode.” As expected from theory, the frequency shift of the extra ; 

ordinary mode at first increases with the field; it then becomes W* wish to pepere studies on the s ": thermal 
negative beyond resonance, reappearing on the other side of the acceptors In copper-iree germanium nn’ has show 
so-called ordinary mode. At approximate ly twice the resonance measurements using radioactive copper as 


measurements that copper can be evaporated from germanium it 
fie ld the two modes coale sce again acu — - OPP , apo i tro , , aaa . 


° r acuul! *T take ; Vi tave *y orate as : 
A plot of frequency shift vs magnetic field is shown in Fig. 2 high vacuum. In order to take advantage of evaporation as a 


It has the persion character described above. The solid curve '™€4PS of purifying the germanium before heat treatment, we heat 
as» i «(lis Ss Pi < 1 S itp 1 ¢ ) Ss \ 

is the frequency shift derived from theory* and has the form our specimen at & pressure Of . than 4X16 a ‘ sme 

E passing current directly through the germanium. Only the ger 

Aw= Cw (x . Cor M/(H,—H manium becomes hot; and the possibility of contamination of the 

where x’ and #’ are the real parts of the diagonal and off-diagonal germanium is greatly reduced because the walis of the vacuum 

respectively; wy is the fixed cavity resonant chamber cannot act as a source of impurity atoms as might the 

frequency; //, is the magnetic field corresponding to gyromagnetic 


resonance al w, vH, wr, where 


tensor components, 


hot walls of a conventional vacuum furnace 
y is the gyromagnetic ratio) ; he germanium single crystal has dimensions 0.10%0.33 * 1.10 
C is a constant depending on the cavity geometry and size of | cm and tantalum current leads are welded to its ends. Hall mea 


ferrite; and M is the saturation magnetization, which is measured urements give a f 


value ol the excess ol donor impuritte ovel 
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5 
mm Hg 
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quenched into germanium after 
T as found by Goldberg 


ic, 1 The number acceptors 
acuum heat treatment at the temperature 
Esaki, Finn, and present work 


acceptor impurities, before any heating, of 2.110"/cc. Re 
sistivity measurements at 195°K serve to determine the number of 
acceptors quenched into the germanium. The sample is cooled by 
radiation with an initial cooling rate from temperatures near the 
melting point of 100°C/sec. All measurements are made while the 
germanium is contained in a kinetic vacuum system. Therefore, 
there is no opportunity to contaminate the germanium by handling 
during the experiments 

Ihe temperature of a heat treatment is determined by measur 
ing the resistivity of the germanium and dete, ~vining the tempera 
ture by using the resistivity vs temperature data of Keyes? In 
the temperature range above 700°C, an optical pyrometer serves 
to check the temperature. We estimate our error in temperature 
to be 

In Fig. 1, we have plotted the number of acceptors quenched 
into the germanium in our experiment as a function of the re 
ciprocal of the heat treatment temperature along with similar 
data obtained by Goldberg,? Esaki,‘ and Finn! who used con 
ventional vacuum furnaces. The concentration of acceptors in 
troduced in our experiments is as much as a factor of 80 smaller 
than the concentrations reported by the other workers. Figure 2 


£5°C 


gives our data in more detail 

We believe that the thermal acceptors we observe are actually 
lattice vacancies and not impurity atoms such as copper for the 
following reasons. We heat at each temperature until no acceptors 
are lost or gained with further heating. Next, we observe no 
hysteresis effect; the same equilibrium number of acceptors is 
obtained at a given temperature whether or not the germanium 
was previously treated at a higher or a lower temperature. These 
observations are compatible with vacancies acting as the ac 
ceptors. The crucial difference between vacancies and impurities 
arises from the fact that the surface of the germanium is an in 
finite source and sink for vacancies, but not for impurities. In fact, 
since in our heating arrangement only the germanium is heated 
while the walls of the vacuum chamber are kept at room tempera 
ture, one might expect that as the temperature is increased more 
impurity atoms would leave the germanium surface than would 
strike it from the surrounding vacuum. Therefore, if the acceptors 


observed were impurities, the number of acceptors should be de 


creased with increasing heat treatment temperature. This is con 


trary to our observations 
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The equilibrium density of lattice vacancies is described by 
the equation, 


= Vo 


v=V0e Bik 


where vo= (1.040.5) K10%/cc and E=2.15+0.04 ev. Notice that 
vo is twenty times greater than the number density of Ge atoms 
N ae (4.47 X 10” /cc). Theoretically, it is to be expected that vo 


“4 
$210 / 


” 
4210 


NO OF ACCEPTORS PER 








" 
5010 
60 


Fic. 2, Data of Mayburg and Rotondi on acceptors. The number associ 
ited with each point represents the order in which the heat treatments 
were performed. Notice that there is no hysteresis 


will be greater than Nae because the vibrational frequency of an 
atom next to a vacancy is less than the frequency of an atom sur 
rounded by other atoms.® 

We are indebted to R. W. Keyes of the Institute for the Study 
of Metals of the University of Chicago for making available to 
us his unpublished data on the resistivity of germanium at high 
temperatures. 

1G. Finn, Phys. Rev. 91, 754 (1953). 

?R. W. Keyes (private communication) 

3 Colman Goldberg, Phys. Rev. 88, 920 (1952 

4G. Esaki, Phys. Rev. 89, 1026 (1953). 


§'N. F. Mott and R. W. Gurney, Electronix 
Clarendon Press, Oxford, 1948), p. 30 


Processes in Lonic Crystals 


Thickness of the Saturated Helium II Film 


RAYMOND BOWERS 
of Metals, University of Chicago, Chicago, Illinois 


Received July 2, 1953) 


Institute for the Study 


HIS letter describes the salient features of an investigation 

of the saturated helium II film, using a gravimetric method. 
The method involves determining the effective increase in weight 
of a specimen as the helium II film forms on it.! 

The thickness of the helium II film has been measured by a 
number of workers, but different investigations have yielded 
widely differing results. Estimates of the film thickness varying 
from 50 to 160 atomic layers, and there seems to be Jittle under- 
lying consistency in the data of different workers.2 The present 
investigation was undertaken in an attempt to resolve some of 
these disparities. 
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The thickness of the helium II film has been measured on an 
aluminum foil of geometrical area 75 cm? and roughness factor 
1.3 (as determined from a nitrogen isotherm). The specimen was 
in the form of a smoothly corrugated foil designed so as to elim- 
inate the possibility of bulk liquid adhering to it. A wire tail 2.7 
cm long and 0.005 cm diameter was attached to the bottom of the 
specimen (see insert of Fig. 1). The measurement made was the 
determination of the change in the effective weight of the speci 
men as the liquid helium level (/7) is changed from the bottom of 
the container vessel (H;) to within a few millimeters of the bottom 
of the specimen (2). The change in weight gives an average 
thickness over the height of the specimen (7.6 cm). The following 
data were obtained 

(1) The results of the earlier investigation’ on the unsaturated 
film were verified. Close to saturation (P/P»=0.9992), the film 
is 20 atoms thick. 

(2) As the liquid level is raised from /7; until it touches the 
wire tail, a film of 55 atoms thick is formed on the specimen 
This is independent of height until the bulk liquid touches the 
tail of the specimen; it is also almost independent of temperature 

(3) Once the liquid level touches the tail of the specimen, the 
average thickness becomes dependent on height. The variation of 
this thickness with temperature for various positions of the bulk 
liquid level in contact with the tail is shown in Fig. 1. In this 
figure AH is the distance of the bulk liquid level from the bottom 
of the specimen. The experimental points have been connected 
by straight lines simply to distinguish corresponding data; we 
consider the thickness to be independent of temperature within 
our experimental error. If the actual thickness (d) of a helium IT 
film at a height (4) above the bulk liquid level may be expressed 
in the form 


d=K/h''", (1) 


where A is a constant, then the measured weight is obtained by 
integrating this thickness over the height of the specimen. An 
analysis of our data on this basis gives n=2.0+0.3 for all tem 
peratures. The value of the constant A equals 295 (for d in 
number of atomic layers). It is not correct to assume that K gives 
the film thickness at a height of 1 cm, because expressing our re- 
sults in this fashion would involve an extrapolation of film thick- 
ness well into a region which is not measured in our experiment 
We claim only that an integrated form of Eq. (1) with K=295 is 
accurate for the heights measured by us. 

Our results for the film in contact with the liquid are more in 
accord with the data of Daunt and Mendelssohn® and of Long 
and Meyer‘ than with those of Burge and Jackson® and of Atkins.? 
It is worth recording that if one averages d=295/h over the 
heights involved in the Daunt and Mendelssohn experiment, 
agreement with their values is obtained. The significance of the 
disparities with the other workers and possible reasons for them 
will be considered in a subsequent publication. We shall simply 
record here that we have found a critical dependence of film 
thickness (as opposed to transfer rate)® on radiation influx and it 
is necessary to consider whether the conditions of heat influx are 
so critical that any measured values of film thickness without an 
estimate of associated heat influx are of limited significance. Our 
observation (1) of a film 55 atoms thick when bulk liquid was 
present but not touching the specimen is interpreted as being 
due to lack of equilibrium. The heat contact of the film creeping 
up the wire tail is not present in this case and the film thickness is 
correspondingly less. An experiment by Daunt and Mendelssohn’ 
gave the result that a film under conditions similar to these is 
only one-tenth as thick as when the specimen is in contact with 
the bulk liquid. The difference between their 10 percent and our 
30 percent is attributed to fine differences in heat influx, and the 
values obtained have little significance since they refer to a steady 
state but not to complete equilibrium. 

The fact that the maximum film thickness observed at 99.92 
percent saturation was 20 atomic layers indicates how steep the 
isotherm must be in the last 0.08 percent of the saturation axis, 
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assuming the isotherm is continuous to values observed at satura- 
tion. There is, however, the possibility that when bulk liquid is 
present, a film is formed which is much thicker than the extrapo 
lated isotherm would yield 

We have also observed, in agreement with Burge and Jackson,® 
that the film maintains its full thickness to within a few thou 


AYERS 


NUMBER OF 


\verage film thickness as a function of temperature for variou 


heights of the liquid level 


sandths of a degree of the lambda point. The film just above the 
lambda point was observed to be between 10 and 15 atoms thick.* 
I am grateful to Professor FE. A. Long, Professor L. Meyer, and 


Professor J. W. Stout for helpful discussions. 

! R. Bowers, Phil. Mag. 44, 467 (1953); 44, 485 (1953); R. Bowers and 
I \. Long, Rev. Sci. Instr. (to be published). 

2See K. R. Atkins, Proc. Roy. Soc. (London) 
analysis of previous data. 

+J. G. Daunt and K. Mendelssohn, Proc 
423 (1939) 

4E. A. Long and L 

SE. J. 
1949) 

*R. Bowers and K. Mendelssohn, Proc 
1950). 

7K. Mendelssohn, Proc. Int 
p. 41 (unpublished) 

§L. C. Jackson and D. G. Henshaw, Phil 


A203, 119 (1950) for an 
Roy. Soc. (London) A170, 


76, 440 (1949) 
Roy. Soc. (London) A205, 270 


Meyer, Phys. Rev 


Burge and L. C. Jackson, Proc 


Phys. Soc. (London) A63, 1318 


Conf. on Low Temp., Cambridge, 1946, 
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Velocity of Sound in Superconducting Lead and Tin 


H. B6mMMEL* anv J. L. OLSEN 


Physikalisches Institut der Universitat and Institut far Kalorische Apparate 
und Kaltetechnik der Eidg. Technischen Hochschule, Ziirich, Switserland 


(Received June 18, 1953) 


T has been suggested! by Frohlich that his theory of super 
conductivity? might imply a change in the velocity of sound 
when a substance becomes superconducting. An unsuccessful 
attempt to observe such an effect had already been made by 
Squire? but with low sensitivity. It did, however, appear to us 
desirable to repeat this search with the maximum possible sensi 
tivity, and we have now made measurements on Jead and tin 
The apparatus used consisted of an oscillator of 1-Mc/sec fre 
quency feeding a piezoelectric crystal attached at one end of a 
rod of superconducting material in which standing waves were 
set up. A crystal at the other end of the rod acted as receiver, and 
the output was fed through an amplifier to a tube voltmeter. 
Alteration of the frequency of oscillation or (e.g., by heating or 
cooling) of the velocity of sound in the rod made the reading of the 
tube voltmeter go through a series of maxima and minima ac- 
cording as the length of the rod was an integral or half-integral 
number of half wavelengths. A change in voltmeter reading corre- 
sponding to 1/20 of the difference between minimum and maxi 
mum was detectable. 
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The apparatus was thus sufficiently sensitive to detect a change 
in sound velocity of 1 part in 2 10%. 

We examined the effect of allowing a tin rod 15 cm long to 
through the superconducting transition in a 
field at 3.5°K, kt @ 2", and 1.3°K. No 
significant cl itmeter reading could be observed 

\ similar investigation was made on a lead rod 10 cm long in a 
longitudinal field at 4.2°K and 2°K and in a transverse field at 
3°K. Although a large (but not well reproducible) change in 
absorption occurred while magnetic flux was penetrating or being 
no permanent difference could be observed between the 
completely normal and completely superconducting states. 

It may be d from our measurements, therefore, that 
any change in the velocity of sound of 1-Mc/sec frequency during 
the superconducting transitions in lead and tin is less than 1 part 
in 20 000. We were 
greater than 1 part in 1000 

Although our results fit ir 
(1 in 100 000) to be expected! 
would be ude that no change can be expected in the 
waves of frequency closer to that of the main thermal 
vibrations (10000 Mc/sec) of the metal. It is also known, of 
that the mean free path of these waves is very different 


pa everal time 


] 


longitudinal magnetic 


ejected, 


conclude 


ilso able to exclude any change in absorption 


well with the very small change 
in the static elastic constants, it 
] 


vrong to cone 


ve low itv of 


course, 
in the two states.® 
Phis 


Institute of the 


carried out in collaboration with the Physical 
University of Zurich and the new Low Tempera- 
ture Institute of the Eidg. Hochschule Ziirich. We are grateful 
to Professor Dr. H. H. Staub and Professor Dr. P. Grassmann for 
their encouragement and interest and for allowing us to use the 


work was 


facilities of their institutes 


* Now at Bell Telephone Laborat 

1 During discu min Zurich (1952 

ea rohlich, Phy Re 79, 4 1950) 

+ Squire (1949), We are grateful to Professor Squire for telling us 


ries, Murray Hill, New Jersey. 


Cambridge University Press, London, 
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London) A65, 518 (1952). 


Microwave Spectrum of DI at 1.5-mm 
Wavelength 


AND A. H, NetHercot, Jr.* 
ersity, New York, New York 
eived June 26, 1953) 

HE microwave spectrum of the J=0—1 transition of DI'?? 
has been observed in the region of 195 000 Mc/sec. The 
their assignments are given in the 


frequencies of the lines and 


following tabulation 
yy 5/2—5/2 
194 77648 


I 2~—7 


5 
Freque 195 15248 


The value obtained for Bo, the molecular rotation constant, is 
97 53245 Me/sec, in good agreement with the value 97 970 pre 
dicted from infrared data on HI.! The value for egQ, the quadru- 
pole coupling constant, is —1805+15 Mc/sec 

Phe observed quadrupole coupling constant gives information 
about the bond character of DI. The relationships for ionic char 
versus electronegativity?* indicate that DI is 5 percent 
ionically bound. This reduces the coupling constant from the free 
atom value of 2400 Mc/sec* to 2300 Mc/sec. The difference be 
tween 2300 and the observed value of 1805 Mc/sec can be at 
tributed to a 15 or 20 percent s hybridization of the bond. 
for this experiment were obtained at 


acter 


rhe frequencies needed 
the eighth harmonic of a 2AK33 klystron, using the harmonic 
generator and detector described previously. The signal at these 
band width of 80 cycles/sec, was approxi 
\ 4000-cycle/sec square-wave repeller 


frequencies, with a 


mately ten times noise 


is used with a lock-in detection system. 
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The authors wish to thank Professor C. H. Townes for his aid 
and encouragement and Dr. G. A. Silvey and Mr. A. Byas for 
preparing the sample. 

* This work wa ipported jointly by the Signal Corps and the U. S. 
Office of Naval Research 
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Pauling, The Nature « 
, 1948), p. 70 
. Townes and B. P. Dailey 
H. Townes and B. P. Dailey, J 
§ Nethercot, Klein, and Townes, Ph 


Verleger, Proc. Phys. Soc London) A63, 470 


f the Chemical Bond (Cornell University Press, 

Phys. Rev. 78, 346 (1949 
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The Vapor Pressure and Entropy of Liquid He’ 


D. TER HAAR 
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(Received June 3, 1953 


ECENTLY Chen and London! have given an equation for 
the vapor pressure of liquid He’ which differs from the equa- 
tion given by Abraham, Osborne, and Weinstock? who had meas- 
ured this vapor pressure down to about 1°K. One of the conse 
quences of the AOW equation was the need for a transition below 
1°K, while this does not follow from the CL equation. It seems to 
us, therefore, to be worth while to give the reasons why we think 
that the conclusion of AOW is essentially correct. 
The entropy So of liquid He’ at the absolute zero follows from 
Eq. (8) of AOW, 


So= (2.0085—C)R 1n10, (1) 


where R is the gas constant and C is the constant appearing in 
the vapor pressure equation [AOW, Eq. (3)]; p (measured in 


mm Hg) is given by 

-A/T+-2.5 logioT+C4+/(T). [f(0)=0.] (2) 
At low temperatures the term f(7) is unimportant, and it is 

thus tempting to plot logio(p/7*?) against 1/7 and see whether 

a straight line ensues. This has been done in Fig. 1. We see that, 


logiop = 


«C=2:0085 

1-9 
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41-7 
116 
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1:2 
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aeeees + in (degrees K) 








06 O08 


Vapor pressure of He’, 


0-4 


Fic. 1, 


02 


indeed, the experimental points, which have been taken from 
Table II of AOW, do fall very nearly on a straight line. Con- 
centrating on the data pertaining to 7<2.3°K we get line II, 
while a straight line through the higher temperature points gives 
line I. The equations of I and IT are, respectively, 


is logiop = —1.02 T+ 2.5 logioT + 1.934, (3) 
II: logiop 0.97/7T +2.5 logioT+1.913, (4) 
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and we get a positive So in both cases, the two values differing by 
about 20 percent, but both essentially in agreement with the 
value given by AOW. It would appear, therefore, that, unless their 
measurements are greatly in error, their conclusion that liquid He’ 
must show a transition below 1°K is correct 

referred to as 


89, 787 (1953 
1950) (reterred 


1953 
Rey 


306 


1T. C. Chen and F. London, Phys. Rev. 89, 1038 
CL); see also Weinstock, Abraham, and Osborne, Phys 

? Abraham, Osborne, and Weinstock, Phys. Rev. 80, 
to as AOW 


Kinetic Energies of V,° Particles* 


Hopson, R. RONALD Rau, 
TREIMAN, AND M. VIDALE 


J. Battam, D. R. Harris, A. I 
(,EORGE REYNOLDS, S. B 
Princeton University, Princeton, Ne 

(Recei 23, 1953 
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N the period November 1 to December 11, 1952,.77 V°® events 

have been obtained in a cloud chamber! operated at the Inter 
University High Altitude Laboratory at Echo Lake, Colorado 
(elevation 10 600 feet) 

The purpose of this note is to comment on the remarkably large 
fraction of the observed V® particles having low kinetic energies 
and to give particulars of two V® events which do not fit recently 
proposed decay schemes. 

The cloud chamber operated in an field of 
5400 gauss and was triggered by a combination of Geiger counters 
\ presentation of 


average magnetic 


and proportional counters as shown in Fig. 1 
the production data for the first 49 of these V°’s is given in Table I 


obtained at 


1952.4 


I. Summary of cloud-chamber pictures 
rado, November 1-—December 2, 


TABLE 
Echo Lake, Cole 


Ran 
Single dom 
pene par 
trating ticles 
par 
ticles 


Events 
with 
pene 

trating 

showers 


No. of penetrating 
showers from 
Central Top 
Cu Cu Pb 


Elec 
tron 


Mag or 
net blanks events 


Air 


1149 117 416 395 365 198 1193 1632 1084 


ye : 7 1 18 19 1 0 ) 0 


® 1 V® per 110 pictures, 1 V® per 25 penetrating shower pictures, 1 V® per 


35 penetrating showers 
Total running time 
Time lost in recycling chamber 


Approximately three V° particles were observed per 24 hours of 
running time, a rate appreciably higher than reported for previous 


cloud-chamber investigations performed at similar altitudes.? ® 

Wherever possible the following measurements were made on 
the decay products of the V® events: (a) momentum, (b) visual 
estimate of the ionization, (c) total space angle between decay 
products, (d) angle between each particle and the line of motion 
of the V°. As a result, the 77 V° particles were classified into three 
categories: 

(1) Those consistent with a decay V)°>p+a+39 Mev 

(2) Those inconsistent with the V;° scheme (called V 

(3) Those for which there is insufficient information for classi- 

fication in one of the above groups. 
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Since we consider that any ionization of less than twice minimum 
is indistinguishable from minimum, the identified | 
had Neveriheless, 
energy V,° particles represent an appreciable fraction of all our 
observed V° particles. Table IT presents the kinetic-energy data 


particles 


momenta below about 0.8 Bev/c. these low 


Number 


100 
O00 
SOO 
1000 


30 70 SO 
70- 150 10 
150 oo 600 
0 380 S00) 


830 oo 1600 
oOo SOOO 


‘OO 
00) 4000 


In this analysis the unknown V® particles of group (3) were as 


sumed to be V,s. The upper and lower limits of their momenta 
were calculated from the space angle between the decay products 
Table II shows that at least a fraction 20/62, or 32 percent, of 
the V,° particles observed in our cloud chamber are 
with kinetic energies below 400 Mev and ~10 percent with kinetic 
taken as lower 


produc ed 


These percentages can be 


that not all the unidentified V° particles 


energies below 70 Mev 
limits since it is likely 
are actually Vs However, because of biases these figures cannot 
be taken as absolute fractions. The probability that a V particle 
will decay inside the chamber is proportional to 1-exp[—L(P 

Pero], where P is the momentum of the V particle units of 
We), ro is the and L(P) is a suitabl 
“available” path length in the chamber: The average path length 


proper lifetime, averaged 


L is expected to be an increasing function of P, since higher-energy 
particles are more nearly collimated in the vertical direction and 


are less likely to escape from the sides of the chamber. From the 


known value of ro, and from a consideration of the geometry of 


our chamber, we estimate that the relative bias against high-mo 


, 


mentum | part les is not serious below ~2-3 Bev /<« 
Other investigators**® also report large fractions of V\° par 
ticles produced with low kinetic energies 


Q values were calculated for five selected V,° events for which 
good measurements of the momenta and ionization of both decay 


values are in agreement with 


Armenteros et al 


products could be made. These 
Bridge et al. However, two 
events do not seem to fit either the +214 Mev)? 


decay schemes. The relevant data are given in Table III. There is 


those given by and 


Vor Veo (rt +n 


supporting evidence that the mass and momentum of the positive 
decay track in event 79-166 are within the stated limits, because 
the same photograph also contains a positive track of momentum 
375 Mev /e 3-5 Imia, 
with the mass of a This event cannot 
bea V,° In order for it to bea Ve the positive momentum would 
have to be increased from 372 Mev/c to 1000 Mev /< 

In event 80-206 the negative decay product penetrated the 14 
Allowing for 


momentum in 


and ionization of which corresponds to a 


particle proton therefore 


in, copper plate in the center of the cloud chamber 
found that it 
vithir 


momentum loss in the copper, we 


the upper half of the cloud chamber checl experime ntal 


error with its momentum in the lower half, on the assumption 
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that the particle is a w meson. The measurement of the positive 
momentum is subject to larger errors. However, in order for the 
event to be consistent with the V,° scheme, the positive momen- 
tum would have to be increased to 950 Mev/c and the negative 
lo fit the V,° scheme the positive mo 
mentum must be 1250 Mev/c, and the negative 300 Mev/c. 

We are indebted to Dr. R. W. Thompson, Dr. H. S. Bridge, 
and Dr. C. C. Butler for advance copies of their papers. 


decreased to 220 Mev/c 


* Supported by the joi gram of the U.S. Ouice of Naval Research 
and the U.S. Atomic rg mmission 
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HE experimental evidence gathered to date indicates! that 
the « meson has the following mode of decay 


«>? + 2p 1) 


_ Kk-eutey 


~K-—wet+2y 














"oo 


Fic. 1. The variation 
mass in units of the ele 
mw meson and two neutrinos 
tron and two neutrinos 


tron mas The solid curve is for decay into a 


while the dashed curve is for decay into an elec 


of the « meson is plotted against its 
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Michel? has discussed the general problem of the interaction 
between four Dirac particles and applied this to the decay of the 
uw meson. Before one can apply these considerations directly to 
the «-meson decay some decision as to the nature and size of the 
interaction constant must be made. In a recent paper Peaslee® 
has concluded from studies of beta decay that the correct inter 
action is (S4+7+P), where the + refers to Bt emission. If the 
same linear combination is assumed for u-meson decay, the coup 


ling constant for this process is identical with that obtained from 
heta decay, 
f 1.44+ 0.04 10°” erg cm 2 


\pplying the transformation (67) of reference three to the 


spectrum formula (45) of reference two, one obtains 


8(F?—p?)9 
BT 3E(W—E) P+ (E22) (fet+fet2fe 


P(EydE= 
3h (rhc?) 
-E)(fe—fetfifaydE, (3 


+ 3u(H 


vhere « and w are the rest energies of the « and uw mesons, respec- 
tively, f? is the sum of the squares of the coupling constants, and 
the range of F is wo E<u n+p?) / Qk 


the linear combination for «-meson 


If one now assumes that 
decay is the same as that for uw-meson and beta decay, then the 
only f; not zero is f; and the half-life and decay spectra are im 
since the experimental evidence 


mediately determined. Further 


does not rule out the mode of deca\ 

K re’ +p (4 
the above remarks can be applied to this also 
f half-life with rest mass is plotted in Fig. 1 
It is seen that for the present best esti 
mate of the rest mass! (x=940m,) the decay into an electron and 
two neutrinos is some 40 percent more rapid than the decay into 
a w meson and two neutrinos. One would thus expect roughly 


Ihe variation o 
for both modes of decay 


a 


E (MEV) 


The spectrum of the charged decay particle for the «-meson decay 
to be 940 me. The solid curve is for decay 
lashed curve is for decay into 


Fic. 2 
The «-meson rest mass was taken 
into a w meson and two neutrinos, 
in electron and two neutrinos 


while the 


equal numbers of x-e+2v and x—>yu+2v decays from half-life 
considerations. The half-life of the «—+4+2v mode associated 
with a rest mass of 940 m, is 1.63 10~® second, which is in agree 
ment with recent work by Alford and Leighton.‘ 

In Fig. 2 the spectrum of the decay particle is plotted for both 
modes of decay using 940 m, for the « rest mass. The end point 
for the x ~4+2v decay is 145 Mev while that for the x-+e+2v 
mode is 240 Mev 

From these considerations it would seem fruitful to investigate 
further the energy distribution of the decay products of the 
meson. From Fig. 2 one would expect two distributions (if both 
modes of decay exist), the electron distribution being the more 
asymmetric with the bulk of the decay electrons having high 
energies. Since almost twice as much energy is available to the 
electron, this mode of decay, if it exists, should be readily ap 
parent. Probably the best method of identifying the «—m decay 
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is to observe the w—e decay at the end of the uw track. Further in 
vestigation of the decay should indicate whether the branching 
ratio of the two modes of decay is governed by the half-lives or 
perhaps also by other considerations 

The author wishes to thank Dr. D. C. Peaslee for several helpful 


discussions. 


U. S. Atomik 


*Work performed under the research program of the 
Energy Commission. 

t Since this work was completed 
R. Stora, Compt. rend. 234, 1257 (195 
a specific form of the interaction, both the half-life and the spectral shapes 
can be determined more definitely. Further, smaller and more recent esti 
mates of the rest mass are used 

1C. O'Ceallaigh, Phil. Mag. 42, 1032 (1951); R. B. Leighton and S. D 
Wanlass, Phys. Rev. 86, 426 (1952). Most of the experimental data on 
« mesons used was presented at a recent seminar here by prince 


Ringuet 
2L. Michel, Proc. Phys. Soc. (London) A63, 514 (1950) 
; to be published) 
R 


a similar article by L. Michel and 
2) has been noted. However, by using 


31). C. Peaslee, Phys. Rev. 
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Scintillation Study of As” and Br’’} 


M. E. BunKER, R. J. Prestwoop, AND J. W. STARNER 
Los Alamos Scientific Laboratory, University of California 
Los Alamos, New Mexico 
(Received June 24, 1953 


REVIOUS investigations! have suggested that no gamma 

radiation is emitted in the decay of As” (39 hr). However, 
a careful study of this isotope by scintillation techniques has re 
vealed the presence of eight gamma rays with energies and in 
tensities as given in Table I. 

Identical spectra were observed from samples of As‘’ produced 
in fission and by chemical extraction from neutron-irradiated 
germanium. All portions of the gamma-ray spectrum decayed 
with the half-life of As’’?, which we have measured to be 38.68 
+ 0.09 hr. ys; and y; were found using a gamma-gamma coincidence 
arrangement employing a pair of scintillation spectrometers 
There is evidence for other weaker gamma-rays which as yet 
have not been resolved. Figure 1 shows the low-energy portion 


COUNTS / VOLT-SEC 


30 40 
VOLTS 


Low-energy portion of the gamma-ray spectrum of As 


Fic, 1 
with a Nal(TI) scintillation spectrometer. Ce is the ¢ 
Ex is the escape peak of y: 


ympton peak 
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COUNTS /VOLT-SEC 


4a 


VOLTS 


Fic. 2. Low-energy portion of the gamma-ray spectrum of Br’? taken 
with the same spectrometer as that used to obtain the As’? spectrum shown 


i Fig. 1. The sharp rise below 4 volts is due to the selenium A x-ray. 


of the As’? spectrum taken with a Nal(TI) crystal } in. thick 
mounted on a Dumont K-1186 photomultiplier tube. The peak at 
a discriminator potential of volts (~26-kev) is much too broad 
to be due to a single gamma ray, and the gamma-gamma coin 
cidence measurements suggest that this peak is composed of two 
components having respective energies of about 23 and 28 kev 
Since the energies of y3 and 74 add to 246 kev, it seems likely that 
these gamma rays are in series and that they parallel ys. The re 
sults of previous experiments* ® suggest that y, is about 50 percent 
converted, Since our measurements suggest that 3 is only slightly 
converted, it can be seen from Table I that the transition intensities 


Tas_e I. Gamma rays of As’ 


Gamma Normalized 
energy intensity® 
kev) (%) 
23 
28 
86 0.2 
160 0.1 


. 0.14! 
>| 
+ 
t 
186 4 <O0.01 
t 
t+ 
t 


46 1.5 
283 <0.01 
524 0.5 


* Number of quanta relative to the total number of disintegrations 


Sum of the intensities of yi and y2 


of y3 and «4 are nearly the same, lending support to the view that 
these gamma rays are in series. However, since both y, and ys had 
been observed in the decay of Br?’,’ but not yz, it was felt desirable 
to re-examine the gamma spectrum of Br’’. 

Figure 2 shows the low-energy portion of the scintillation spec 
trum of Br7’, measured with the same equipment and in an identi- 
cal geometry as that used to obtain the As” spectrum of Fig. 1. 
v3 is seen to be present in about the same intensity relative to v4 
as in the As’? spectrum. However, ; and y, seem to be weaker 


relative to ys. This is difficult to understand unless one assumes 
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that the 
more than 


may be 


pectrum is actually composed of 
Phe other evidence that this 
irge energy discrepancy between the 


only 
true | 
value reported here for and the values reported previously* ® 
on the basis of 

Another troublesome feature of the Br 


It seems likely that the ground 


conversion electron energies. 
spectrum is the lack 
ola 


tate 


trong peak at about 6 volts 
of both A 


level of ¢ excite 


of Br 
»3 


and Br’! are py states; hence, one would expect 


decay of As” 
Although there is evidence in Fig. 2 fora peak 


any dan the to also be excited in 


the decay 
it about kev, it is quite weak 

Additional gamma rays of energy 0.30, 0.524, 0.58, 0.76, 0.82, 
1.0 Mey of Br’, 
evidence of the 0.641-Mev gamma ray reported previously 

A tentative partial deca) 3. Most of 
been verified by gamma-gamma Cé 


and were observed in the decay There is no 
scheme is shown in Fig 
the gamma cascades have 
incidence measurement 

{ more complete account of these experiments will be published 
later 
investigation, it was learned that 


Ridge National Laboratory and the 


course of this 
QOal 


During the 


investigators at both 
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the gamma rays from As” 


Research Foundation have also made measurements on 
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The Reactions He’(He’, p)Li° 
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and T(He’, p)He® 
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Inada 


HI 
particle emission wit 
Cheir properties 


and He® 


ha lifetime of the order of 10°%! second 


ground states of Li are unstable against heavy 
can therefore only be inferred from a study either 
of the scattering of protons and neutrons by helium, or of two 


body nuclear reactions in which the emitted particle escapes be 
forces before the dissociation of the 
this 


observ ed in 


yond the range of nuclear 
reactions of 


have 


nucleus. Two 


He’, p)He! 


study of He® induced reactions 


residual Li® or He 
He®(He', ¢ Li? 


course ol a photograph ic plate 


type, 


and 1 been the 


yo, 


THE EOITTOR 


\ beam of 0.24-Mev He 
a target ot 
block 
which then acted as a He’ target.! The tracks of long-range charged 
particles emitted at 90 degrees and 135 degrees to the beam were 
Ilford ¢ 
to the tritium target had about 10 tracks per sq mm while those 
exposed to the blank target with ten times the irradiation had 


ions was allowed to bombard in turn 


tritium occluded in titanium and a polished copper 


Ions from the beam were deposited in the copper block, 


recorded in 200 micron emulsions. The plates exposed 


only about 1 track per sg mm exe luding the tracks of long range 
protons from the He%(d, »)He* reaction which are always present. 
Thus the background of disintegration particles from the He’ 
+He? reactions was negligible in the He’+T plates. The range 
distribution of particles emitted at 90° to the beam are shown in 
Fig. 1. Energy measurements with a calibrated KI(TI) crystal 
and photomultiplier combined with the range measurements 
allow the peak at 
from the T( He’, d)He* reaction? The presence ol this peak in the 
plate exposed to the blank target is not surprising as the H.T. 


330 microns range to be identified as deuterons 


set and recovery system had been used for some time to accelerate 
tritium so that some contamination tritons were inevitably present 
However, by normalizing the distributions to the 
same intensity of the deuteron peak, the contribution of the 
He®+T reactions was subtracted from the distribution obtained 
with the blank target. The resulting distribution of protons 
emitted at 90° from the He*?+He' reactions, together with that 
from the He®+T reactions, is shown in Fig. 2 transformed to an 


in the beam 


energy scale 


Each of the curves in Y 


Fig. 2 consists of a group of partic les 
superimposed on the high-energy end of a continuum. These 
groups are attributed to protons from the reactions He’(He’, p) Lié 
and T(He', p)He®. The Q values for these reactions, calculated 
from the measured proton energies, are 10.86+0.15 Mev and 
11.18+0.07 Mey, respectively 

Using the mass scale of Li et al.,3 these Q values lead to masses 
of 5.01414+ 0.00016 and 5.01382+ 0.00007 for Li> and He. The 
former exceeds the combined mass of He'+n by 0.90+0.07 Mev. 
The width of the ground state of Li® is greater than that of He 
and probably exceeds 1 Mev. These results are in agreement with 
other data given in a recent review article.‘ 

Classical phase-space considerations lead to elliptical energy 
distributions for the protor the 


from three-body break-up.° 





These theoretical curves are represented by the dashed lines in 
Fig. 2. In Fig. 2(b) 
intensity of protons below 4 Mev. This is attributed to protons 
These protons may 


there is some evidence for an increase in the 


from the decay in flight of the Li> nucleus 
take energies up to a maximum of ~3.8 Mev, depending on the 
energy and width of the Li> ground state 

It is a pleasure to acknowledge our indebtedness to Miss H. B 
Burrows and Miss M. P. M. Robinson of the University of 
Liverpool for their careful photographic plate measurements. We 
are also grateful to the U. S. Atomic Energy 
making available to us the He’ gas used in these experiments. A 
detailed account of this work is in preparation 
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YDROGEN gas has been bombarded in a high pressure, 

low temperature target! by 322-Mev bremsstrahlung from 
the Berkeley synchrotron to produce #* mesons at 0+4 degrees 
to the beam. The mesons were bent out of the beam with a mag 
netic field. The mesons then passed through a lead channel and 
lead absorbers and were detected in Ilford C-2 200-micron emul 
sions (see Fig. 1). Data has been obtained for a photon energy of 
278+4 Mev (corresponding to a meson kinetic energy of 135+4 
Mev in the laboratory system). The absolute differential cross 
section in the center-of-mass system for the reaction y+ pr +n 


S 


da /dQ) (0°, 278 Mev 19°72 °)X10-" cm 


sterad ' quanta ! proton 
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[his value has been corrected for nuclear interaction in the 
gas and in the lead absorber, and for decay in flight. The brems 
strahlung spectrum used was corrected for synchrotron target 
thickness, collimation, and the energy variation in a circulating 


electron pulse. The pair production background at the detector 
was reduced by the use of a thick lead absorber that presented 
many shower lengths to the positrons. The beam monitor was 
carefully calibrated by the method of Blocker, Kenney, and 
Panofsky 

at other angles 


Ihis cross section may be combined with data 


for a 275-Mev photon! (see Fig. 2) to evaluate the constants in 


I 

“ee A4 | juare 
1.46 +0.16) X10°? 0.45 40.10 

the curve a+6 cos@+<c sin”, a form suggested by the phenomeno 

logical isobar theory.*4 The least squares fit of this equation to 


the data is 


da /dQ= (1.46+0.16)1 (0.72 +015 0.45 + 0.10) cos#+sin*6 ] 


x10" cm? 


sterad 


rhis curve is shown in Fig. 2. One may calculate the constants 
using some of the aspects of weak coupling perturbation theory 
as is shown in the work of Brueckner and Watson.* The result of 
this is also shown in Fig. 2. Integration of the experimental curve 


gives a total cross section of 


a(278 Mev) = (2.5+0.5) KX 10°78 cm?. 


If one follows the work of Feld‘ and Brueckner and Watson 8 
and assumes that the process goes only by the admixture of a 
magnetic dipole photon into a total angular momentum state of 
} and an electric dipole photon into a 4 state (also assuming con 
servation of isotopic spin), the experimental data gives a value 
of 0.3 for the ratio of 4 to 3 states. A P state of the meson-nucleon 
system could also be formed by the absorption of an electric 
Mixing in this state would not change the 
da/dtk=a(b+-¢ cos@+sin@), but might 


quac lrupole photon 


form of the equation, 





1024 LETTERS FO 


change the constants to bring the theoretical curve into closer 
agreement with experiment. Work is being done on the problem 
at this laboratory 

The theoretical discussions, mentioned above, have often used 
conclusions taken from meson-nucleon scattering data. Another 
valid solution to the same data (Yang) has been shown possible 
and would strongly affect the theoretical photomeson arguments.® 
It seems reasonable that the photo-meson results could be used 
to choose the correct solution of the meson-nucleon scattering data 

We wish to thank Rod Byrns for his help with the high-pressure 
target and the crew of the synchrotron for their assistance. Joe 
Lepore and Steve Gasiorowicz were helpful in discussing some of 
the theoretical aspects of the subject. A more detailed report will 
follow 
Los Alamos, New Mexi 
36 (1982) 
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Recent Experimental Results on S Particles* 


OURANT, Hl. DeESTAEBLER, Jr., AND B. Rossi 


Department and Laboratory for Nuclear Science, Massachusetts I 
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N an examination of recent cloud-chamber films we found 
several additional examples of § particles which throw new 
light on the mode of decay of these particles. Previous results! 
are consistent with the assumption that the secondaries from S$ 
particles all have the same range of about 66 g cm~? Pb and conse 
quently that the decay of S particles is a two-body process. The 
new evidence appears to contradict this assumption. Indeed, in two 
of our recent events the decay particle traverses more than 66 g 
cm? of lead before going out of the chamber. In the first case the 
visible range of the particle is 73 g cm? of lead, and moreover, 
since the ionization still appears to be minimum after the particle 
traverses the last plate, the range of the particle (assumed to be 
. In the second 


2 of lead 
The momentum of a 


a meson) must be greater than 80 g cm 
case the visible range is 85 g cm? of lead 
x meson with a range exceeding 85 g cm? of lead is greater than 
240 Mev/c and that of a corresponding w meson is greater than 
209 Mev /« 

In addition we have observed four decay events in which re 
lated electron cascades appear (see example in Fig. 1). We can 
interpret these events by assuming that the S particle decays 
into a charged meson and a photon, or possibly into a charged 
and a neutral meson. In two events the cascade starts in the plate 
adjacent to the one in which the S particle stops and decays. In 
these cases the direction of the photon is opposite to that of the 
charged decay product within 5°. This seems to favor the assump 
tion that the neutral decay product is a photon rather than a 
x meson (the decay photons of r® mesons with a momentum 
of the order of 200 Mev/c are emitted at an average angle of 
about 30°). In the remaining two cases the photon materializes 
in the plate in which the decay occurs. Here the direction of the 
photon cannot be determined accurately and one can only say 
that it lies within 15° of the direction opposite to that of the 
charged decay product 

To date we have found a total of twenty examples of S particles 
Among these, only the four mentioned above contained electron 
cascades. In order to test the assumption that all S particles 
undergo a two-body decay process in which a photon is produced, 
we have computed the probability that among our twenty ex 
amples four or fewer electron cascades should have been observed 
For a photon energy greater than 150 Mev we have obtained for 
this probability a conservative upper limit of 10~®. One should, 
of course, consider the possibility that we may have missed some 
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Fic. 1. Example of an S-particle decay in which there is a related elec- 
tron cascade. AB is the track of the S particle, BC is the section of track 
of the charged decay product which is visible in the illuminated region, and 
D is the point of origin of the electron cascade 


decay processes accompanied by electron cascades. However, even 
if there had been eight such processes in our sample instead of the 
four actually detected, a similar computation would yield a 
probability of about one percent 

Thus, although photons are certainly produced in the decay 
of some S particles, we consider it unlikely that the decay process 
always gives rise to photons of energy greater than 150 Mev. 

* This work was supported in part by the joint program of the U. S 
Office of Naval Research and the U. S. Atomic Energy Commission. 

1H. S. Bridge and M. Annis, Phys. Rev. 82, 445 (1951) 

? Rossi, Bridge, and Annis, Atti accad. naz. Lincei Rend. 11, 73 (1951). 


3 Annis, Bridge, Courant, Olbert, and Rossi, Nuovo cimento 9, 624 (1952). 
‘ Bridge, Peyrou, Rossi, and Safford, Phys. Rev. 90, 921 (1953). 


Angular Distributions of Protons from 
Na?*(d, p \Na?4 
S. TaKemoto, T. Dazat, AND R. CHIBA 
Department of Physics, Faculty of Science, Tohoku University, Sendai, Japan 
(Received May 5, 1953) 


. angular distributions of the protons from the Na*(d, p) 
Na* reaction has been observed, using a multiple nuclear 
plate technique.' A thin Nal target evaporated in vacuum on 
a thin silver foil was mounted at the center of the chamber and 
was bombarded by a 1.15-Mev deuteron beam collimated to 3 
mm diameter from the Tohoku electrostatic generator. The proton 
group corresponding to the Na*™ ground state was clearly resolved, 
and its angular distribution is shown in Fig. 1. The distribution 
shown in Fig. 2 is that of the sum of the two groups corresponding 
to the 0.472- and 0.564-Mev levels of Na*.? It was obtained in a 
single plate at each angle 

The intensity ratio at 90° of the ground state group to the sum 
of the groups corresponding to the two excited states is about 
1:2.2, in reasonable agreement with the value 1: (0.7+1.4) given 
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CENTEROF MASS SYSTEM ANGLE. 


Angular distribution of ground-state proton group 
from the reaction Na®(d, p)Na™ 


Fic. 1. 


by Sperduto and Buechner, taking the possible energy dependence? 
into account. 

If the forward maximum in Fig. 1 is considered as the peak cor- 
responding to the deuteron stripping process,‘ the /, value in this 
case will be 2, and indeed, the experimental peak agrees well with 
the calculated one. Since Na¥ and Na* have the ground-state spin 
values 3 and 4, respectively,® the angular momentum conservation 
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NUMBER OF PROTONS 


CENTEROF MASS SYSTEM ANGLE 


Angular distribution of 0.472-Mev and 0.564. Mev 
excited-state proton groups 


Fic. 2 


law allows /, values of 2 to 6, while the shell model seems to require 
a value of 2. Since the Na® ground-state parity is even, the Na™ 
ground-state parity will be even, in agreement with the shell 
model prediction. Then, the beta decay of the Na™ ground state 
to the second excited state of Mg*(4, +)® may be an allowed 
transition, but has rather a large ft value (logft=6.11).? With 
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respect to these conclusions, however, observations at higher 
bombarding energies are desirable. Further investigations are 
now in progress. 
Nuclear plates, 50u thick, furnished by Konishi-Roku Film Company 
2A. Sperduto and W. W. Buechner, Phys. Rev. 88, 574 (1952) 
*>W. D. Whitehead and N. P. Heydenburg, Phys. Rev. 79, 99 (1950) 
‘T.S. Butler, Proc. Roy. Soc London) A208, 559 (1951) 
5K. F. Smith, Nature 167, 942 (1951) 
*S. D. Bloom, Phys. Rev. 88, 312 (1952) 
I 


L. Brady and M. Deutsch, Phys. Rev. 78, 558 (1950 


Inner Bremsstrahlung and the Magnetic 
Moment of the Neutrino* 
]. WENESER 
Brookhaven National Laboratory, Upton, New York 
(Received June 24, 1953 


N A recent letter,! Hellund proposes the possibility of detection 
of a neutrino magnetic moment by its contribution to inner 
bremsstrahlung. There are difficulties with his calculation, since 
the intensity is derived as inversely proportional to the square of 
the neutrino rest mass. It is shown here that a complete and rela 
tivistic calculation results, in fact, in an expression that is finite 
in the limit of zero rest mass. 
The coupling of the neutrino with the electromagnetic field is 
accomplished through the addition to the Dirac Hamiltonian for 
a particle of charge zero, of the relativistic Pauli term,’ 


Ay pel yo. 
The Pauli term can be written in the equivalent, more usual form 
’ 
\(o-H—ia-E), 


where H and E are the field vectors of the radiation field. In the 
extreme relativistic case the two terms are of the same order of 
magnitude. In fact, taken alone each would contribute terms in 
versely proportional to the square of the neutrino rest mass. 
Taken together these terms cancel, leaving a result finite in the 
limit of zero rest mass. 

The calculation is easily carried through with the Feynman 
methods. The relevant part of the S$ matrix is 


(i/o) 9G. f Toler) Ow (x1)F 21) O45, (2123) 


x Gen— rere = : Ley (xs) vid'x,, 
2 Ox, Ox, 

where yp and yy are the proton and neutron operators, y, is the 
electron operator, ¥, the neutrino operator, S, the Feynman func 
tion for the neutrino, A, the vector-potential of the radiation field, 
O the beta interaction, and G the beta-coupling constant. Con- 
fining ourselves henceforth to allowed spectra, and introducing 
the Fourier transforms, a matrix element //,; is deduced, 


|G 


|Hyi| = Al [¥/0vaae | 


ty (q +k) ub 
(q+k)?+ 3 


kyAs(k) (virvp —~ Yure \¥r(q) | | ’ 
| 


x[v.(990 


where y; and yy are the initial and final nuclear wave functions, 
and pe, g, & are, respectively, the electron, neutrino, and photon 
wave numbers. Using g?+yu?=0 and k?=0 and the transverse 
nature of photons in the form k;=0, by standard manipulations 
|,;| is transformed into 
IGAT ¢° 
Hyi\ =| [ fare Ov. az| 
| hc Le 
(y-k)qi—2t(q-k)yvi— Qwyily kh), 
: ¥v(q) 
q:k 


It is easy to see directly that §°|H,;|*dw is finite as 0, 
where dw corresponds to the angle between neutrino and photon 


. 21 
x [7.10.10 
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are useful: 


we 4k 1 


The following identitie 
' 


q’ T 
(0 it follows that 


q:k=q k k(q?+-p?)* g cosB/ (q?+-p? 4); 


from (iy°q Ty Yrl(g 
iqiy ky (q qil.t7 i k/q)(ty-q+u Wo 
; h (q?+p?)! k 
14i¥ [k a| + Jit aft 7 - Jip. 
q q q 
Straightforward integration then demonstrates the finiteness 
and polarizations is easily carried out in the 


rey (*) 
8G?) : 
he )2 2k e 


in the limit of zero neutrino rest mass. Finally, on including the 
ratio of the neutrino contribution to 
by the emission of a photon in the energy 


TI he sum Over spins 


standard way to obtain 


VIM, [¥/Ov.) 


phase space factors, the 
beta decay accompanied 
to ordinary beta decay, is seen to be, in the 


interval d(hv/mc 
s and in the Z=0 approximation, 


limit of zero neutrino re ma 


for allowed transitions, 


(Wh) f he hy 
(2/m)an* = - Idi — J, 
F(W) me?. me 


where m is the electron mass, \=n(eh/2mc), F is the Fermi 
function, and W is the available energy. Using the upper limit 
for n, 1/5600, obtained by Nahmias‘ and Bethe‘ from the lack of 
observable ionization of neutrinos, an upper limit for the ratio, 
integrated over all permissible photon energies, is of the order 
1/10’. This is to be compared to the electron contribution to the 
ratio, which is of the order 1/107. The results for a finite rest mass 
are similar, and lead to the same conclusions. It is clear that inner 
bremsstrahlung provides a less sensitive test for an upper limit 
to the neutrino magnetic moment than do the ionization results. 


I wish to thank N. M. Kroll and L. Madansky for helpful dis- 
CUSSIONS, 


* Work done under the ausp of the U. S. Atomic Energy Commission. 

1k. J. Hellund, Phys. Rev , 721 (1953) 

2] have been informed by J. Hellund that the incorrect 
pendence for his final re the result of calculational errors. 

4See, for exam] . Jr., Handbuch der Physik (Julius Springer, 
gerlin, 1933), Vol ; 233 

4M. E. Nahmias, Proc. Cambridge Phil. Soc 
Proc. Cambridge Phil. Soc, 31, 108 (1935), 


1/u? de- 


31, 99 (1935); H. A. Bethe, 


Angular Correlation of the Ni®® y— y Cascade 


Ropert M. KLOEPPER 
University of California, Los Alamos Scientific Laboratory, 
Alamos, New Mexico 


(Received June 15, 1953) 


NTEREST in the angular correlation of the two gamma rays 

of the Ni® cascade has been stimulated by the report of 
Aeppli, Frauenfelder, Heer, and Riietschi,! indicating a dis 
crepancy between the experimental value and the value calcu- 
lated theoretically from the 4(#2)2(£2)0 assignment. They point 
out that, within the uncertainties of the experiments, all other 
reported values are consistent with their result and with the 
calculated value of W(180 1.167. 

rhe work by Kloepper, Lennox, and Wiedenbeck® included a 
careful measurement ot the direction correlation of the Ni® 
cascade but was not explicitly reported. This letter is prompted 
by expressed interest in that work and by the fact that the experi 
mental uncertainties of the results do permit agreement with the 
4(F2)2(£2)0 assignment. The results are in disagreement with 
those of Aeppli et al at @= 180°, 

The apparatus which was employed for these measurements is 
described by Kloepper et al.3 The correction for anisotropic scat 
tering is negligible. The source material, obtained from Oak Ridge 
National Laboratory, was CoCh in a 1N HCI solution. Its radio 


chemical purity was >99 percent and its specific activity > 100 
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relation data for Ni® with 


I, Comparison of experimental angular « 
f a 4(£2)2(E2)0 cascade 


that calculated on the 


TABLE 


assumption ol a 


Wo 
experimental 


1.000 
1.012 +0.014 
1.018 +0.008 
1.067 +0.009 
1.114+0.011 
1.139 +0.012 
1.170 +0.009 


000 
C99 
034 
073 
117 
153 
167 


mC/g of cobalt. The source was prepared by depositing the solu 
tion in a 1-mm diameter hole in celluloid on the source holder and 
evaporating to dryness. The source thickness was about 0.3 mm. 
Table I summarizes the results of this measurement. All experi- 
mental errors are statistical. That of N(90°) is included in all 
W (6). The data are corrected for finite geometry and W(180 
for annihilation radiation from internal pair production. 
87, 379 (1952 


! Aeppli, Frauenfelder, Heer, and Riietschi, 
I Rev. 91, 


2A later work by Lawson, Frauenfeld 
484 (1953) has found good agreement wi 
3 Kloepper, Lennox, and Wiedenbe 


Approximate Solution of Heitler’s 
Integral Equation 
S. N 


Department of Theoretical Physics 
for Cultivation of Science, ¢ 


Received May 11 


BISWAS 

Indian Association 
alcutta, India 
1953) 
N this note a consistent method for the solution of the well- 

known Heitler integral equation in the theory of radiation 

damping! in scattering processes has been developed, based on 
the idea of the numerical solution of Fredholm’s equation by 
an iterative procedure.? This method gives a closer approximation 
if an approximate solution is already known 

We assume that an approximate solution f (k, k 


for the Heitler equation, 


is known 


ko . 
g(k, ko) ——* f (ke, k’) f(k’, ko) do’, (1) 


4ri« 


f(k, k 


where g(k, ko) and g(k, k’) are known and we are to find f(k, ko). 


of functions for successive 


modified sequence 


We consider a 
approximations in the following way 
fork, k f(™) (Kk, Ko) +A (+) (k, ko), 
where A‘"*) (k, k the correction amplitude to be 
added to the preceding approximation f‘” (k, ko). Hence 
f(k,k f (k, ky) +K™ (k, ky) +A ® (k, ko) + : (3) 


Each correction amplitude may be set proportional to the follow 


(2) 


represents 


ing amplitude: 
A™ (k, ko) = f(™ (k, k 
tm fe(k, kf (hI 
Aris 
Then 


K ("+1 (kk, ky) = C(k, k 
Ck, kf k,k 


A™(k, k 


anid e(h, k), 


~ ¢(k, k | (5) 


k’, ko) dQ’ 


Following Wagner’s procedure,” we set 


k . : ; 
Cik, k av Ar raek K, wae’. 





ro 


provided k 
in (2) 


tri) f'g(k, k’)dQ’>0. Putting the value of C(k, ko 


, we get 


k, ko) +—=f™ (k, ko) fs k, k’) do’ 
45% . 


b 


tris 


fgtk, kf k's kat” | 


= J k, kde 


Assuming f'(k, Rk 
first 


not dependent on angles, gives, ¢ 


iteration 


’ b : 
Cnt k, k ’ kk /| 1+ = | g k, ka” | 
tiri« 


be We 
state that the absolute value of the correction amplitude 


(&) 


Phe 


imply 


criterion of Convergence? may very easily deduced 
does not exceed the maximum amount of deviation of the fore 
going approximate amplitude from the exact amplitude; L.e., 


A k, ko) |e max of g(k, k’) >0 and |ko| >0, 


where € mx is the maximum of all deviations of the approximate 
solutions from the true solution 

Further, the average amounts of the deviations e'"(k, ky), 
k,k of the approximate amplitudes from the true 
amplitudes converge towards zero if 


ntl 
€ 


a dQ’<0, 

4a. 

vhere 0<@<1 

Ihe general reliability of this method may be shown by consider 
the positive It will be 

shown that the solution (8) gives the exact result as obtained by 

Ma’ and Goldberger using variational methods 


ing scattering of mesons by neutrons 


Ihe relevant matrix element for this process may be written as 


p, k}G! po, Ko) = (a1 4-asy4) uo /2e)(W 


- M2), 
where 4 and up are Dirac 


respectively 


the usual 
four-momenta p and po, 
initial four-momenta of the meson, 


spinors corresponding to 
k and ky are the final and 
and €)= (u?+q")!, where g is 
the magnitude of the momentum of either particle and w the 
Wi PMT and a;= f?Wo in the 
case ol pseudos¢ alar ¢ oupling 

Writing (pk! pok be 
reduces to 


meson mass is the total energy. a; 


(4g (p, poi), the Heitler equation 


ig 


f( 
P,P 32m?’ os 


P,P { do's (p, p’)(—iy-p'+AD f(p’, vi 


“| 


9) 


Using the solution (7), we have 


1 " “70! G eS 
P, P P, Pp SET | dQ’g(p, p iy'p 


P, Po) /(1—1A), 


\\ here 


q/Snik P, Po) (Eoyat M 


V7 being the nucleon mass and £, the nucleon energy 
result has been obtained by Goldbergert and Ma.* 
9) is the exact 


rhe same 

Phat 
result by 
result (9 

The author 


solution may be verified by iterating this 


means of (7). The second iteration will give the same 


Dr 
problem and for helpful guidance 


wishes to thank 1). Basu for suggesting the 


Detailed calculations and 


various applications to meson-nucleon and nucleon-nucleon scat 


tering are in progress and will be published elsewhere 

W. Heitler, Proc. Cambridge Phil 
2C,. Wagner. J. Math. and Phys. 30 
3S. T. Ma, Proc. Cambridge Phil. S 
4M. L. Goldberger, Phys. Rev. 84 


Soc 
23 | 


929 


91 (1941 


1952). 
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Gamma Radiation Following Decay of I'*'j 
W. M. DuMonp 


y, Pasadena ilifornia 


29, 1953 


Hoyr* 


California Institute 


HARRY ¢ AND Jess! 


f Technolog 
Received June 
N view of the long time which elapsed between the first meas 
arements of [! gamma radiation with the curved crystal 
gamma-ray spectrometer! and the most recent calibration of the 


instrument these radiations have been remeasured. Three 


364, 284, and &O kev, 


The wavelengths, 


gamma-ray lines, of approximately 


detected and measured at 


were 


this time s both 


in 
5 € ) Mt | | S mS | € 
¥ unl segbann ile an niiangstroms, an ( 


Table I. The stated 


‘nergies ol 


these lines are given in uncertainties are 


Taste I, Wavele ind enet 


decay 


gies oO 


a | 


igths 
following 


Wavelength in x units 
Siegbahn 


Wavelength in 


cale) milliangstrom Ener 


gy in key 


33.946 +0.0045 
43.517 40.0073 
154.336 40.0101 


34.016 40.0047 
43.607 40.0075 
154.656 40.0170 


$04.407 
84.407 
80.164 


0.050 
+-0.049 
+ 0.0088 


standard deviations. As reported in reference 1, these three gamma 
ray lines form a Ritz combination. Equation (1) shows the ex 
cellent agreement of the present results when expressed in 
a torm 


such 


(284.307 40.049) + (80.164-0.0088 364.467 4-0.050 


0.004+40.071. (1) 


We wish to thank Mr. Floyd Humphrey for his assistance in 
preparing the gamma-ray source and Dr. James R. Wilts for his 
assistance in evaluating the data 

tf Work supported in part by the | 

* Now at Los Alamos Scientific 


Lind, Brown, Klein, Muller, 
2 Muller, Hoyt, Klein, 


S. Atomic Energy Commi mn 
Laboratory, Los Alamos, New Mexico 
and DuMond, Phys. Re 75, 1544 (1949 
and DuMond, Phys. Rev. 88, 775 (1952) 


Cohesive Energy of Alkali Metals 
HARVEY BROOKS 
Division of Applied Science, Harvard University, Cambridge, 


Received June 9, 1953) 


Ma 


achuselts 


ECENTLY Kuhn and Van Vleck! have given a method for 

calculating the ground-state energy €) and the Fermi energy 
ey of an alkali metal in the Wigner-Seitz sphere approximation? 
without explicit knowledge of the ion-core potential or numerical 
integration of the radical wave equation. The spectroscopic term 
values of the free atom were the only empirical data used in the 
calculation. The Kuhn-Van Vleck method appeared to give reliable 
results for the ground state energy, but the values for the Fermi 
energy deviated so drastically from the free electron values, at 
least for potassium and rubidium 
validity of the method 


that doubt was thrown on the 


It is the purpose ol the present note to point out a number 
of simplifications of the Kuhn-Van Vleck method, which, when 


applied, not only greatly reduce the numerical labor of a « 
} 


alcula 
ut also give more reasonable values of the Fermi energy, 
and permit, for the first 
ol 
properties 


tion 
time, reasonable theoretical predictions 
of all the alkali the 
of the free-atom spectra. The chief remaining uncer 
the the 


the cohesive energy metals using only 


tainties in calculation are in exchange and correlation 
energies 

Kuhn and Van Vleck 
metals the potential is 
that the 


expressed as linear coml 


make use the fact t 
the surface 
this 
of confluent 
functions. The improvement in the present work i 
found 


ol 
Coulombic at 


hat in the alkali 
of the 


region 


unit cell 
be 
hypergeometric 
s that 


funct 


and therefore wave functions in may 


nations 


we have 


an explicit analytical form of the wave ion in term 
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of the extrapolated quantum defect. This is, in terms of the 
conventional Whittaker® functions 


WVil(r) = 


sin (76.)W»y,144(2r/n 
+ (—1)'C(n4+1)!/(214+-1)!] sin(a(n+6))Mn,144(2r/n), (1) 


where n=1/+/e, € in Rydbergs, and 6 is the quantum defect 
which can be found as a smooth function of the energy parameter 
¢ by straightforward extrapolation using the free atom term values 
for each I, The ground state energy e) depends on the s-functions, 
while the Fermi energy depends on the p-functions. The latter 
also depends on a quantity y, first introduced by Bardeen,‘ 
which is related to the normalized value of the s-function at the 
surface of the Wigner-Seitz sphere. Recently Kohn® has shown 
that y is given by 

Y br? (go Je), (2) 


where ¢o is the logarithmic derivative defined in reference 1 
This expression is rigorous, involves only the surface values of the 
wave functions, and so can be computed from Eq. (1), using the 
functions tabulated by Kuhn.* This makes a substantial change 
from the values of 7 calculated by Kuhn and Van Vleck, as shown 
in Table I. The new values of @ (defined in references 1 and 4) 


Values of y (the effective mass constant) 
and a for the alkali metals. 


Paar I 


Kuhn and Van Vleck Present method 


Klement ( / a 


Li : 0.471 
~ 1.052 0.674 
0.993 0.819 


1.001 
0.984 
0,999 


1.206 
1.046 
0.935 


1.120 
1.020 
0.930 


0,962 
0.980 
1.013 


O.835 
0.930 
1.043 


0.745 
0,909 
1.122 


1.272 1.114 
1.108 7é 
0.986 1.057 
1.129 
1.099 
1.073 


1.182 
1.036 
0.901 


1.011 
0.964 
1.153 


0.132 
0.427 
0.781 


1,372 1.223 
1.156 1.189 
1,027 1.173 


’ 


show that the “plane wave” approximation for the Fermi energy 


is a moderately good one as anticipated by Kuhn and Van Vleck 
The resulting theoretical values of cohesive energy and lattice 
constant (at 0°K) are shown for all the alkali metals in Table IT, 


Tas_e II. Comparison of theoretical and experimental cohesive energies 
and lattice constants (at O°K). 


Cohesive energy 


Element (kcal/mole) Lattice constant (A) 


38.7 
36.5 


Li theory 
experimen 

26.5 

6.0 


theory 
experimen 
22 2 


22.6 


theory 
experime! 


20.8 
18.9 


theory 
experimen 


theory 
experime 


with the experimental results for comparison. The experimental 
lattice constants are those for liquid air temperature. In the case 
of Rb and Cs the experimental O°K values may be slightly 
smaller because of the high compressibility and Jow Debye tem- 
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perature. The theoretical results were obtained by using the new 
values of a from Table I. The ¢ 9 values were taken from Kuhn 
and Van Vleck after a check calculation with the new method on 
Na showed that €9 was not altered significantly. The Li and Cs 
values were calculated by the new method, since these elements 
had not previously been treated by Kuhn and Van Vleck. The Li 
results showed good agreement with the recent calculation of 
Silverman and Kohn,’ thus providing an additional check of the 
method. Plane wave values of Coulomb, correlation, and exchange 
energies were used (Table II 

The calculated total energies at three lattice constants were 
fitted to an expression 


Eeon= Arg + Bre?+Cr*? (3) 


The equilibrium lattice constant was determined by minimizing 
with respect to rs. In order to compare results with compressi- 
bility data, the relation between p and r, was determined by 
differentiation of (3). The theoretical pressure corresponding to 
observed values of r, was determined and compared with the 
pressure at which this value was actually observed. The result is 
shown in Table III. The pressures were calculated for room tem- 


TrasLe III 
metals. The 
parentheses 


Test of theoretical pressure-volume relation for the alkali 


pressures at which rv, was actually observed are given in 


rheoretical pressure XK 1073 


Klement (kg/cm?) 


Li 89.4 

Na 83.8 

kK 82.8 

Rb 22. 50.2 
8 


(100) 


perature and include an approximate correction for the thermal 
pressure as determined by the Mie-Griineisen equation of state.‘ 
The agreement is fairly good for Li, Na, and K, but Rb and Cs 
are theoretically too soft. A rough calculation indicates that the 
discrepancy may possibly be explained by ion-core repulsion. 

The present method is more general than the conventional 
cellular method in that the ion core need not be represented by 
the same potential for s, p, and d functions This is probably 
rather important in practice since Gorin® found it was impossible 
to devise a unique Prokoviev potential for potassium and the 
situation is probably worse for rubidium and cesium. 

The proof of Eq. (1), which is the heart of the present method, 
can be carried out with the aid of the WKB asymptotic repre- 
sentation developed by Kuhn.® Kuhn’s equation contains an 
error which does not affect his conclusions. His equation (6) 
should be 
P-t cos(z+n—}r)—|P!>t 

X[sinn exp!z| +4 exp(—in) exp(—|z{)], (4) 
as follows directly from his Eq. (2). Expressing in terms of the 
quantum defect in accordance with Kuhn’s procedure, and com 
paring Eq. (4) with the known asymptotic forms of the confluent 
hypergeometric functions, Eq. (1) finally results 

Further details and applications of this calculation will be 
published at a later date. 

The author is indebted to Dr. Kuhn for access to his original 
calculation sheets and for many stimulating and fruitful discus 
sions. 

r. S. Kuhn and J. H. Van Vieck, Phys. Rev. 79, 382 (1950). 

. Wigner and F. Seitz, Phys. Rev. 43, 804 (1933) 

. T. Whittaker and G. N. Watson, Modern Analysis (Cambridge 
ersity Press, London, 1935), pp. 337-339 

Bardeen, J. Chem. Phys. 6, 367 (1938) 

Silverman Phys. Rev. 85, 227 (1952); W. Kohn, Phys. Rev. 87, 
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S. Kuhn, Quart. Appl. Math. 9, 1 (1951) 
ilverman and W. Kohn, Phys. Rev. 80, 912 (1950) 
<, Gorin, Physik. Z. Sowjetunion 9, 328 (1936) 
Kuhn, Phys. Rev. 79, 515 (1950) 
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MINUTES OF THE MEETING OF THE DIVISION OF FLUID DYNAMICS 
AT STATE COLLEGE, PENNSYLVANIA, JULY 1, 2, 3, 1953 


HE meeting of the Division of Fluid Dynamics 

was held at the Pennsylvania State College 
July 1, 2, 3, 1953. The members of the Division 
and guests were welcomed by Dean H. K. Schilling 
at the Osmond Laboratory where five sessions were 
held. Two symposia, one on hydrodynamics, the 
other on rarefied gases, were organized, each with 
three invited papers. Twenty-five contributed 
papers were presented during the three other 
sessions. 

The local organizing committee (Henry Lew, 
Hans Panofsky, J. M. Robertson, and R.G. Stoner, 
chairman) was greatly responsible for a most 
interesting and enjoyable meeting. Many of the 
papers were followed by extensive discussions, 
which were not limited to the five sessions but 
continued during the picnic at the Whipple Dam 
(on land and in the lake) and at several other 
occasions. The banquet of the Division, at the 
Nittany Lion Inn, was followed by an after-dinner 
speach given by R. J. Seeger. The secretary reported 
to the members that the Division will take an 
active part in the Albuquerque meeting of the 
Society by organizing, on September 3, 1953, a 
session of invited papers on transonic flow. 

The programme of the Pennsylvania State 
College meeting including the abstracts of con- 
tributed papers follows. 


FRANGOIS N. FRENKIEL, Secretary, 
Applied Physics Laboratory, 

The Johns Hopkins University, 
Silver Spring, Maryland 


(J. H. McMILLEN presiding) 
Symposium on Hydrodynamics 


Al. Forces and Moments Acting on a Body in a Time 
Varying Potential Stream, WittiAM FE. Cummins, David 
Taylor Model Basin. (40 min.) 

A2. Recent Investigations at the Iowa Institute of Hydraulic 
Research, JoHn S. McNown, State University of Iowa. 
(40 min.) 

A3. Compressibility and Thermal Effects in Cavitation, 
F. R. Gremore, California Institute of Technology. (40 min.) 


Rarefied Gases, Hypersonic and Transonic Flow, 
Shock Waves in Fluids and Solids 


(WALKER BLEAKNEY presiding) 


B1. Viscous Drag Measurements on a Rarefied Gas using 
High Rotational Speed Techniques.* A. R. KUHLTHAU, 
Ordnance Research Laboratory, University of Virginta.—An 
experimental investigation of laminar flow phenomena in 


rarefied gases using the rotating cylinder technique has been 
continued and extended. Recent measurements of shearing 
stress in air at both subsonic and supersonic surface speeds 
will be presented. The experiments were performed at room 
temperature and cover a range of Mach numbers from 0.4 to 
1.5. The ratio of Mach number to the Reynolds number is 
used as the rarefaction parameter and this is varied from about 
75 in the “free molecule’ region to about 0.01 in slip region. 


* Supported by U.S. Navy Bureau of Ordnance under Contract Nord 7873 

B2. The C.A.L. Hypersonic Test Facility.* ABRAHAM 
HERTZBERG AND WrdLuLIAM E. Situ, Cornell Aeronautical 
Laboratory, Inc. (Introduced by William Squires.)—A modified 
shock tube! has been employed to produce high Mach number 
flows (about Mach 13) in air. The duration of the steady flow 
is approximately 500 usec and free flight stagnation tempera 
tures are closely simulated. Schlieren photographs of the flow 
about a wedge are compared with direct photographs of the 
luminous region surrounding the wedge. A new method of 
generating the strong shock waves required for temperature 
simulation is described. By modifying the combustion cycle a 
stoichiometric mixture of hydrogen and oxygen diluted with 
helium drives strong shock waves with moderate diaphragm 
pressure ratios. (A diaphragm pressure ratio of 263 gives a 
Mach 15 shock.) 

* This work was sponsored by the Air Force under ¢ 


600)-6 
1A. Hertzberg, J 


ontract No. AF40 


\eronaut. Sci. 18, 803-804 (1951 

B3. On Hypersonic Viscous Flow over an Insulated Flat 
Plate at a Large Angle of Attack. Suu I. Pat, University of 
Maryland.—If the induced pressure at the outer edge of the 
boundary layer of hypersonic viscous flow over an insulated 
plate or wedge is proportional to a power of the rate of change 
of boundary layer thickness, it is found that similar solution 
exists and the Pohlhausen parameter A(x) is a constant 
Examples for cases when there are similar solutions are given. 
Che boundary condition of pressure at the outer edge of the 
boundary layer of hypersonic flow over a flat plate is discussed 
and the cases when A(x) is not constant are also indicated 


B4. Boundary Layer in Hypersonic Flow.* F. K. HILL, 
Applied physics Laboratory, The Johns Hopkins University. 
Following the development of a small hypersonic wind tunnel, 
described elsewhere,! the physical properties of high Mach 
number streams are being studied. Pressure measurements 
have provided the primary data for a study of boundary 
layer from which viscous properties of the stream and some 
heat transfer effects are found. A conical nozzle with a small 
circular throat is used to produce virtually irrotational and 
axially symmetric flow. Pure nitrogen, preheated sufficiently 
to avoid condensation after expansion, provides flow at Mach 
numbers from 8 to 9; helium, with or without preheating, 
provides Mach numbers of 14 to 16 in the same nozzle 
Boundary layer profiles for nitrogen were computed from 
extensive pressure measurements at different stations in the 
nozzle, and from this study several properties of interest in 
hypersonic flow were deduced. The extent of the laminar 
sublayer was defined; so also was the transition region from 
laminar to turbulent flow and the turbulent region where a 
1/13th power law fits the velocity profile data. Similar data 
for helium are being reduced where it is evident that the 
boundary layer is not only thicker but also the velocity profile 
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different from that of nitrogen 
the viscosity was calculated as a 
(0-400°C) in the laminar flow region 


has a significantl, shape 
From the 


function of temperature 


nitrogen data 


and compared with well-know 
harp demarcation of 


n viscosity data. This procedurs 
provides not only a the laminar from 
transition region | i measure of the departure from 


isentropic conditions obtaining near the wall 


Bureau ot Ordnance 


22, 220 (1951); 23, 40 (1982 


BS. Separation of a Shock Wave into Elastic and Plastic 
Waves, and Measurement of the Pressure of the Elastic Wave. 
STANLEY MINSHALL, Le llamos Scientific 
Hydrodynamic theor that if a wave in a 

too strong it will separate into two waves. The 
of sound for the material and 


Lahoratory 


predict shock 


metal ! not 


first wave will have the velocity 
have the 
The 


Wave 


pressure of the dynamic compressive yield stres 

vill be a slower and a higher-pressure plastic 
velocity of the faster wave in steel and lead was 
Pack, Evans, and James by means of electrical 


paper ce cribe 


econd wave 

Che 
tigated by 
contactors. Thi 


Inve 
a modification of the contactor 
ter hnique to determine the two ve low ities simultaneously for 
tee] alloy. The velocities of the 
are: for steel, 0.590, 0.590, and 
and for alloy: 0.499, 0.492, 0.444 
\ further modification of the technique 
made possible the measurement of the pressure in the elastic 
WAVE The average ela tic 

SAE 1020 kilobars and appeared to be independ 
ent of the plastic wave pressure. Three samples of SAE 1045 
that the front of the elastic wave was 
than intermediate parts of the elastic 


imples ol ind tungsten 
ound ela tic and pla tic waves 
0.509 em 


pSer tungsten 


cm/sec, re pectivels 
wave pressure of four samples of 
teel wa 
teel gave indication 
it a lower pre ure 


Bo. An Experimental Method to Determine Equation of 
State Data for Solids by Shock Wave Measurements. Russé1.1 
H. CHRISTIAN Joun M. Watsu, Los Alamos Scientific 
Laboratory.-Equation of state data derivable from 
measurements of the velocity of a plane shock front through a 
plate and the corresponding the 
after the shock has The present exper- 
imental method employ 
hocl 


} 


AND 
are 
velocity of free surface 
traversed the plate 
a high explosive lens system to 
Velocities are high- 
) precisions of the order of 0.5 percent 


generate the plane recorded by a 
peed sweep camera wil 
\ series of 
hock 
solid 
the pressure region 
kilobars. The 

“elastu pla tic 
table shock 

hock strength 


are ubject 


such experiments determines the experimental 


velocity versus free 
The 


urface velocity curve for a given 
urements shocks in 
approximately 100 100 


defined by the onset of the familiar 


method riits mea using 
kilobars te 
lower limit i 

waves for low pressure disturbances, in lieu of 
Che upper limit is determined by the maximum 
Both limits 
being dependent upon the material 


2451 


ittainable with high explosives. 
to variation 
aluminum, 


Experimental data have been obtained for 


Cy Zn and commercial | wite 
B7. Separated Solutions of the Linearized Equation for 
Unsteady Transonic Flow.* I. Motto-CuristENSEN, las 
husetts Institute of Technology (Introduced by C. S. Draper). 
Landahl and Merbt have given a separated solution for the 
perturbation potential due to a slender wing executing rapid 


flying at or near MJ=1. Their 
Mathieu functions, and rests on the 


oscillations while solution is 


expre ed in terms of 


that the reduced frequency is much larger than 
that this 


separable in the following co 


al un ption 


initv. In the present paper, it is shown without 


assumption, the equation 1 


ordinate tem Eliptic-cylindrial, elliptic-parabolic, and 


parabolic-cylindrical; thus yielding solutions for wings of 


the following plant rectangular, parabolic, and quarter 
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infinite. All solutions found so far are valid only in cases where 
no disturbance can propagate upstream from its source. The 
Mathieu 
Hills 


expect d, 


solutions are expressible in the following functions: 
solutions of an equation of 
functions. As should be 


application of the results to practical example 


functions, characteristi 


type, parabolic cylinder 
ado im sorte 
cases involve extensive comp itation ind no numeri al results 


are as yet available 


2184 


B8. Transonic Flow Past Cone-Cylinders.* GrorGre EF. 
SoLoMon, California Institute of Technology (Introduced by 
H. W. Liepmann).—The drag coefficient, Mach 
number, etc. were experimentally investigated for transoni 
flow past cone-cylinder, axially symmetric bodies. The exper- 


surface 


imental results are presented and, wherever possible, are 
compared with theoretical predictions. The flow field 
studied with an interferometer and a brief description of the 
interferometer, and of the results The 
local Mach number contours in the flow field are determined 
nic to subsonic compres- 


was 
so obtained, is given. 


and an example of a shock-free supers: 
sive flow is demonstrated 


B9. Degeneration of a Shock Wave into Sound. Everett | 
Cox, Sandia Corporation, Vexico.—An 
explosion-generated shock wave loses intensity by divergence 
and by the 
absorption which leave the shocked air at a higher temperature. 


I} oo 
Albuquerque, iVeU 


“dynamic” adiabatic process! and high-frequency 


According to classical theory, a high-pressure point behind a 
shock front will gain on the front, eventually overtake it, and 
contribute to the high-frequency content of the shock wave 
Simultaneously, viscosity and heat conduction, which atten- 
uate sound proportional to the square of frequency,? tend to 
the shock-front steepness. At very large distances 
from explosions, than 0.01 
atmosphere, steep shock fronts are seldom observed. Further, 


> 


destroy 
where peak overpressures are less 


the single condensation and rarefaction phases characteristic 
of a shock wave become a train of compressions and rarefac- 
sense. No available 


tions, thus “sound” in its more familiar 
theory this process. Microbarographic pressure- 
versus-time records from TNT explosions, made at the US 
\EC Nevada Proving Ground in connection with the blast- 
will be these 


explains 


protection system, shown to demonstrate 


phenomena 


J. W. M. DuM i i t Am. 18, ‘ 
R. B. Lindsa \n 16, 371 (1948 


B10. The Transmission of a Sound Pulse Through a Shock 
Wave.* R. A. ALPHER AND R. J. Rupin, Applied Physics 
Laboratory, The Johns Hopkins University.—TVhe problem 
described is the head-on collision of a step acoustic pulse and 
a step shock wave, considered from the viewpoint of the 
head-on collision of two step shock waves in the limiting case 
where one of the shock waves is an acoustic pulse. The ratio, 
5/e, of the transmitted to incident acoustic pressure amplitudes 
is determined directly from an appropriate limiting form of 
the Rankine-Hugoniot conditions applied to the shock-wav« 
collision problem. Our result for 6/€ 1 


(6/e){1—(y 1) 


+ ?(y,p—1)/[2(u?+y, 


where w2=(y—1)/(y+1) and yp, is the shock strength. The 
result of this calculation is compared with the work of Burgers! 


have considered a shock wave in a per 


and Blokhintzev,? who 
iodic acoustic field and have determined a 6/e by a perturbation 
calculation on the equations of motion for sound and_ the 
Rankine-Hugoniot conditior Pheir work ha 


been examined 





AMERICAN 


in detail and the differences between their approach and the 
present one, which lead to the same result, will be discussed. 
work was supported by the U.S. Navy Bureau of Ordnance 


Akad. Wet. 49, 273 (1946) 
18, 329 (1946 


M. Burgers, Proc. K. Ned 
). Blokhintzev, J. Acoust. Soc. Am 


* Thi 
1 


J 
I 


Symposium on Rarefied Gases 
(F. Joachim WEYL presiding) 


Cl. On the Validity of the Boltzmann Equation. Haro_p 
GRAD, New York University. (40 min.) 

C2. Frictional Phenomena in Rarefied Air. S 
University of California at Berkeley. (40 min.) 

C3. Precise Hydrodynamical Theory of Absorption and 
Dispersion of Ultrasonic Waves. C. TRurespELL, Indiana 
University. (40 min.) 


A. SCHAAF, 


Various Topics in Fluid Dynamics including 
Boundary Layer, Turbulence, and Shock 
Tube Research 


(F. N. FRENKIEL presiding) 


D1. The Production and Measurement of Surface Ripples. * 
N. L. WacBripGe, H. M. Smirn, JR., AND L. A. Woopwarp, 
University of Vermont.—An audio-oscillator and amplifiers 
were used to operate a magnetic phonograph recording head. 
rhe recording head produced mechanical vibration of a probe 
at the surface of the liquid in a glass tray. Light strobed by a 
signal from the same oscillator was directed up through the 
liquid and along an optical bench to a ground glass. The 
ripples, acting as lenses, produced images on the ground glass. 
rhe amplitude of the ripples was calculated from the image 
positions. The range was extended to smaller amplitudes by 
the insertion of a converging lens. Accuracy was improved 
using the coincidence of light from one ripple with that of 
the next. A study of a sine ripple had been made previously 
Equations were developed for calculating the amplitude of 
damped attenuated sine ripples. A method for calculating the 
wave form from the image positions was also developed, but 
the application would require accurate determinations of the 
first and second derivates of image displacement with respect 


to image distance 


* Sy 


pported by of Naval Research and supervised by > 
Research Laboratory 

H. R. Alexander 5, ONR contract Noonr 

D2. The Second Law of Eddy Thermodynamics. \. Kk 
BLACKADAR, New York University.—Richardson in 1920 
proposed a scheme for the study of eddy-energy transforma 
tions which is analogous to thermodynamics and which he 
called eddy thermodynamics. He derived an equation of eddy 
state and a first law of eddy thermodynamics. In this paper it 
is shown that the irreversibility which is characteristic of such 
processes as eddy diffusion, eddy energy flux, and the trans- 
formation of mean-motion energy into eddy energy is not 
properly a consequence of the second law of ordinary thermo 
dynamics, but rather of a new principle which may be stated 


as the second law of eddy thermodynami 


D3. Turbulent Diffusion from Volume Source with Non- 
uniform Initial Distribution. FRANK GirrorD, JrR., lL”. < 
Weather Bureau.—The theory of turbulent diffusion in a 
fluid field of isotropic and homogeneous turbulence from an 
instantaneous volume source with initially uniform distribu- 
tion is adduced and several simple examples are considered 
This theory is then extended to the case of nonuniform initial 


distributions, For some rather general types of initial distribu 
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tions it is indicated how the required integrations may be 
performed. The simplest, although in some respects a: most 
interesting and useful, special case, that of an initial distribu 


tion which is Gaussian, is briefly discussed 


D4. On the Stability of Isotropic Turbulence.* k. Bercnov, 
University of Maryland.—An attempt is study 
theoretically the growth or decay of a small perturbation 
u(x,t) introduced in a turbulent velocity field U'(xv,t). The 
equations of motion are linearized for small u(x,t) and a 
suitable hypothesis permits one to eliminate the pressure 


The three components of u(x,t) are then deter- 


made to 


fluctuations. 
mined by a system of three linear differential equations with 
variable coefficients. Some stability of 
this system can be obtained if these coefficients are treated 
random by nature and correlated to 
tensor 


indication on the 


is constant quantities, 
each other. This leads to the eigenvalues of the stress 
(0U;/dx,) + (0U,/dx;) and to a condition of 
a relation between two 
For Isotropi 


“average equi- 
librium.”’ This condition amounts to 
points and three points, correlations of l/(x,t) 
and homogeneous turbulence these triple correlations can be 
calculated by the original method of G. I. Taylor, and one finds 
that this condition of “average equilibrium” is reached if 
the skewness of 0U//dt has the value 0.64. This theoretical 
value can be compared with experimental results and discussed. 
wed by the Office of Air Research and Devel 


* Thi it 
mtract OAR AFI8 (600) 86 


ment Co 


DS. Space and Time Spectra in Homogeneous Turbulence. 
J. Bass, University of California at Berkeley.—The properties 
of the space spectrum of homogeneous turbulence, Fouriet 
transform of the space correlations at a given time, have been 
often studied. But in the laboratories, the spectrum is only 
measured in time and appears as the Fourier 
time correlations. It is useful to introduce a general space-time 


transtorm of 


spectrum fag, Fourier transform of the space time correlations, 


and defined by 


Raglé, t,t’) = ua (x,t)ug(x’,t’) 


| expLi(Epkp +q't’ — qt) Waslk, 9, q')dkdqdq’, 
where uaq(x, t) is a component of the turbulent velocity at the 
point x and the time ¢. One defines in particular the spectral 
function corresponding to the longitudinal correlations of the 
longitudinal components of the velocity, and one gives the 
special form of ~ag and of these spectral functions in the case 
There exists a function £, not sarily real, 


’ 


ot isotropy nece 


uch that 


. ( a E(k P rq, , 1; 2) 
yas »9,4q lelbi2 af pi2s’ 


where {Rk} is the length of the vector k, ind is the scalar 


product of the vector k by the mean velocity. The exact or 


approximate relations between the spectral functions in 


space and time are discussed 


Do. Characteristics of Two-Dimensional Turbulent Bound- 
ary Layers.* Donatp Ross, Ordnance Research Laboratory, 
Pennsylvania State Data 

ssible, 
zed and correlated on the basis of a 
hear flow In thi 
treated s¢ parate ly 
imple relations, based on ce 


from more than twent 


( ‘olle ge 


two-dimensional, ine turbulent boundary lay 


anal 


onipre 
tudies have been 
new approach to turbulent ipproach, the 


inner and outer regions are and are each 


characterized by relatively rtain 
implifying assumptions concerning the physical propertics of 
the regions. None of these a valid in th 
region between the two regions, and empirical correlations 


\s the data cover a wide variety 


umptions is blending 
are required to connect them 
ind as they correlate quite well, 
ill ty pes of t 


of experimental conditions 


it 1 concluded that prac tically vo-dimen ional 
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boundary layer flows have similar velocity profiles and other 
common characteristics 


Applied Sciences, Harvard 
S. Office of Naval Research. 


* Based on a doctoral thesis, Division of 
University. Work supported in part by the | 


D7. Characteristics of Axisymmetric Turbulent Boundary 
Layers in an Adverse Pressure Gradient.* Ear: M. Uram, 
Ordnance Research Laboratory, Pennsylvania State College. 

In order to study the behavior of axisymmetric turbulent 
boundary layers, an experiment was performed in a 74-degree 
conical diffuser using air as the fluid. It is emphasized that the 
flow was looked upon as a boundary layer phenomenon in 
which the diffuser was used as a convenient configuration to 
supply the three-dimensional type flow and the adverse 
pressure gradient. Detailed velocity distributions using a 
hypodermic type total head tube and longitudinal wall-static- 
pressure distributions were obtained for both thick and thin 
initial boundary layers. Upon examination of the velocity 
profiles it was found that they could be considered to consist 
of an inner region near the wall which adhered to the ‘“‘law of 
the wall” and an outer region which could be approximated by 
the three-halves-power velocity deficiency law. It was also 
found that the correlations of the quantities relating the two 
regions fell within the scatter of the two-dimensional data 
used by Ross! to establish his average correlation curves. It 
is concluded that axisymmetric and two-dimensional turbulent 
boundary layers are similar in character and should be treated 
by a single analysis 


S. Office of Naval Research 


* Supported by the | 
Applied Science 


1}). Ross, doctoral di 
University, April, 1953 


Division, Harvard 


D8. Effect of Gas Slip on Unsteady Flow of Gas through 
Porous Media. J.S. ARONorskY, Magnolia Petroleum Company, 
Dallas, Texas.—A numerical method is presented for describ- 
ing either the one-dimensional or radial transient flow of 
gases porous medium in which the initial and 
terminal pressures and/or rates are specified. The purpose of 
this investigation was to evaluate the effect on transient gas 
flow of a pressure-sensitive gas permeability resulting from 
gas-slip effects. The gas-slip permeability or apparent permea- 
bility is assumed to vary as a linear function with the reciprocal 
pressure. The computations were carried out by means of 
punch card machines. The results demonstrate that under 
certain conditions, the transient flow system is greatly 
influenced by gas-slip permeability. However, the results also 
indicate that the effect of gas-slip on transient flow behavior is 
negligible for pressure conditions usually associated with gas or 
petroleum reservoirs, and would be of most importance in the 
conduct and analysis of gas-flow experiments in the 
laboratory. A specific laboratory application of the calculations 
is a method for the determination of 
porosity and/or gas-slip corrected permeability. 


through a 


possible transient 


D9. Further Observations of Shock Refraction.* R. G. 
Sroner, FE. B. Davies,t anp D. C. PeckuaM, Pennsyl- 
vania State College.—Previously reported studies of shock 
refraction at a plane interface between two gases! have 
been extended to include stronger shocks, in the regime of 
regular refraction, using soap films to maintain the interface. 
The results show qualitative agreement with the branches 
of the theoretical solutions chosen by the criteria proposed by 
Polachek and Seeger. Discrepancies are slightly larger than in 
the previous investigation with collodion films, but are of 
the same sort and are attributed to the finite acceleration of 
the film. Preliminary interferometric studies are being made. 
Limiting angles for regular refraction have been investigated 
for a number of gas combinations, and two distinct types of 
configuration involving a retransmitted shock have been 
found, depending on the difference in speed in the two media 
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The transition between these has been observed by using 
mixtures of air and helium as the second medium. 


S. Office of Ordnance Research. 
Company, Pittsburgh, 


contract with the U. 


* Supported by 
J Research and Development 


t Now at Gulf 
Pennsylvania 
1 Stoner, Dav 


ies, and Woodbridge, Phys. Rev. 87, 913 (1952 

D10. Shock Compression in Ducts and Diffusers. J. 
Lukasiewicz, National Aeronautical Establishment, Ottawa, 
Canada.— Available experimental results on compression of a 
supersonic stream in constant area and divergent ducts are 
reviewed and compared with theoretical predictions. The 
structure of shock compression in steady flow in constant area 
ducts is examined and it is suggested that it also occurs and 
can be observed in shock tube flow. The static pressure rise as 
measured through the shock compression region in a constant 
area pipe with appreciable boundary layer agrees with the 
theoretical, normal shock value provided the latter is based on 
the mean upstream Mach number as obtained from the Fanno 
line of state. The influence of the Reynolds number on the 
length of the shock compression region in constant area ducts 
is considered. The effects of a constant area section at entry or 
at throat of supersonic diffusers and of the diffuser angle of 


divergence on pressure recovery are examined. 


Compressible Flow and Related Topics 


(RICHARD G. STONER presiding) 


El. An Inexpensive Mach Zehnder Interferometer. LD. 
WEIMER,* W. BLEAKNEY, AND D. R. WuHite,t Princeton 
University.—A suitable instrument has been designed which 
uses differential springs for the fine adjustment of the four 
mirrors. This system eliminates the need for good pivot 
bearings on the gimbols and no gear trains or fine screws are 
needed for rotation of the mirrors about the two axes. Three 
instruments based upon this principle have been built and 
details of them will be discussed 


* Now at Armour Research Foundation, Chicago, Illinois 
+ Now at General Electric Laboratories, Schenectady, New York 


E2. Pressure Multiplication in Reentrant Corners. Kk. J. 
HEYMAN, A. SHERMAN, AND T. SCHIFFMAN, Armour Research 
Foundation.—Of prime interest in the study of the diffraction 
of shock waves around obstacles is the pressure multiplication 
occurring when a shock front reflects obliquely from a corner 
The problem of an infinite two-dimensional corner struck 
by a plane shock is amenable to analytical treatment which 
is, however, very cumbersome. An approximate solution for 
a shock entering normal to one leg of the corner shows that 
the ratio of the maximum overpressure to the incident over- 
pressure varies as £"—1/—1, where € is the absolute pressure 
ratio across the incident shock front and m is equal to r/angle 
of the corner. If one leg of the two-dimensional corner is finite, 
no exact treatment is possible. An approximation is given 
which depends upon the solution of the problem of the head-on 
collision of two shocks of unequal strengths, one shock being 
weakened due to rarefactions initiating at the end of the 
finite leg. The computed strength of the weakened shock 
compares favorably with experimental results 


E3. Spin Effects on Base Pressure. KICHARD LEHNER 
AND SAMUEL HastinoGs, U. S. Naval Ordnance Laboratory, 
White Oak, Maryland.—The effect of spin on the base pressure 
of a family of cone-cylinder models with zero angle of attack 
was determined at a Mach number of 2.86. The physical 
characteristics and dimensions of the models were: total cone 
angle—25°, model diameter—5 cm, fineness ratio—6 to 10, 
material—aluminum. Using a General Electric, high-speed, 
induction motor, the spin rate of the models was varied from 
0 to 40000 rpm. The effect of spin in the region of laminar 
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boundary layer is to considerably reduce the base pressure. 
In the transitional region the base pressure does not seem to 
be affected by spin. Although the fully developed turbulent 
boundary-layer condition was not reached, the effect of spin 
in the case of a partially developed turbulent boundary layer 
was to increase the base pressure slightly. Spark schlieren 
photographs indicate that the boundary-layer transition is 
promoted by spin, i.e., spin affects the boundary-layer flow 
in a destabilizing manner. Also measured from the spark 
schlieren photographs are the wake angles and the distances 
to the trailing shocks. 


E4. The Reynolds Number Effect on Spheres at Supersonic 
Speeds. RicHARD LEHNER?, U.S. Naval Ordnance Laboratory, 
White Oak, Maryland.—The base pressure was measured on 
spheres whose diameters range from 0.8¢m to 20.0cm. The 
measurements taken over a Mach number range of 1.57 to 
5.00 showed that there is no Mach number effect in the region 
between M=1.57 and M=3.26 and that base pressure as a 
function of Reynolds number in a region governed by laminar 
boundary layer behaves similar to the base pressure of cone- 
cylinder models. A schlieren picture analysis of the wake flow 
yielded a relationship between base pressure and transition 
location in the mixing zone of the wake which is in agreement 
with the tendency of this interrelated behavior as theoretically 
predicted by Crocco and Lees. Base drag coefficients deter- 
mined from base pressure measurements and calculated 
wave-drag coefficients were compared with existing total 
drag coefficients. An increase in the wave-drag coefficient 
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with increasing Mach number is compensated for by a decrease 
in the base-drag coefficient. This explains the almost constant 
behavior of the total drag coefficient. The maximum variation 
of the base-drag coefficient in a Reynolds number region, 
0.2*10®°<SRS10%, amounts to 7 percent of the total drag 
coefficient variation at Mf =1.57. 


ES. Preliminary Drag Measurements in a Pressurized 
Range. V. I. BERGDOLT AND F. D. BENNETT, Ballistic Research 
Laboratories, Aberdeen Proving Ground, Maryland.—A twelve- 
inch diameter range for small caliber projectiles is now in 
operation. Pressures available vary from about 0.002 to 30 
atmos. Distance-time measurements can be made at five 
stations consisting of pairs of cross windows separated by 5-ft 
intervals down the range. Curves of drag coefficient kp versus 
Mach number will be presented for a cal. 30, 70° angle cone 
cylinder at 1, 2, 3, and 5 atoms pressures. This projectile has 
been studied previously by interferometric methods. The kp 
curves are generally similar to those obtained by other 
investigators. At 5 atmos a considerable region of uncertainty 
exists in the maximum of the curve about the point where 
shock-wave attachment occurs. Possible explanations for the 
scatter of data in this region will be discussed. In checking 
the optical survey by firings made at low pressures (p< 10 
mm Hg) under practically zero drag conditions, an unexpected 
luminous phenomenon is observed. Concomitant with firing, a 
brilliant flash of light similar in color to a ‘‘daylight”’ fluores- 
cent lamp exposes the film at the first three stations. A 
tentative explanation of this phenomenon will be offered. 
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